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Introduction

The Rayleigh method is used in this tutorial to determine the fundamental bending
frequency. The method is taken from References 1 through 3. In addition, a Bessel
function solution is given in Appendices D and E.

A displacement function is assumed for the Rayleigh method which satisfies the
geometric boundary conditions. The assumed displacement function is substituted into
the strain and kinetic energy equations.

The Rayleigh method gives a natural frequency that is an upper limit of the true natural
frequency. The method would give the exact natural frequency if the true displacement
function were used. The true displacement function is called an eigenfunction.

Consider the circular plate in Figure 1.

Figure 1.

Let Z represent the out-of-plane displacement.
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APPENDIX A
The total strain energy V of the plate is
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De=——— (A-2)

where

E = elastic modulus
h = plate thickness
u = Poisson's ratio

For a displacement which is symmetric about the center,
2 7(r,0) =0 (A-3)
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— 2(1,0)=0 (A-4)
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Substitute equations (A-3) and (A-4) into (A-1).
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The total strain energy equation for the symmetric case is thus
_De 22\ (1a2)? 0%z(16z
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The total kinetic energy T of the plate bending is given by
thZI j 72 rdrdo (A-8)

where

p = mass per volume
Q = angular natural frequency



APPENDIX B

Simply Supported Plate

Consider a circular plate which is simply supported around its circumference. The plate
has a radius a. The displacement perpendicular to the plate is Z. A polar coordinate
system is used with the origin at the plate's center.

Seek a displacement function that satisfies the geometric boundary conditions.

The geometric boundary conditions are

Z(@,0)=0 (B-1)
2
% =0 (B-2)
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The following function satisfies the geometric boundary conditions.
Tr
Z(r,0) =Zy cos| — B-3
(r,6)=Zo [Zaj (8-3)

The partial derivatives are
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The total kinetic energy T of the plate bending is given by
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Evaluate equation (B-9) using the integral table in Appendix C
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T= (04671)phQ?Z *a? (B-18)

Again, the total strain energy for the symmetric case is

De 22 (102 0%z(10z
V:TJ "Iy 2 {FEJ T ( aj rdrdo (B-19)

2
D
:7ej .[0 (;J r drde
De (21 R_ 10z 2
+TIO IO (Faj r drdo

2
De (27 ¢R 0°Z(10Z
+=F .[0 .[0 2u —=| = ﬂrdrde

82r ror

(B-20)

4
De (2n¢a,, 2|( w 2( mr
+Tj0 IOZO [(zj cos (Zj]r drdo

2
De (2n¢a,, 2| 1 (n ) nr]
+— Zo“|—|—| sin“|— [|r drd6
2 Jo JoZo rZ(zaj (Za

3
De (2nca_ 2 T 1 nr
— Z 2u) — | =cos sin r drdo
" 2 j0 -[0 0 (”)(Zaj r (Zaj (Zaﬂ

(B-21)



ZDZn

flaf et

2 I 2
2
4+ %o Dj n'[a L) sin?( ™) |r drde
2 70 r2\ 2a 2a

o

3
b ana (2p)(£] 1cos[szm( )rdrde
0 J0 2a) r 2a 2a

(B-22)

ve SR T o(fen

+Z (Zaj IO[ ( aﬂr red
s D(M)(%j & IS‘F“’S@ Join{ 37 r ar .

V= + Zoz D (%}4 Gj IOZ“ ﬂ“ cos[ : Hr drdo
0] (e e
= [ SHYEGES

(B-24)

The first and third integrals are evaluating using the tables in Appendix C.
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Now equate the total kinetic energy with the total strain energy per Rayleigh's method.
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Let = 0.3, which is the typical Poisson's ratio.
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The natural frequency fp, is

1
fn=—0Q
n 27

13

(B-49)

(B-50)

(B-51)

(B-52)

(B-53)

(B-54)

(B-55)



APPENDIX C

Integral Table

Equation (C-1) is taken from Reference 1.

X sinbx  cos bx
+
b b2

jx cos bx dx = (C-1)

Now consider
a a
J. 1sinz(n—rj dr:1 11—cos(n—rj dr (C-2)
or 2a 2J0r a

Nondimensionalize,

= (C-3)
a
EX =r (C'4)
T
dx = Zdr (C-5)
a
& dx = dr (C-6)
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Recall the series
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APPENDIX D

Solution of Differential Equation via Bessel Functions

The governing equation is taken from References 5 and 6.

v z(r,0)-p4z(r,0) =0 (D-1)
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The governing equation may be written as

V2 122 p2{z(r,0)= 0 (D-5)

Thus the equation is satisfy by

{vz + BZ}Z(r,e) -0 (D-6)

Separate variables

Z(r,0) = R(r)®(6) (D-7)
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By substitution
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Similarly,
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The equation can be satisfied if each expression is equal to the same constant k2.

