1. Two Cartesian bases, [:iz ). and {12 j are given as below. with i =[:2i1+2i2+i3 }/3 and

i =(i, -1, }‘JE

(a) Express i; in terms of {iI—] .
(b) Express {i! } mn terms of the (1:}
(c) Let v =6i, —6i, +12i, Find the v, , the components of the vector V in the {1: I basis.

(d) venify vour answer of part (c).

a)
! j « 1 1 2 2
ig*=iy* X i,*=[2/3  2/3 1/3=( ]i+( Jj+(_ - jk
12 ~1/42 0 32 32 V2 32

- [3% ji {3% )j {37%}( ) [ﬁyﬂ +i-dk)



b)

j* 2/3  2/3 1/3 Ti
i*|=| 12 -—1/42 0 j
k*| [1/3v2 1/3v2 —4/3J2 |k

i1 [2/3 1/42 13J2 [i*
jl=]2/3 -1/2 1/3J2 | j*
kK| [1/3 0 —4/J6|k*

(c) Let v =6i, —6i, +12i, . Find the v, . the components of the vector V in the {1: :I basis.

v, * 2/3 23 1/3 6
Vi*|=| 142 -14¥2 0 |-8
Vi *| |1/3V2 1/3V2 -4/3J212

Vi*=4-4+4=4
Vi*=6/2+6/72=12/2
Vi*=6/32 -6/3v2 1642 =-16/+/2

d) check norm

norm[6 -6 12]= 14.6969

norm[4 12/+/2 —16//2 1= 14.6969



i*1 [2/3 2/3  1/3 Ti
i*l=l1V2 12 0 ||
k*| |1/vV6 1/46 —4/46 |k

1.| Recall the following defimtions for divergence. curl. and gradient of a vector held

V=1, I::cJ-j]ij ;
V-v=v,, =fraceVvy
Vxv=guV.; 1
Vv=v, e @i ; [note the order of the mdices: 1t's how we define the gradient tensor]

Let the position vector ber = x;i; . Compute

(a) Vr,

®) Ver

(c) Vxr

Xiji  Xij Xk
a) VFZXi,jii@)ij: Xj,i Xj,j Xj,k =

o O -
o - O
= O O

Xki  Xk,j Xkk

0 . . 0
b) v-r:@—Xili -lej:a—XinSij=Xi’i =3

o . . o _ . .
C) VXF=&IiX(XjIj)=8ijka—Xinlk :8ijkxj,i|k =0



3. For an arbitrary scalar function @ = ¢(x; ). and an arbitrary vecfor function v =v(x;). prove

that

(a) VxV@=0:
(b) V(Vxv)=0.

The curl of the gradient of a scalar is zero.

oo . o | b .
a VXV =VX——1; = —| — [&iir ]
) ¢ an J axi[anJ ”kk

2 2 2 2 2 2
(T Y (S ()

8X28X3 8X36X2 8X38X1 8X16X3 8x16X2 OX 28X1

If the scalar field ¢ is twice continuously differentiable, then its second derivatives are
independent of the order in which the derivatives are applied.

2% 9%
GXjan an5Xj

VXV =0i, =0
b)

0 . 0 0
V.VXV =V .[avj Sijklkj = M o(a—XIVJ 8ijkjéskm

Vovxv =v.| | NMe _ V2 i + M _0V3 i+ Ny M iy
Xy  OX3 OX3  OXq Xy 0%y



VeVXV = 0 i1+ 0 i2+ 0 i3 . %—% i1+ %—% i2+ %—%
OX1 OXo Ox3 OXp OX3 OX3 OXq OX1 OX»p

vovey | O (Vs Ny o (i aVs) o (aVy vy
8X1 8X2 5X3 aXZ 5X3 aXl 8X3 5X1 8x2

0°Vy 9%V, N o’vy %V, N 0%V, %
OX10Xo OX10X3 OX9o0X3 OX10Xp OX10X3 OXp0X3

V.VxV =

V.VxV =0

4. Show that the friple scalar product 1s skew-symmetric with respect to changing the order in
which the vector appear in the product. For example, show that

(uxv)-w=—(vxu)-w

To generalize this notion. any cyclic permutation (e.g., W, V,W —= W, V) of the order of the

vectors leaves the sign of the product unchanged, while any acyclic permutation (e.g.,
WV, W — 1, V,W) of the order of the vectors changes the sign. How does this observation relate

to the swapping rows of a matrix 1 the computation of the determinant of that matrix?

