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Differential Equation

X2y +xy' +(x2 —n?)y =0

Solution
Y(X) =A1dn (X)+A2Y,(X) foralln

Y(X) =Adn(X)+A2J_(x) foralln£0,1,2,...

Bessel Function of the First Kind
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Modified Bessel Function of the First Kind
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Higher Order Modified Bessel Function
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Bessel Function of the Second Kind (Neumann Functions)

Zero Order

Yo (X) :%[{In%+c}]o(x)+%J2(x)—%J4(X)+§J6(x)— }

where ¢ =0.577 215 665

First Order

Y1(x) = %Hln§+c}ll(x) —(%)—%Jl(x) +%J3(x) - } = —%[\(0 )]

Modified Bessel Functions of the Second Kind

Zero Order

Ko(x):—[(ln§+cj Io(x)—%lz(x)—gI4(X)—§J6(x)— }

Half-Odd Integers
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Recurrence Relations

Ine109 =213 (9 ~In 1)

14109 = =201 (9 + 10109



APPENDIX A

Bessel Function of the First Kind of Order n

First Derivative

d
209 =Jn_1(x)—§Jn(x)

=—Jn+1(x)+§Jn(x>

= %[Jn_l(x) —JIn41(3)]

Second Derivative

2
dci(—z\]n(x) :%%[‘]n—l(x)_‘]n+1(x)]
:%{%[Jn—Z(X)—Jn(X)]—%[Jn(x)—JnJrz(x)]}

=%{Jn_z(X)—ZJn(X)+Jn+2(X)}



Third Derivative

d3 1d
3900 =5 =200 =200 00 +In42(9)]
d d d
:%{ &Jn_z(X)—Z&Jn(X)"‘&‘]I‘HZ(X)}

g

= 130930 109120 109~ In 11001+ B2 (0~ 3 00])

[Jn—B(X) —Jn—l(x)]— [Jn—l(x) —Jn+1(x)]+%[~]n+l(x) —Jn+3(x)]}

N

:é{Jn_g’(x)—SJn_l(X)+3Jn+l(x)—~]n+3(x)}



Fourth Derivative

d4 1d
—J n(X) ==—{n_300-3In_100)+3In11(X) = In43(X)}
=§{diJn 3 (x) - 3diJn 1<x>+3dd Jn+1(x>—iJn+3(x)}

1(d d d d
:§{d_J” 3(x) - 350 1(x)+3OI In+1(x) - Jn+3(X)}

- a0~ 302 ()]

-2 Pn2 (=30 ()]

+ 2P0 (0-In 2]
1
~—[Ini2(0)=In1a(X)]
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:%[\]n—‘l(x)_4\]n_2(X)+6Jn(X)—4Jn+2(X)+Jn+4(X)]



APPENDIX B

Modified Bessel Function of the First Kind of Order n

First Derivative

%In(x) zln_l(X)—§|n(X)

= |n+1(X)+§|n(X)

:%[In_l(X)+ In+1(x)]

Second Derivative

d2 d
OIX_Z|n(x) =%d—x[ln_1(X)+|n+1(X)]
=%[%|n—1(x)+%|n+l(x)}

:%{%hn—Z(X)ﬁ- In (X)]+%[|0(X)+ In+2(x)]}

:%{In_g(x)+2|n(x)+|n+2(X)}



Third Derivative

3
;)(—3|n(x) =%%{|n—2(x)+2|n(x)+|n+2(X)}
d d d
+%{&|n—2(X)+2&|n(X)+&|n+2(X)}

+1{%[|n—3(x) +In_109]+ [In_1 () + |n+1(X)]+%[|n+l(X) + |n+3(X)]}

S

+ 2 lin-300+ 11001+ 2lin 109+ 10410+ [1n 100+ 104300

+%{In_3(x)+3|n_1(X)+3|n+l(X)+ In+3(x)}



Fourth Derivative

4
d 1d
—7 () = =—{In=30) +3In_1(X) +3In41(X) + In4+3(X)}
dx 8 dx
1(d d d d
:g{d_xIn_3(X)+3d_XIn_l(x)+3d_XIn+1(X)+dXIn+3(X)}
1(d d d d
:g{d_xIn_3(X)+3d_XIn_l(x)+3d_XIn+1(X)+dXIn+3(X)}

=%[In_4(x)+|n—2(x)]
+ 2 [Ins2 () + 1 ()]
16" "2 f

+ 21 () + 12 ()]
16 n n+2

# 2 ins2(0+ I (0]

:%[In—4(X)+4In_2(x)+6ln(x)+4In+2(x)+|n+4(x)]
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APPENDIX C

Bessel Function of the First Kind of Order Zero, Derivatives

First Derivative

S3000 =40

Second Derivative

d? 1
—5J0(x) =2 {1200-210() +I2(x);
dx 4

Note that

In+1(X) ==Ip_1(x) for n=0

Thus

d? 1
—5Jo(x) =2 {-30()-2)0(x)~Jo(x)}
dx 4

2

B0 =30
dx



Third Derivative

3
L3000 = 2030030100 +391(0 - 13 (0}
dx 8

= 00 -3500)

= 13300-+310)

=J1(x)

Fourth Derivative

4
L0000 =500~ 43_5() + 819 (x) ~ 412(x) + 34 (9]
dx 16
d4 1
3000 =1 0200 - 412 (x) + 639 (x) - 412() ~ I (x)]
dx
d4J X —1[5.] X) +6Jg(x) —5J2(x)]

dx—40() = 17520 +6J9(x) ~512(x)

d4J —1[5J 6 530 (X)]
dx—40(X) T 0(X)+6Jg(x) +5Jp(x)

4
L3000 =300
dx
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APPENDIX D

Modified Bessel Function of the First Kind of Order Zero, Derivatives

First Derivative

a0 = 211100+ (0]

=11(x)

Second Derivative

d? 1
—5 1000 =, {1-200+2lg(x) +12(x)}
dx 4

Note that

In+1(X) =In_1(x) for n=0

Thus
d2 1
—lo) =7 {lo(x)+2lg(x)+10(x)}
dx 4
2
dd—zlo(x> ~1o(x)
X
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Third Derivative

d3 1
dx 8

L1000 = 21300+ 311 + 3100 + 1300}

= Lo (0 +1500)

= 1300+ 1100}

=11(x)

Fourth Derivative

g%
—lo(X)
dx4

4
d
—1p(x)
dx4

4
d—4|0(X)

:%[|_4(x)+4|_2(x)+6|0(x)+4|2(x)+ 14(x)]
=%[I_Z(x)+4|_2(x)+6lo(x)+4|2(X)+ 12(x)]
:%[5|_2(x)+6lo(x)+5|2(x)]
=%[5|0(x)+6lo(x)+5lo(x)]

=1g(X)
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