2( 42 2
AR IR g22 1070 2 (D-16)
R dr2 r dr ® d92
Thus
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R dr r dr
2 2
i3 R+£d—R + J_rBZ _ K R =0 (D-18)
dr rar r2
Define a new variable
a:{.ﬁr (D-19)
JBr
2.2
r
g2 :{ b (D-20)
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Chain rule
de = Bdr (D-22)
d_dd (D-23)
dr dgdr
d d
— = B— D-24
dr Bd& ( )
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Equation (D-27) is Bessel’s equation of fractional order.

The solution for circular plates that are closed in the 6 direction is

R(E)=CIn(E)+D In(E)+FYn(€)+GKn(E) (D-28)

Equation (D-28) represents Bessel of the first and second kind and modified Bessel of the
first and second kind.

Both Y, (&) and Kp, (&) are singular at & = 0.

Thus for a plate with no hole, F =G =0.

R(E)=CIn(€)+D In(E) (D-29)

Furthermore, from equation (D-16),

2
_1d%6 2 (D-30)
® g2
2
d—(; +ok?=0 (D-31)
do
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The solution for circular plates that are closed in the 6 direction is

®=Acoskd +Bsinkd , k=n=0,1,23, ... (D-32)

Or equivalently

© = Acos[k(6—¢)] . (D-33)

The total solution is thus

Z(£,0) ={C Jn(¢)+ D In (&) H{Acos[k(® - ¢)] } (D-34)
Set the phase angle ¢ =0.
Z(£,0) = {C In(&)+D In (&) JAcos(ko) (D-35)

Set A =1. Note that the mass normalization will be performed using the C and D
coefficients.

Z(&,0) = {C In(&)+D I (&) jcos(ko) (D-36)

20



APPENDIX E

Simply Supported Plate, Bessel Function Solution

The boundary conditions are
Z(a,0)=0

My=0 at r=a

0°z

——=0at r=a
002

Note that
0%z (10z 1 0°z
Mr =—De —2+},l ——+—2—2
or ror < o0
Boundary condition (E-3) requires that

2
M, =-D¢ 6—22+E% at r=a
or ror

Z(r,0) = R(NA(6)

Z(r,0)=[C J,(Br)+D I, (Br)]cos(ne)

Z(a,0)=[C J,(Ba)+D I (Ba)]cos(n®) =0

CJn(Ba)+DIn(Ba)=0
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M, = -Dq [5—2 [CI,(Br)+D1,(B r)]cos(ne)]
r

—uDg [%%[C Jn(Br)+D 1,(B r)]cos(ne)} at r=a

(E-10)

d? d?

My =-Dg cos(k6)| C — J,(Br)+ D— 1,(Br)
dr2 dr2
—uDg cos(ke){c%diJ (Br)+D1d1| (Br )} at r=a

(E-11)
My|,_, =0 (E-12)

d d? 1d 1d )
{Cdr_z‘]n(Br)*'Ddr_z'n(Br)]JFH{CgaJn(Br)JrDgaln(ﬁr)}0, at r=a

(E-13)

dr dr

({ @ In(Br) + E—J (Br)} { d22 In(Br) + giln(ﬁr)}o , atr=a
(E-14)

Let
A=Br (E-15)
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dn2 a ﬁ a dx
at A=pa
(E-36)
C Bﬁ 0+ E=3,00)]+D Bﬁl W)+ 29 w)]=0
d}LZ n n d}\‘z n ad?& n
at A=pa
(E-37)
Recall equation (E-9).
Cly(r)+DIp(x)=0, at r=pa (E-38)
DIn(A)=—CJn(x), at r=pa (E-39)
_ ~In(®) _ ]
D= Cln(K) , at A=pa (E-40)

2 2 d
{Bd—J ) + E%Jn(x)}%(}‘)[ﬁd—l () + %aln(x)]w, at L=pa

(E-42)
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Analyze the first term of equation (E-42).

In() la a 22| an
(E-49)
Consider the following identities:

9000 = 1h40) =210 = 11 + M1, () (E-50)
y n = In-1 2 n = In+l 2 n
a2, W)=L10120) + 290,00 (E-51)
p2 M A dn "

Li (W)=| 15 (1) -y (X)}+E{I o)+ 2 (x)} (E-52)
dxz n n ) n+1 ) n+1 3N

2 2

& n)= 1+;—2]|n<x>—Hun+1<x> (E59)
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Analyze the second term of equation (E-42).