(Uxv)ew =—(vxu)ew

(Sijk uivjik)-wmlm =—(8jiijUi ik).wml
(Sijk uivjik)-wmim =—(8jik uivjik).wmi
Eijk UiVj Wmdkm =—€jik UjVj WmOkm
Eijk UiVj Wk = —€jik UjVj Wk

gijk = —€jik

M



S. Let ¢(r )= x,x; + x;x; + x,x, be a scalar field.
(a) Compute the gradient V¢ of the field:
(b) Venify VxVg=0.

a)
d(r) = XoX3 + X1X3 + X1X2
0 )
Vo =—(XpX3 +X1X3 + X1X iy
6X1

0 .
+——(XoXg + X1X3 + X1X5 )i
6X2

0 .
+ ——(XoX3 + XgX3 + X1X> )iz
6X3

V= (X3 +Xp)ig + (X3 +Xq )iz + (X2 +Xq )iz

b) VXVd) = VX{(X3 + X2)i]_ + (X3 + Xl)i2 + (X2 + Xl)i3}

i in i3
wveo| 0. o o
aXl 8x2 8x3
(X3+X2) (X3+X1) (X2+X1
VxVo

0 0 .
= E(XZ + Xl)—%(xs + X1) I

0 0 .
+ —(X3 +X2)_57(X2 +X1)

8X3 1 I2
0 0 )
+ a_xl(x3 +X1)+%(X3+X2) 13

VxV =(1-1)i; + (1-1)i, +(1-1)i3 =0



b)

6. Let v(r)=x,xi, + %%, + x;x,1; be a vector field Compute

(a) the gradient Vv of the field:
(b) the divergence V-v of the field.

V(r) = XoX3iq + X1X3ip + X1 X2i3

Vii M2 Vi3 0 X3 X
VW=IVo1 Vo2 Vog|=|X3 0 X
Va1 V3o Vzz| |[X2 X1 O

o0 . o . 0
VeVv(r)= 11+ 1o +
) (6x1 1 OXo 27 ox3

igJ . (X2X3i1 + X1X3i2 + X1X2i3)

0 0 0
Vev(r)= (a_xl XoX3 +%x1x3 +%x1x2] =0



7.Let u(r). v(r). w(r) be vector fields and let T(r) be a tensor (2*-order) field. Compute

the component forms of the following derivatives

(@) Via-v). () V-(uxv). (€) V({uxv).
(d) V-(Tv). (&) V(u-Tv). ® V(Tv).
@ V-(uedv). @V (udv]w). @ V[(uxv)-w].
i iy i3
(UxVv)=(uivjsijk i) =|up Uz ug|=(upv3—ugVy)ip +(ugvy —Ugva)ip +(Ugvp — vy i
Vi V2 V3

a) V(u °V)=V(UiVj5ij)=V(Ui Vi)Z&(Ui Vi) ik = (U Vi) i = (U e vi + Ui Vi) i

b)

. . 0 . 0
Ve (uxv)=Ve(UiVigijk i) =im - UiVigiik k) :a(uingijk ) =&ijk (UjVj ).k

m
= &jjk (Uj kVj+UiVijk )

0 0 0
—(U2V3 - U3V2) —(U2V3 - U3V2) —(U2V3 —Uu3Vvp

6X1 6x2 6X3
0 0 0
c) V(U X V) = a_xl(u3vl - U1V3) @ (U 3V1— U1V3) %(USVl - U1V3)

i(Ule - U2V1) i(Ule - U2V1) i(Ule - U2V1)
aXl 8X2 ax3




d)

Ve (Tv) = V(T ®ij vji;
= v (Tijv; is i)
= v (v is i)
= V. Tjjvjij
=£Tijvj6ik
G

ox; 1M

= (Tivi i = (Tigivi + Tigvia)

e) V(u.Tv)
V(ueTv)=Vlu-Tyvji;)

V(U-TV)ZV(UiTijVj)
V(u.Tv)=i(u-T--v-)ik
ox V]

V(u .TV):(UiTijVj ),k ik :(ui,kTijVj +UiTij,ij +uiTijVj,k )Ik



f)

V(T V)= V(Tijvjii )= V{Tyjvjiy + Tojvjia + Tajvjis)

S VRS VIS

ox, 1jY] X, 1Y) ox 1Y)

0 0 0 0 o o
=l—Thivi —Thivi —Toivil=—TiV; I; @l =T Vi + TjiVi JIj ®1I

oxg A ox, AT gxg AT gy WK (u,k I J,k)l k

O, 0o 8o

Xy 31Y) X 31Y) X3 31Y)

9) V.(u@v):&ik -[UiVjii ®IJ]:ai;J[U|VJ }i Z[Ui,jVj +UjVj,j }i



h)
Ve([uovw)=v.(u(v.w))
=Ve. U(ViWi)

[ug (viw; )]

oxy
= [Uk (ViWi )],k = Uy kViWj + Uk Vj kWi + Uk ViWi g

i)
V((U XV)O W)Z V(Uingijkik OW)Z V(UiVjWkSijk)
=%(Uivjwk8ijk>m

= Sijk(ui’mVjWk + UiVj,ka + uiVjWk,m)m
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