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One of the purposes of this newsletter
is to present an interdisciplinary view
of acoustics, shock, and vibration.
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SUNQUAKES

Potential topics include aerospace
vehicle
vibration,
architectural
acoustics, biomedical vibration, music,
pyrotechnic shock, and seismology,
among many others.
Many of you have experienced an
earthquake. Seismic activity, however,
also occurs in stars and planets. This
newsletter explores this topic further
by presenting an article on Sunquakes.

The Solar and Heliospheric Observatory
(SOHO)
spacecraft
has detected
Sunquakes caused by solar flares.
_______________________________

Another purpose of this newsletter is to
reprint classic technical papers. This
month’s newsletter thus presents a
shock response spectrum paper
written by David O. Smallwood. I had
the opportunity to meet David at an
IEST conference in 1999. David and
his colleagues at Sandia have made
tremendous contributions to the field of
shock and vibration testing.
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AN IMPROVED RECURSIVE
FORMULA FOR CALCULATING
SHOCK RESPONSE SPECTRA
by David O. Smallwood, Sandia National
Labs. Originally published in the Shock
and Vibration Bulletin, No. 51, May 1981.

Again, I welcome your comments and
suggestions. Thank you.
David O. Smallwood

Sincerely,

David O. Smallwood earned an MS
degree in Mechanical Engineering from
New York University in 1964. He has
worked at Sandia National Labs since
1967.
David’s
web
page
is
http://endo.sandia.gov/2741/personnel/s
mallwood/

Tom Irvine
Email: tomirvine@aol.com
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Vibrationdata
Announces
Shock & Vibration
Response Spectra
& Software
Training Course
Course Benefits
This training will benefit engineers who must analyze test data, derive test specifications, and
design isolation systems, with respect to shock and vibration environments.
Engineers in the aerospace, automotive, medical, and semiconductor industries can apply the
course materials to solve real-world vibration problems.

Course Description
•

The course includes viewgraph presentations as well as hands-on software training.

•

Each student will receive a licensed copy of MIT’s EasyPlot software, in addition to software programs
which perform the following calculations: power spectral density (PSD), Fast Fourier Transforms
(FFT), shock response spectrum (SRS), and digital filtering.

•

Students will receive data samples so that they can practice using the software programs. Students
are also welcome to bring their own data samples.

Dates for 2001 Courses

September 11-13
October 9-11
November 6-9

Location
Mesa Commerce Center
1930 S. Alma School #B-219
Mesa, Arizona 85210
Students may also arrange for onsite training.

For Further Information Please Contact
Tom Irvine
Voice: 480-820-6862
Course Instructor
Fax: 240-218-4810
Vibrationdata
Email: tomirvine@aol.com
http://www.vibrationdata.com/course.htm
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SUNQUAKES

By Tom Irvine

The Sun experiences
driven by solar flares.

"Sunquakes,"

A solar flare is an enormous explosion of
hydrogen and helium above the sun's
surface.
The explosion releases highenergy electrons. The electrons create a
shock wave as they collapse back into
the
Sun’s
atmosphere.
The shock wave forms a huge ripple
which spreads across the surface of the
Sun. These solar seismic waves appear
to be compression waves like the "P"
waves generated by an earthquake.
Scientists discovered Sunquakes using
data from the Solar and Heliospheric
Observatory (SOHO) spacecraft.
The
SOHO spacecraft was launched on
December 2, 1995. The launch vehicle
was
a
two
stage
Atlas-IIAS
(Atlas/Centaur).
The SOHO spacecraft recorded a solar
flare on July 9, 1996. This flare generated
a quake that contained about 40,000
times the energy released in the 1906
San Francisco earthquake.
The
Sunquake was equivalent to an 11.3
magnitude earthquake.
Dr. Alexander G. Kosovichev, a senior
research
scientist
from
Stanford
University, and Dr. Valentina V. Zharkova
from
Glasgow
(United
Kingdom)
University found the seismic signature in
data on the Sun's surface. The data was
collected by the spacecraft’s Michelson
Doppler Imager.

A unique characteristic of solar seismic
waves is acceleration. The solar waves
accelerated from an initial speed of
22,000 miles per hour (9.8 km/sec) to a
maximum of 250,000 miles per hour (112
km/sec) before disappearing. In contrast,
water ripples on Earth travel outward at a
constant velocity.

.

"Although the flare was a moderate one, it
still released an immense amount of
energy," said Dr. Craig Deforest, a
researcher with the SOHO project. "The
energy released is equal to completely
covering the Earth's continents with a
yard of dynamite and detonating it all at
once."

