MAE/CE 671 Continuum Mechanics

Text

1.2 Let xj be rotated 30 deg counterclockwise about the x; axis to X;' through transformation

ajjk in problem 1.1 such that

Ai'=ajiA

|J ] 1 (I 1j = 11213)

A=[3,2,4]

1 0 0o T3] 1 o 0 T3 3 3
Ai'=|0 c0s30° sin30° |2|=|0 +3/2 1/2 |2|=| J3+2 |=|3.7321
0 —sin30° cos30° 4| |0 —1/2 3/2|4| |-1+2V3| |2.4641

1.3 Let x; be rotated 60 deg clockwise successively about the X,,X1" and x3™"axes. Calculate
the components of A in terms of the final set of coordinates if the components of A based on the
original coordinates x; are (1,1,1)

cos(—60°) sin(-60°) 01 0 0 cos(—60°) 0 —sin(-60°) (1
A =|-sin(-60°) cos(-60°) 0| 0 cos(-60°) sin(-60°) 0 1 0 1
0 0 1[0 -sin(-60°) cos(—60°) || sin(-60°) 0 cos(-60°) |1



1/2 —3/2 o1 o© 0 1/2 0 +3/2[1
A=|+3/2 1/2 ollo 1/2 =J3/2| 0O 1 0 |1

0 0 110 372 1/2 |=v3/12 0 1/2 |1
1 -3 o2 o0 o7 1 o V31
A=%\/§1001—\/§0201
0 0 2|03 1 |-430 11
1 —J3 of2 o T 1443
A=z 1 oo 1 3 2
0 0 2|0 43 1 |-V3+1
1'1 ~J3 o] 2+243
A=ZIVE 1 0)2-3(3+)
0 0 2| 2J3-3+1
1 -3 o] 2+23
A=1Va 1 0]2+3-43
0 0 2| +3+1
1 -3 0f2+243
A=z 1 ofs5-43
0 0 2| +3+1

1'2+2\/§—\/§(5—\/§) [2+2/3-5v3+3]  [5-3/3] [-00245
A=z V3(2+243)+5-43 == 2/3+6+5-4/3 | =1 11+V3 |=| 15915
24/3+2 24/3+2 243+2| | 0.6830

norm(A)= 1732 = J3



15

(8) Bjj =011 +02p +633=3

(b)

AllB|=|AT|B|=[aTg]

o1 B2 di3 |81 Op1 Oqu

€inm€jpq = dn1 On2  On3 8j2 8p2 8q2
dmi Om2 Om3 8j3 8p3 8q3

di1dj1 + 8j2d 2 +9i3dj3 8j10p1 +8j28p2 +8i30p3 8j10q1 +8i28q2 +8i30g3
=|0n1dj1 +0n20j2 +0n30j3  On1dp1 +On28p2 +0n3dp3  On1dqr + On28q2 +On3dg3
Om1dj1 +0m28j2 +0m3dj3  Omidp1 +Om20p2 +0m3dp3  Smidq1 +Om28q2 + Om3dq3

S d

ij Sip Sig

SinmSqu = Sianpqu + 6ip8nq6mj + SianjSmp - 6ij8mp6nq - Sip8nj8mq - SiqénpSmj



(¢) €inm€jpg = GijOnpdmq * ipOngOmij * ignjOmp — SijOmpdng — ipSnjdmq — SigOnpdmj
Changejtoi

EinmEipg = 0ii®npdmq * 8ip&ngdmi + digOni®mp — 8iid®mpdng —ipdnidmg —BigOnpSmi
EinmEipg = 3%npOmq + SmpOng + OngOmp —3dmpdng —Snpdmq —Omqgdnp

EinmEipgq = 39npOmq —Onpdmg —Omqdnp  + —30mpSng +mpSng *+SngSmp

EinmEipg =%npOmgq —OmpOnq

(d) €nmeipg = 8npgmq _Smpan
Changepton

€inm€ing = Ynmn%mgq —Smndnq

€inm¢€inq :36mq —8mq = 28mq

(€) €inm€ing =20mq
Changeqtom

€inm€ing = 28mm =6



1.6

a) Show (V«V)d=V;d,;

(V°V)¢=(Vi a%j&j}d)

(V-v)¢=(vi ai;i](l)zvi s

b) Show V(V-V)= Vj,ji I

0
V(V.V)= \% 8_)(|V18”j

V(V.V)=V —ij

0

V(V.V):&

(v )i =V i



1.7 Using index notation, prove the relation

(v.v)vzév(v.v)—vX(va)

0 . 0 . .
VeV )V =| Vi —35;i |Vkik = Vi — Vkik = ViVl
( ) { I@Xj uJ k'k I@Xi k'k i Vk,i'k

%V(V-V)I%V(Vivjsij): %V(Vivi): %V(Viz)

1 1 ( 2) 1 0 ( 2). .
—VIVV)==VIV:“ |=———\V:“ i, =V;V; ]
2 ( ) 2 i 28Xk i 'k i Vik'k

0 . .
Vx(VxV)= Vx(amnp G‘X—Vn ij = Vx(amnpvn,m |p)

m

Vx(VxV)= Eipkemnp Vi Vin,mik = &pki€pmn Vi Vn mik

Vx(VxV)= epki€pmn ViV, mik = (8kmin _Sknsim)vivn,mik

VX(VXV): (Skmsinvivn,mik _Bknsimvivn,mik)

VX(VXV)=(ViVi ik = Vi Vi )= (ViVi ik — Vi Vic i i

Substitute equations (1-7.2), (1.7-4) and (1.7-9) into (1.7-1).

(VeVV =V iik =V, kik —(ViVi,k _Vin,i)ik

(1.7-1)

(1.7-2)

(1.7-3)

(L.7-4)

(1.7-5)

(1.7-6)

(1.7-7)

(1.7-8)

(1.7-9)

(1.7-10)



(Ve VIV = ViV i = Vi Vi (1.7-11)

1.9 Consider an inclined boundary surface identified by the coordinates at
A(4,43) B(04,2) andC(4,2,4)
Determine the unit vector normal to the surface ABC satisfying n.n=1
V=B-A =( 0-4)i+(4-4)j+(2-3)k=-4i-1k

W=C-A=( 4-4)i+(2-4)j+(4-3)k=-2j+1k

i j ok
VAW =|-4 0 —1=-2i+4j+8k
0 -2 1
no YW _ C2+418K L 1 (i 4je8K)=— i (< 2i+4j+8K)
VRW| (52 42 ;g2 4+16+64 84