2
.%)[ B 5 In) + ggunm]

(E-54)
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{E—E}[E—E}'M—mhm:o . at A=pa

+ In+1(>\‘): _27\’ , at k:Ba

In+1®) , Ina®_ 2 % = pa
- ,

The following form is better suited for numerical root-finding purposes.

10 () In2(1)+ In W11 () = —2—Pn () 1n ()], at % =pa

1-p
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The roots of equation (E-65) for u = 0.3are expressed in terms of A2as

k n=0 n=1 n=2 n=3

0 4.9351 13.8982 25.6133 39.9573
1 29.7658 48.5299 70.1170 94.5490
2 74.2302 102.7965 | 134.2978 | 168.6749
3 138.3181 | 176.8012 | 218.2026 | 262.6244

The roots were determined using the secant method.
The fundamental natural frequency is thus

A =Pa

2, TH4
De

4
2=7¥De
pha4

(@)

_» [De
a? \ ph

4.9351 [Dg
O=——|—<
a ph

(@
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The mode shapes are defined by

Z(pr,0) = [C In(Br)+D 1n(Br)]cos(no)

at A =pa

JI: g:; In(B r)}cos(ne)

Z(Br,e)z{CJn(Br)—C

Z(pr,0) = C{ Jn(Br)—m E;“ﬂ 'n(BF)}COS(ne)

Again,

B=Ala
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APPENDIX F

Note that the numerical calculations in this appendix are performed via Matlab script:

circular_SS.m.

Mass Normalization of Eigenvectors

The eigenvector equation is

Zkn (BT.0) =Ckn{ Jn(Br)—[f:E;ﬂ 'n(Br)}COS(ne)

Again,

B=Ala

Normalize the eigenvectors as

phjg 02“ | Zyn (Br.0) |2 rdodr =1

SN Cknz{ Jn(ﬁr)—ﬁ:&ﬂ |n(Br)}20052(n9) rdodr =1

Crn? phfg1 gn { Jn(Br){‘:ggﬂ In(Br)}z{%+%cos(n9)}rd9dr =1

Ckn2 phjg sﬂ {Jn(ﬁr)—ﬁ:&ﬂ In(Br)}zrdedr—l for n=0
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cu? o s | 2 )

nCkn {phjo{ (Br)- [n&ﬂln(ﬁr)}zrdr}=l for n>1

For k=0, n=0,

Cun? ph [0]2" { Jn(Br)—ﬁ”&ﬂ |n(ﬁr)}2rd9dr_1

n

lo(A)

2nCoo° thc?fozn { JO(BF)—PO—(K)} 'o(Blr)}2 rdodr=1

N—"

oA

21 Cgo? ph jg{ Jo(Br)—[‘:oi} |0(Br)}2 rdr=1

N—"

N—"

21 Cgo ph f:{ JO(BF){M} '0(Br)}2 rdr=1

lo(A

N—"

The eigenvalue is

A = 449351 = 2.2215 for k=0, n=0

ﬁo—(k)} =0.03686 for A = 2.2215
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=1 forn>1
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By substitution
21 Cgg? ph jg {3o(Br)—0.03686 1o(Br) )% rdr =1

Recall
B=Ala

By substitution,

21 Coo? ph jg{ Jo(hr/a)—0.03686 1o(rr/a)}2 rdr =1

21t Coo? ph jg{ 19(2.2215 r/a)—0.03686 15(2.2215 r/a)} rdr =1

Let
u=22215r/a
r=au/ 2.2215

dr=adu/ 2.2215

rdr=a?udu/4.9351

By substitution,

{30(u)-0.03686 1o(u)}? udu =1

> pha? I2.2215
49351 10

The mass is
m = nph a2

2 2m
49351

Coo (0.6525)=1
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Coo® m(0.2644)=1

Zoo= W{ Jo(2.2215 r/a)—0.03686 15(2.2215 r/a)}

Participation Factors

The participation factor 'y is

Tkn =ph jg‘jj”ckn{ Jn(Br)—ﬁ:—m In(Br)}cos(ne) rdodr

Note that

I'n=0 forn>1

The participation factor for k=0, n=0, is

2
Ty = ph jgjon{zkn(r,e)} rdodr
a
Foo=phf0 0 | Jm

275{1.945

1.945
oo = ph =2
00 Vm

33

{Jo(2.2215 r/a)-0.03686 1¢(2.2215 r/a)}} rdedr

jg 02“{ 19(2.2215 r/a)—0.03686 1(2.2215 r/a) } rdodr

(F-26)