Reference:
http://soi.stanford.edu/press/agu05-98/
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AN IMPROVED RECURSIVE FORMULA
FOR CALCULATING SHOCK RESPONSE SPECTRA
David O. Smallwood
Sandia National Laboratories
Albuquerque, New Mexico 87185
Currently used recursive formulas for calculating the shock response spectra
are based on an impulse invariant digital simulation of a single degree of
freedom system. This simulation can result in significant errors when the
natural frequencies are greater than 1/6 the sample rate. It is shown that a
ramp invariant simulation results in a recursive filter with one additional filter
weight that can be used with good results over a broad frequency range
including natural frequencies which exceed the sample rate.

δ( t )

NOMENCLATURE
x(t)

= base input displacement of a single-degree-offreedom system

y(t)

= response displacement of a single-degree-offreedom system

= delta function; δ( t ) = 1 for
t=0,

dm

δ( t ) = 0 elsewhere

= digital delta function; dm = 1
for m = 0 , dm = 0 all other m

&x&( t ) = base input acceleration

SDOF

= single degree of freedom

&y&( t ) = response acceleration

u(t)

= units step function; u(t) = 1
for t > 0 , u(t) = 0 for t < 0

t

= time

z(t)

= relative displacement y(t) – x(t)

ζ

= fraction of critical damping

ωn = natural frequency of a single- degree-of-freedom
system, rad/sec

s

= complex variable

H

= transfer function

INTRODUCTION
There are many ways to calculate the shock
response spectra. A popular technique is to use a
digital recursive filter to simulate the single-degree-offreedom (SDOF) system. The output of the filter using
a sampled input is assumed to be a measure of the
response of the SDOF system.

L[ ] = Laplace transform
L-1[ ] = Inverse Laplace transform
Z

= z transform

Z-1

= Inverse z transform

ωd

= damped natural frequency,

The response is then searched for the maximum
value. This process is then repeated for each natural
frequency of interest. Currently used filters exhibit
large errors when the natural frequency exceeds 1/6 the
sample rate. This paper will discuss the design of an
improved filter which gives much better results at the
higher natural frequencies. The companion problem of
peak detection of a sampled system will not be
discussed in this paper.

ωn 1 − ζ 2
T

= sample interval
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MODELS

H (s ) =

Absolute acceleration model – the absolute
acceleration model is shown in Fig. 1.

&x&(t)

1

(2)

2
s 2 + 2 ζ ωn s + ωn

If the relative displacement is expressed in terms of
equivalent static acceleration,
2
&y& eq = z ω n
(3)

&y&(t)

k

the transfer function becomes,

H (s ) =

M

c

The input to the SDOF system is the base
acceleration. The response of the system is the
absolute acceleration of the mass. The transfer
function of this system in the complex Laplace
domain is given by

H(s ) =

2
s 2 + 2 ζ ωn s + ωn

(1)

SIMULATION OF CONTINUOUS SYSTEMS
Following Stearns [1] a digital simulation will be
compared with the continuous system as outlined in
Fig. 3.

This is the model most frequently used in shock
response spectra calculations.

&y&(t)

Relative displacement model – The relative
displacement model is shown in Fig. 2.

&x&m

&x&(t)

&y& m '
ADC

H(s)

z(t) = y(t) − x(t)

ADC

&x&(t)

(4)

2
s 2 + 2 ζ ωn s + ωn

The relative displacement model is used when the
damage potential (perhaps the stress is the support
bracket) can be related to the relative displacement.
The equivalent static acceleration is used to keep the
input and response in the same physical units. Both
models give H(0) = 1 and have the same
denominator. Equations (1) and (4) will be referred
to as the absolute acceleration and the relative
displacement models respectively.

Fig. 1. Absolute acceleration model

2
2 ζ ωn s + ωn

2
ωn

+

&y& m

H(z)

+

&y&(t)
&e&m = &y& m ' - &y& m

k

Fig. 3 Simulation of a Continuous System

c

M

The output, &y&m , of the digital simulation, H(z), will
be compared to the sampled output of the continuous
system, y m ' . If the sample set &e&m = 0 for all m’s
the simulation is said to be exact.

Fig. 2 Relative displacement model

The input to the system is the absolute acceleration of
the base. The response of the system is the relative
displacement between the base and the mass. The
transfer function of this system is given by

Impulse invariant simulations -Stearns shows that if the input is an impulse, i.e.,

&x&( t ) = δ( t )
and

&x& m = d m
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The simulation

formulas have not been recommended whenever the

~
H 0 ( z) = T Z L−1 [H (s)] 





sample rate was less than 5 or 6 times the highest
natural frequency. However, the author does not
believe that the mechanism of the errors has been
well understood.

