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I ntroduction

Certain types of acoustic and vibration problems can be represented by the generalized
eigenproblem

K X =w? MX (1)

where
K isthe stiffness matrix,
M isthe mass matrix,

w? isthe eigenvalue,
w isthe natural frequency,
X isthe corresponding eigenvector.

The stiffness and mass matrices have dimension n. Thus, there are n eigenvalues and n
corresponding eigenvectors.

Equation (1) can be expressed as

[K - w2 M]x =0 2
The eigenvalues are found by the following equation

determinant [K - w2 MJ: 0 3)

An exact polynomial solution can be obtained for systemswith asmall dimension. The
practical upper limit for an exact solutionisn = 4. For the purpose of thistutorial,
"exact" means that the roots can be represented in terms of radicals.

Numerical methods are required for larger systems. Thistutorial presents the polynomial
solution method for systems having dimension n < 4.



Dimensionn=2

The generalized eigenproblem is shown in terms of its coefficients in equation (A-1).

g(kn- vvzmn) K1o- vv2m12 eX1u é0u (A-1)
8 K o1- w2m21 K 9o- W2m22 eX2u g)u

Set the determinant of the coefficient matrix equal to zero.

(k]l' WZmﬂszz- W2m22)- (k12' W2m12Xk 21 W2m21): 0 (A-2)

Perform a series of algebraic steps to simplify the polynomial.

k11K 22- W2mggk 2o- W2m ook g+ wmym oo

- { kaok 21- WPmgok o1~ wPmapgk o+ wmiomog } =0

(A-3)
k11K 22- WPmggk 2o- WPm ook g+ wmypm oo
- Kqok o1+ W2myok o1+ W2m o1k 1o- Wmiomoy =0
(A-4)
The resulting characteristic polynomial is
4
[ m Moy - m12m21] w+ [ - MyKop- Mook +miokog + m21k12] w?
+ [ knk 22 - kiok 21]
(A-5)

The natural frequencies are the roots of equation (A-5). They may be found viathe
guadratic formula.

2
W2:-bi\/b - dac (A-6)

2a

where
a=mymyp - MpMoy
b=-mpkop- mopkq+mypkor+moikyn

c=kpkoo - kiokpg



Dimensionn=3

The generalized eigenproblem is shown in terms of its coefficients in equation (B-1).

g(k]l' Wzm]l) k12- W2m12 (k]_g- W2m13 u

a€X1u €0l

Ak 21- WPy (koo wPmop) (kos- wPmog :exzﬂ ol

éksr w?mg;) (kg wPmgp) |kas W2m33 u@xsu 0
(B-1)

Again, the eigenvalues are calculated by setting the determinant equal to zero. The
resulting characteristic polynomial can be expressed as

aw® +bw? +hw? +s =0 (B-2)
where

a = - MpMppM33- M12M23M31- M3M21M3)
+ MM 23M32+ M2M21M33+ M13MooM3g (B-3)

+ [kn(m 22M33- Mo3Mgp)+kio(Mogms- mogmaz)+kiz(magmagy- mopm 31)]
+ [k 21(m13m32- m12m33)+ k 22(m11m33- m13m31)+ k23(m12m31- mnm32)]
+ [k 31(m12m 23- M13M 22)+ k32(m13m 21- Mpym 23)+ k33(m11m 22- MM 21)]

(B-4)

+ [m 1(k 23k 30~ k 20k 33)+ Maa(k 21k 33- k 23k 31) + Mas(k 20k 31- k21K 32 )]
+ [m 21(k12k 33~ kask 32)+ m 22(k13k 31- kuk 33)+ m 23(k11k 32- k12K 31)]
+ [m 31(k13k 22- Kok 23) +m 32(k11k 23- ka3k 21) + m33(k12k 21- knk 22)]

(B-5)

S = [knk 22k 33+ K19k 23k 31+ k13K 30K 21- kpk 3ok 93~ k1ok 21k 33- k13k ook 31]

(B-6)



Equation (B-2) can be solved using the methods in References 1 and 2.

