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MAE/CE 671 Continuum Mechanics 
 

 

 

Text 

 

1.  Show that the Jacobian is equal to the square root of the determinant of the metric tensor. 

 

 

 

Let F be the displacement gradient: 
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2.  Let the motion of a fluid in steady-state flow be given in the Eulerian coordinates by 
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a) Show that the motions and velocities in Lagrangian coordinates are 
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1o1 x)t(z   
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b) Transform the Lagrangian velocities into Eulerian coordinates to prove that the results in part (a) are 

recovered. 
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c)  Plot the Eulerian and Lagrangian distributions 
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Eulerian 
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Equations for streamlines 
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3.  Derive the Cayley-Hamilton equation using the Lagrange multiplier method and identify the principle 

strain invariants 

 

ij  strain components on a plane arbitrarily inclined from the principal planes 

jn  direction cosines that identify the inclined plane 

i  principle strains 

 

 

The relationship between the principal strain components on the inclined plain is 
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Multiply by ni 
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Let  =   a scalar for one of the principal strain components 

jjiii nn   

By substitution, 

jjijij nn   
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Direction cosine property 

1nn ii nn  
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Now construct a scalar function f. 

 1nnnn iijiij f  

 is the Lagrange multiplier  

f  is the work required for satisfying:     ijjiii nnnn   

 

The goal is to find the direction of unit vector n for which  n  is maximum. 
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Cayley-Hamilton equation 
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The standard eigenvalue problem is 
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The eigenvalues   are the principle strain invariants. 
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4.    From the laboratory measurements the following strain tensor components are obtained. 
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b) Determine the principle strains 

0III 32
2

1
3   

Eigenvalues  via Matlab     

  

  0.1981       

   1.555       

   3.247       

 

The eigenvalues are the principles strains 

 

 

 

c) Determine the principle direction matrix 

 

Eigenvectors via Matlab 

V = 

   -0.5910    0.3280    0.7370 
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    0.3280   -0.7370    0.5910 

    0.7370    0.5910    0.3280 

 

The eigenvectors represent the aij, which are the principal direction cosines 

Verify your results by recalculating the principle strains from principal direction cosines. 

Calculated using Matlab. 
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diameter = 4  

radius=2 

 

        23212112 x)2/xcos(x22)2/xsin(x2 iiix   

The point at r = 2ii maps to (0, 4, 0) in the new coordinate system. 
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c)      

The Green deformation tensor is: 
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The Lagrangian strain tensor E is defined to be have the difference between the Green 

deformation tensor and the identity tensor I as 
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