(5)

is exact.
The digital recursive filters given in [2] for the
absolute acceleration and relative displacement
models can be derived from this formulation. The
formulas given in [2] are therefore said to be impulse
invariant. It can be shown (using superposition) that
if the input is a series of scaled impulses the error of
simulation, &e&m , will be zero. This is true even
though the impulses are not band limited. Also H(s)
need not be band limited for the simulation to be
exact. In the case of a SDOF simulation, the natural
frequency can be equal to or above the sampling
frequency.

The errors can be explained using the following
argument. Consider, the response to a square wave
represented by two impulses. That is, the original
square wave is sampled. The function is now
represented by a series of scaled impulses at each
sampling time. Note that the sample rate is such that
only two non-zero samples are observed. Set the
natural frequency of the SDOF system equal to one
half the sample rate (see Fig. 6).
DAMPING = 3%

PEAK RESPONSE G

The shock response spectra of a 1 g, 0.64 ms
haversine was calculated (Fig. 4), using an impulse
invariant simulation of the absolute acceleration
model (eq. 6.96 in [2]). The correct shock spectra
should be almost a constant 1.0 above a few hundred
Hz. Note the gradual decline in the computed shock
spectra to a minimum at 1000 Hz (one half the
sample rate) and then an increase as 2000 Hz (the
sample rate) is approached. As a second example,
the shock spectra of an exponentially decaying
sinusoid was calculated. The decaying sinusoid was
modified to reduce the velocity and displacement
change [3]. The input acceleration time history
sampled at 2000 sample/s is given by

NATURAL FREQUENCY (Hz)

Fig. 4

&x&( t ) = u ( t )e − ηωt sin ωt + u (t + τ )Ae− νt sin ν(t + τ )

Shock Response Spectra of a 64 ms
Haversine with Unity Amplitude
Sampled at 2000 Samples/sec Using an
Impulse Invariant Filter
DAMPING = 3%

where

A = -0.1995
PEAK RESPONSE G

η = 0.05

ω = 2π (100)
ν = 2π(10)
τ = −0.015757
The shock spectra (Fig. 5) again shows the
notch/peak at one half the sample rate and at the
sample rate.
The errors cannot be blamed on the sampling
theorem as the input is reasonably band limited. If
the input is properly band limited, the response will
be band limited even if H(s) is not band limited. The
errors have long been recognized and the recursive

NATURAL FREQUENCY (Hz)

Fig. 5
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Shock Response Spectra of a 100 Hz
Decaying Sinusoid Sampled at 2000
Samples/Sec Using an Impulse Invariant
Filter

Fig. 6. Response to Two Impulses by a Single Degree of Freedom System

ωd = ω n 1 − ζ 2

The solid line represents the response to the first
impulse and the dashed line represents the response
to the second impulse. The total response will be the
sum of the two curves. Clearly the total response will
be quite small except for the first half cycle of
response due to the destructive interference of the
two impulse responses. The actual response of the
system to a square wave will be large than the
response to two impulses. The simulation of the
square wave input by two impulses is not very good
in this example. This argument can be extended to
more complicated waveforms simulated by a series of
impulses. In general, using an impulse invariant
simulation of a SDOF system, a minimum in the
observed response will be found when the natural
frequency is near one half the sample rate due to the
destructive interference of successive impulses. A
maximum (constructive interference) will be found
when the natural frequency is near the sample rate.

K = T ωd
C = E cos K
S = E sin K

S′ = S/K = E sin K/K
b0 = 1 - S′
b1 = 2( S′ - C)
b2 = E2 - S′
Relative displacement model --

b 0 + b1 z −1 + b 2 z − 2
~
H (z ) =
1 − 2 C z −1 + E 2 z − 2



Ramp invariant simulations [1] – Let the input to
the system be a generalized ramp function;

b0 =

&x&( t ) = A ⋅ ( t − mT) ⋅ u ( t − mT)



2ζ2 −1 S
1 
2ζ (C − 1) +
+ Tω n 
Tω n 

1− ζ2





(

) (

)S 



(

)

2 ζ 2 − 1 S
1  2
E (Tω n + 2ζ ) − 2ζC +
Tω n 

1− ζ2 

These models can be converted into a recursive
formula of the form

(6)

b2 =

Using superposition, an input composed of straight
lines connecting the sample points will then be an
exact simulation.
Eq. 6. yields (after much algebra) the following
formulas for the absolute acceleration and relative
displacement models.

