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Introduction

The Rayleigh method is used in this tutorial to determine the fundamental bending
frequency. The method is taken from References 1 through 3. In addition, a Bessel
function solution is given in Appendices D and E.

A displacement function is assumed for the Rayleigh method which satisfies the
geometric boundary conditions. The assumed displacement function is substituted into
the strain and kinetic energy equations.

The Rayleigh method gives a natural frequency that is an upper limit of the true natural
frequency. The method would give the exact natural frequency if the true displacement
function were used. The true displacement function is called an eigenfunction.

Consider the circular plate in Figure 1.

Figure 1.

Let Z represent the out-of-plane displacement.
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APPENDIX A

The total strain energy V of the plate is

2
2 2
v De 2nj P) Z+182+L8_Z _2(1_H)a zZ 1az+1a zZ
01l or2 ror 2592 92r(rdr 2 592

+2(1- ){aar(i gzj}2 r drd®

(A-1)

Note that the plate stiffness factor D¢ is given by

De =———< (A-2)

where

E = elastic modulus
h = plate thickness
| = Poisson's ratio

For a displacement which is symmetric about the center,

0
8 Z(r,0)=0 (A-3)

92
E Z(r,0)=0 (A-4)

Substitute equations (A-3) and (A-4) into (A-1).
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The total strain energy equation for the symmetric case is thus
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The total kinetic energy T of the plate bending is given by
phQ? (21 (R _,
= J' j 72 rdrde (A-8)
2 J0 Jo

where

p = mass per volume
Q) = angular natural frequency



APPENDIX B

Simply Supported Plate

Consider a circular plate which is simply supported around its circumference. The plate
has a radius a. The displacement perpendicular to the plate is Z. A polar coordinate
system is used with the origin at the plate's center.

Seek a displacement function that satisfies the geometric boundary conditions.

The geometric boundary conditions are

Z(a,0)=0 (B-1)
2
or|
r=a

The following function satisfies the geometric boundary conditions.

7(1,0) = Z,, cos(ﬂj (B-3)
2a
The partial derivatives are
i Z(r,0)=0 (B-4)
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The total kinetic energy T of the plate bending is given by

T=
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Evaluate equation (B-9) using the integral table in Appendix C
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T= (B-17)
= (0.4671 )phQ’Z *a’ (B-18)
Again, the total strain energy for the symmetric case is
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The first and third integrals are evaluating using the tables in Appendix C.
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Now equate the total kinetic energy with the total strain energy per Rayleigh's method.
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APPENDIX C

Integral Table

Equation (C-1) is taken from Reference 1.

jx cosbx dx = ~ S‘;‘bx | Cosbx (C-1)
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Nondimensionalize,
x=2r (C-3)
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Recall the series

24 68 10 12

cosx=l-—+— —+——

+ (C-9)
20 41 6! 8! 10! 12!

a T 2 4 6 8 10 12
[T S PP 8 U VTR S . VR A Sl
Or 2a 2J0 x 21 4! 6! 8! 10! 12!

(C-10)
al ., ofmr 1em1x2 x* x® x8 10 x12
J. —sin“| — |dr = —J. - t———+ - dx
0r 2a 2Jo x| 2! 4! 6! 8! 10! 12!
(C-11)
1 3 5 7 9 11
a T
J. lsin2 I dr = 1 RN IR N S T —
0r 2a 2Jo | 2! 4! 6! 8! 10! 12!
(C-12)
T
al . ofmr 1| x2 x4 x6 x8 XlO X12
J. —sin“| — |dr = — - + - + -
0r 2a 2(12-2! 4-4! 6-6! 8-8! 10-10! 12-12!
(C-13)
a
j Tan2[ ™) ar ~ L(1.6483) (C-14)
0Or 2a 2
a
I lsinz[ﬂj dr = 0.8242 (C-15)
0Or 2a

15



APPENDIX D

Solution of Differential Equation via Bessel Functions

The governing equation is taken from References 5 and 6.

VA 7(r,0)- B4 Z(1,0) = 0

B4 = ?ph
De
1/4
B = mzph
De
3
Dy = Eh

2 2 2 2
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The governing equation may be written as
V24522 B2 zr.0)=0
Thus the equation is satisfy by
V2 £p2|2(r.0)=0

Separate variables

Z(r,0) =R(r)®(0)
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By substitution
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The equation can be satisfied if each expression is equal to the same constant k.
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Chain rule
d& =Bdr (D-22)
d_ddg (D-23)
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Equation (D-27) is Bessel’s equation of fractional order.

The solution for circular plates that are closed in the 0 direction is

R(E)=CI,(&)+DI,(E)+FYy(€)+GKy (&)

(D-25)

(D-26)

(D-27)

(D-28)

Equation (D-28) represents Bessel of the first and second kind and modified Bessel of the

first and second kind.

Both Y, (€) and K, (€) are singular at & = 0.

Thus for a plate with no hole, F=G = 0.

RE)=C Jn(g)"‘D In(&)

Furthermore, from equation (D-16),
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The solution for circular plates that are closed in the 0 direction is

©®=Acosk® +Bsinkd , k=n=0,1,23, ... (D-32)
Or equivalently
© = Acos[k(6—9)] . (D-33)

The total solution is thus

Z(£,0)={C 1 (€)+ D I, (&) HAcos[k(® - )]} (D-34)

Set the phase angle ¢ =0.