Dimensonn=4

The generalized eigenproblem is shown in terms of its coefficientsin equation (C-1).

g(k]l' szm]l) K1o- W2m12 (k13- vv2m13)
kot- wPmoy) (koo wPmon] (koz- wPmog
dkar- wPmag] Lkzo- wPman] [kaa- w?mas
kaz- wPmag| \kap- wPmap) kaz w?mgs

(C-1)
Again, the eigenvalues are calculated by setting the determinant equal to zero.
koo~ WPmpp] (kog WPmpg) (kog- wPmpg
+(k11- w?my |{kap- wPmazp) (kaz wPmgg) |kag- wPmay
Kap- wmap| \kag- wPmug) (Kaa- wPmag
ki- wPmip) lkiz- wPmyg) (kig- Wzm14)
- (k21' WMoy |\kap- wmap) Lkaz- wmas) |kas- wmag,
Kap- wmap| \kag- wPmug) (Kas- wPmag
ki- wPmyp| (ki W2m13) k14- WZm14;
+(k31- w?may |(k2- WPmoa)| Koz wPmog) [k og- W2m241
Kap- wmap| \kag- wPmug) (Kaa- wPmag
ki- wPmyp| (ki W2m13) k14- WZm14;
- (k41- w?mgg |{k 2o~ WPmop| (ko3 wPmpg) (kos- W2m24,‘ =0
ks wPmgp| (kaz- wPmgg) (kaq wPmay
(C-2)



After several steps, the equation simplifiesto

-[alm]l- asmqgtasmayr- a4m41]v\/8
+ :(alk]l- blm]l)- (aszL- b2mZ|_)+(a3k3|_- b3m31)- (a4k41- b4m41)]w6
+ _(blk]l' hlm]:l)' (b 2Ko1- h2m21)+(b 3Kar- h3m31)- (b 4k 9- h4m41)]W4

+ :(hlk]l' S]_m]l)- (hzkzr Szmz|_)+(h3k3|_- ngm)- (h4k41— S4m41)]W2

+[k11S1 - kogs1 +kzsg - k4151]= 0

(C-3
The a, b, h, and s coefficients are calculated using the pattern in the previous section.

For example,

a1 = - M2M33My4- M23M34M42- M4M32M43

T MpoM34My3+ Mo3M3pM g4+ MpgM33M 40
(C-4)

by =
+[k 22(m3amag- m3gmaz)+koz(Maam - maomag)+k 24(maomaz- magmyy)]
+[k32(m2amaz- Mozmag)+kag(Moomas- mogmyan)+kaa(Mazmaz- mosmoy)]
+[k 42(m23mag- Mogma3)+ko1(Mogmap- Moomag)+k 44(mopmaz- mogmay)]

(C-5)
hy =

+[moolk agk 43- kaskag)+ mog(kaok ag- k3ak 42)+ moglkazk 42~ kaok43)]
+[maalk 23k 44 K24k 43) + M3a(k 24k 42- K 22k 44)+ Mas(k 2ok 43- K 23K 42)]
+[mgolk 24k 33- kozkg)+ maa(k 2ok 34+ k 24k 30)+ Maglk 23k 32~ kook 33)]

(C-6)
s1 = [k 20k 33k 44+ k 23K 34K 42+ K 24k 43K 30~ K 20K 43K 34~ k 23K 30K 44~ K 24K 33K 42]

(C-7)

Equation (C-3) can be solved by the method in Reference 3.



Theorem

If the K and M matrices are each symmetric with real coefficients, then the eigenvalues
arereal.

Example

Consider a cantilever beam with mass per length r . Assume that the beam has a uniform
cross section. Determine the first three natural frequencies.

El, r

NN\

Figure D-1.

The Rayleigh-Ritz method yields the eigen problem shown in Figure D-1. The matrix is
shown in upper triangular form due to symmetry.

[K - w2|v|J=
63.0440 - 0.2268 | - 05756 | -023611 1
é G
é G
a 246,57 - 1.9244 | -1.0849 |
€ a
& 1902.52 - 1.2454 |
(D-1)
where
€ L4U
=w-é—u (D-2)
eF g

A complete derivation of equation (D-1) is given in Reference 4.

The resulting eigenvalues are calculated by setting the determinant of the coefficient
matrix equal to zero. A characteristic polynomial isformed per the methods previously
giveninthistutorial. The resulting eigenvalues are shown in Table D-1.



Table D-1.
Eigenvalues from the Rayleigh-Ritz Method
Root | n W
Number
El
1 12.39 3.520 |—
rL
El
2 493.6 22217 |—
4
rL
El
3 4526. 67.276 |—,
4
rL
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