(F-27)

(F-28)

(F-29)

(F-30)

(F-31)

(F-32)

(F-33)



{J0(2.2215 r/a)-0.03686 15(2.2215 r/a) } rdedr

1.945m
Too= Io

7:&2 \/_

(2m)1. 945J_ I

0 Jo(2.2215 r/a)—0.03686 19(2.2215 r/a)}rdr

I'oo=
na

3. 890\/_
S

0 Jo(2.2215 r/a)—0.03686 1g(2.2215 r/a)}rdr

I'oo=

Recall

u= 22215r/a

rdr= a2 udu/4.9351

By substitution,
3.890+/m (2.2215 au
Too= — ¥ Jo(u)-0.03686 | d
0= {Jo(u) 0(u)} 3 gae

I'yo=23.890~/m j22215 (u)-0.03686 1o(u )}49351du

2. 2215

Ipo = 0.7881/m j { 30(u)-0.03686 Ip(u)}udu

Tpo=0.7881v/m (1.0682)

o= 0.8419+/m
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The effective modal mass is

Moo= |0.8419Vm ]2

Mgp= 0.7088m

Example

(F-44)

(F-45)

Assume a 64 inch diameter, 1 inch thick aluminum plate, with a simply-supported
perimeter. Calculate the fundamental frequency and mode shape.

Figure F-1. Fundamental Mode, fn = 45.6 Hz
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APPENDIX G

This appendix is unfinished.

Completely Free Circular Plate

Consider a completely free circular plate. The plate has a radius a. The displacement
perpendicular to the plate is Z. A polar coordinate system is used with the origin at the

plate's center.

The mode shape is

Z(r,0) =[C 3, (Br)+ D I,,(Br)]cos(n6)

The boundary conditions are
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The moment is
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Now consider the shear boundary condition.
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APPENDIX H

Fixed Plate, Bessel Function Solution

The boundary conditions are
Z(a,0) =0 (H-1)
a_ZZO at r=a (H'Z)
or

The displacement is

Z(r,0)=[C J,(Br)+D I (Br)]cos(ne) (H-3)
The slope is
% = %{[C In(Br)+D I (Br)]cos(ne)} (H-4)
d d d
d—f = {c aJn (Br)+D EI” (Br)|cos(n6) (H-5)
Let
A =Br (H-6)
d d
o Ba (H-7)
The displacement is
Z(r,0) =[C 3 (1)+D 1,,(1)]cos(ne) (H-8)
The slope is
(H-9)
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Apply the boundary conditions

[CJ(A)+D 1(1)]cos(n6) =0 at A =pa (H-10)
Cla(W)+DIy(1)=0 at A =pa (H-11)
B c 4, (x)mil (A)|cos(n®)=0  at A=pa (H-12)
da " dn "
cdy (x)+Di| (A)=0 at A =pa (H-13)
da " dn "

Assemble the equations in matrix form.

= at L =pa (H-14)

The roots are found by setting the determinant of the coefficient matrix equal to zero.
Jn(x)iln(x)—|n(x)iJn(x)=o at L =pa (H-15)
di da

n

Jn(x)[lnﬂ(x) + %ln(x)}— |n(x){—3n+1(x) + XJn(x)} =0 ata=Ba (H-16)

In(Mn41(@)+Ina()1n()=0 at A=pa (H-17)
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The roots of equation (H-17) for u = 0.3are expressed in terms of A2as

k n=0 n=1 n=2 n=3
0 10.2158 21.2609 34.8770 51.0334
1 39.7711 60.8287 84.5837 111.0214
2 89.1041 120.0792 | 153.8151 | 190.3038
3 158.1842 | 199.0534 | 242.7285 | 289.1799
The roots were determined using the secant method.
The fundamental natural frequency is thus
A =pa (H-18)
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The mode shapes are defined by

Z(pr,0) = [C In(Br)+D I (Br)]cos(n6)

Recall

D:—C‘]n(x) : at A =pa

Z(Br,0) = {c Jn(Br)—cJ”&; In(Br)}cos(ne)

In

Z(pr,0) =C{ Jn(Br)—ﬁzgﬂ In(Br)}cos(ne)

Let
A=PBr

2(1.,6) = C{ Jn(x)—m gﬂ 'n(Bf)}COS(ne)
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