Z(&.0) ={C 1, (£)+D 1 (§) }A cos(k6) (D-35)

Set A =1. Note that the mass normalization will be performed using the C and D
coefficients.

Z(&,0) ={C I, (£)+ D I () fcos(k6) (D-36)
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APPENDIX E

Simply Supported Plate, Bessel Function Solution

The boundary conditions are
Z(a,0)=0
M, =0 at r=a

927

——=0 at r=a
02

Note that

2 2
or2 ror 2 592
Boundary condition (E-3) requires that

2
MI' =-D a_z + Ea_z at r=a
8r2 r or

Z(r,8) = R(r)O(0)
Z(r,0)=[C T, (Br)+D I, (Br)]cos(k8)
Z(2,0)=[C T, (Ba)+D I, (Ba)]cos(k6) =0

Cly(Ba)+D I, (Ba)=0
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M, = —D{a—z [CT,(r)+D1, (Br)]cos(ke)}
or

_MD{I%[C J,(Br)+D In(Br)]cos(ke)} at r=a

T

(E-10)
d2 d2
M, =-DEg cos(k8)| C —J, (Br)+ D—1,(Br)
dr2 dr2
—uDEcos(ke){CliJn(BrHDliIn(Br)} at r=a
rdr r dr
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M| _, =0 (E-12)
d2 d2 1d
C—J,Br)+D—1,(Br)|+pn C——J,(Br)+D——I,(Br)|=0, atr=a
dr? dr? a dr a dr
(E-13)

Let
A=Pr (E-15)
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02 dA Py a dA
at A=Pa
(E-36)
d2 wd d2 wd
ClB—=T,(A) + =—T1,(A)[+D| B—=1,(A) + =—T1,(A)[=0
dA? da? a
at A=0Pa
(E-37)
Recall equation (E-9).
CJl,(A\)+DI,(A)=0, at A=Pa (E-38)
DI,(A)=—CJ,(A), at A=Pa (E-39)
I,()
D=-Cc2 at A=Pa (E-40)
In(A)
By substitution,
a2 wd I, )| . d? ud
Clp—=J1,(0) + =—71,(0)|-C=2 —1, ) + ==1,(1)|=0,
[Bd;@ n() + B )} Inm[ﬁdﬁ W) + 21,0
at A=Pa
(E-41)

a2 u d In()| 5 d? p d _ _
!B_Jn(k) + __Jn(k)}_In(k){ BEIH(X) + zaln(k)}o, at }V—Ba

(E-42)
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(E-43)
Note the following identities:
d n n
i) = Tnog () —In () = =T () + 200 () (E-44)
iJ W=—373 0 +2L5 o) (E-45)
d7\,2 =T n+1 rdnn
d2 n+l1 n n
0= =100 + a1 0)] + 30 0) + 230 0) (E-46)
dx
d2 n+l1 n n
0= =100 + a1 0)] + 300+ 230 0) (E-47)
dx

iJn ()= [— 1 +ﬁ}n () + {—}JHH ™) (E-48)
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Analyze the first term of equation (E-42).

1 d2 W d
+W{B@Jn(7~)+ ;aJn(k)}

Jn(k) kz ai
(E-49)
Consider the following identities:

L) = Tasi0) ~2100) = Ty ) + 21, () (E-50)

d\ A A
EiIW:iI W +29y ) (E-51)
d?uz n dn n+l Ady n

a2 i n+1 n n
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d\ L

2 - 1+ﬁ]In(k)—{l}In+1(k) (E-53)
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Analyze the second term of equation (E-42).

1 d2 W d
= m{ B@In(l) + ;aln(l)}

1 n2 1 1 n
—-WHI+k—2]1n<x>—ern+l<x>}— bl )+ 1)

1,0 2T an
(E-54)
By substitution,
1| d2 1
*Jnm{an] Sl S|
1| d2 1 [ pd
_ _I — LIRS =
Inm{ 02 “(")] Inm[ L) = o
at A=Pa
(E-55)
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Jn+1(7\d) In+1(7\‘) _ —2Ba _
3n0) T I,0) —iep s AR

Jn+1(7h)+ In+1(7h)_ —2A at L=Ba

In@) © In(A)  ~tep

Jn+1(7‘) In+1(7*) 2\ _
W) e i

The following form is better suited for numerical root-finding purposes.

In(k)Jn+l(7\4)+Jn(7h)In+1(7‘):_—[Jn(k)lnoh)]’ at A=Pa
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The roots of equation (E-65) for = 0.3 are

n=0 n=1 n=2 n=3
4.9351 13.8982 25.6133 39.9573
29.9844 48.7391 70.1170 95.2930
74.9211 103.4057 134.4289 168.8374
138.7787 176.8456 218.2026 264.0849
The roots were determined using the secant method.
The fundamental natural frequency is thus
A=Pa (E-66)
2
pd = ©ph (E-67)
DC
) N 174
h=a {‘” P ] (E-68)
DC
2D
W = y (E-69)
pha
2
D
0= A | De (E-70)
aZ '\ ph
. / D
oo 493;51 De E71)
a ph
The mode shapes are defined by
Z(r,0) =[C T, (Br)+ D I, (B r)]cos(k®) (E-72)
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Recall

T, (A
D=-C n (1) , at A=Pa

Jn g:; I, (r) }cos(ke)

Z(1,0) = {c T, (r)+-C

n
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