&y& m = b 0 &x& m + b1&x& m −1 + b 2 &x& m − 2
− a1&y& m −1 − a 2 &y& m − 2

Absolute acceleration model --

b + b1 z −1 + b 2 z − 2
~
H (z ) = 0
1 − 2 C z −1 + E 2 z − 2

)

(

(8)

2 2ζ2 −1
1 
b1 =
− 2 CTω n + 2 ζ 1 − E 2 −
Tω n 
1− ζ2


i.e., a ramp with slope A beginning at time t=mT. A
ramp invariant simulation can then be found from

(z − 1)2 Z L−1  H(s )  
~
H (z ) =

 2 
Tz

 s  

e − ζω n t

E =

where
a1 = -2C
2

(7)

a2 = E

b0, b1, b2 as given above for the
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(9)




b1 ~

relative displacement model, and for the
absolute acceleration model.

2
3

(ω n T ) 2 1 −


ζ 2 


1 4 2
+ ζ 
6 3 

The denominator has the same form as the
impulse invariant simulations given in [2].

b 2 ~ − ζ ω n T + (ω n T ) 2 

When the natural frequency is much less than the
sample rate, the filter weights become nearly integers
i.e.,

(17)

(18)

relative displacement model,

b 0 ~ (ω n T )2 / 6

(19)

a1 → -2

b1 ~ 2 (ω n T )2 / 3

(20)

a2 → 1

b 2 ~ (ω n T )2 / 6

(21)

b0 , b1 , b2 → 0

The output of the filter can be found more accurately
if written in the form

The ramp invariant filters have one more weight
filter than the impulse invariant filters have one more
weight than the impulse invariant filters. (For the
impulse invariant filters b2=0). The additional weight
requires one more multiply add. Round off errors
can cause the filter to be unstable when the natural
frequency, ωn , is small and the damping, ζ , is zero.

&y& m = b 0 &x& m + b1&x& m −1 + b 2 &x& m − 2 + &y& m −1
+ (&y& m −1 − &y& m − 2 ) − a1 ' &y& m −1 − a 2 ' &y& m − 2
(10)

This can be avoided by not using ζ exactly zero
when the natural frequency is small compared to the
sample rate.

where

a1 ' = a1 + 2

(11)

a2 ' = a2 −1

(12)

For the proper calculation of the residual shock
response spectra, the response must be calculated for
a minimum of one full cycle after the input has
ended. The number of sample in one cycle is the
inverse of the non-dimensional frequency, f n T.
When f n T is small, this can be a large number of
samples. An efficient way to avoid this problem is to
reduce the sample rate when calculating the residual
response for low natural frequencies.

In this form

&y& m = &y& m −1 + smaller terms

(13)

Incidentally, the formulas in [2] have the same
problem can be improved by writing them in a
similar form. When the natural frequency is much
less than the sample rate even double precision
calculations will not yield accurate filter weights.
The following approximations derived from a power
series expansion of the formulas can then be used

a1 ' ~ 2 ζ ω n T + (ω n T )2 1 − 2ζ 2 





a 2 ' ~ − 2 ζ ω n T + 2ζ 2 (ω n T ) 2

The shock response spectra for the examples as in
the impulse invariant section were calculated using
the ramp invariant model as shown in Figs. 7 and 8.
The spectra was computed with good accuracy over a
non-dimensional frequency range, f n T, of 10-4 to
2.0.

(14)

CONCLUSION

An efficient (requiring 5 multiply-adds per sample
point) recursive formula for calculating the shock
response spectra has been derived. The formula will
give good results over a wide frequency range with a
natural frequency of much less than the sample rate
to many times the sample rate. The only requirement
is that the input waveform is reasonably well band
limited to less than the Nyquist frequency.

(15)

absolute acceleration model

1 2 2
− ζ 
6 3 

b 0 ~ ζ ω n T + (ω n T ) 2 

(16)
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Fig. 7.

Fig. 8.

Shock Response Spectra of a 64 ms Haversine with Unity Amplitude Sampled
2000 Samples/Sec using a Ramp Invariant Filter

Shock Response Spectra of a 100 Hz Decaying Sinusoid Sampled at 2000 Samples/Sec
Using a Ramp Invariant Filter
Center, Naval Research Laboratory,
Washington, D.C. 1969.
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DISCUSSION
Mr. Rubin (The Aerospace Corp): Regarding the
residual matter that you just described. An alternative
procedure would be to develop the response and its
first derivative at the last time your input function and
then you can predict what the peak will be and the
residual immediately. You don’t have to go through
decimation or any further calculations at all. All you
have to do is get the first derivative of the response. It
is an initial value problem of free vibration and you can
get the answer.
Mr. Smallwood: I agree. It is an alternate way to do it.
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