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Introduction

Transforming a fraction into the sum of partial fractions is an intermediate step in the

solution of certain shock and vibration problems.
summarize some common cases.

The purpose of this tutorial is to
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The inverse Laplace transform f(t) of equation (5) is

f(1) = iexp(— Ewnt)sin(ogt)

Furthermore, consider the Laplace transform

S+&,(0n

F(s)=
(s+&wop )2 + mdz

The inverse Laplace transform f(t) is

f(t) = ep(—&ont)cos(ogt)
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APPENDIX A

Example 1
e e e
2 2 2
S 82+2E_,oans+oon S S +2EmpS + op
1=[52 +2§mns+wﬂp+[cs+¢]s (A-2)
1= [ps2 + 2EmnpS + pmﬁ} + [082 + ¢5] (A-3)

1=(p+ 02 + (2bonp + O + pod (A-4)

Equation (A-4) implies three separate equations.

(p + G) =0 (A-5)
(2€0np+9)=0 (A-6)
poy =1 (A7)
Equation (A-7) yields
p=— (A8)
®n

G=-p (A-9)
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Equation (A-1) can thus be expressed as
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The following form is a more convenient format prior to taking the inverse Laplace

transformation,

el =2 )
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The inverse Laplace transform is

Eon

f(t)= iu(t) —iexp (~ont)| cos(ogt)+ ="Lsin(wgt) |, t>0
2 2 od

On On

where u(t) is the unit step function.
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APPENDIX B

Example 2

Equation (B-1) effectively represents a number of cases since o and 3 may each be set
equal to zero.

{ 1 } as+f3 _{ks+p}+ oS+ ¢ (B-1)
2 + 02 % +2<§cons+oan2 s + w? % +2§oons+oon2

Multiply through by the common denominator.

as+p ={rs+ p}{s2 + 2E@pS + of }+ {os+ ¢}{52 + 032} (B-2)
as+f = AsS + (p+ 2§mnk)82 + (Zanp + kconzjs + (pmnzj
+osS (|>32 + oS+ (l)wz
(B-3)
as+p =
A+ 0]83
+[p+ 2&03n7\,+(|)]32 (B'4)
+ [Zanp + M)nz + cm)z}s
+[P03r12 +¢002}
Equation (B-4) implies four separate equations.
A+G=0 (B-5)

p+2tonh+d=0 (B-6)
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Equations (B-5) through (B-8) can be assembled into matrix form.

1 0 1 0
2Emn 1 0 1
(onz 2Emn @ 0

0 oonz 0 o
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Gaussian elimination is used to simplify the coefficient matrix.

10 1 0r] [o
0 1 -20n, 1]p| |0
0 28wy wz—wnz 0|s| |a
0 (onz 0 0)2__(1) B

Equation (B-10) can be reduced to a 3 x 3 matrix.

1 -2ton 1 {[p 0
2Emp w? - oanz 0 [|[o|=|a
conz 0 o | p

Complete the solution using Cramer’s rule.
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c= 21 det| 26w, a O
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@20 + 2EmnP —(onzoc

l (coz - a)nz)z + (2t 0oy )2
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Recall equation (B-5).

A=—0C
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(0)2 - wnz)oc +28on B
A=— 5 (B-19)
(coz - oanz) +(2t0op )2
1 -2twpn O
o= 21 det| 2&mp, @2 - oanz o (B-20)
[(02 - oanz) + (2t 0oy )2 conz 0 B

(02 ~af Jp+ (260n B 2207
o= (B-21a)

(coz - (Dnz)z +(2 0oy )2

[(mz - oonz) + (ZE‘\con)z}B — 2@0),?&

d= 5 (B-21b)
(032 — (onz) + (2§mmn )2
The coefficients are summarized in equation (B-22).
—(wz —(Dnzjoc—ZéwnB
A
2
| 1 2&0)2&”0(—(0)2—(%)[3
B 2 2 2
;: (coz—(onz) +(2?;(ocon)2 (03 —mnja+2§wnﬁ
- 2&(030( + sz - (onzj + (2§mn )2} B
(B-22a)
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o —op | +(28owp) ( n 2 2 2
() ( j —2&0),? _[(m —conj+(2§mn) }_
(B-22b)
Equation (B-1) can thus be rewritten as
{ 1 } as+pB _
52 + 02 52 +2€_,mns+mr%
[_(0}2 —cor%joc—Zéoan B}SJ{Z&@ Zoan oc—(coz —mﬁjﬁ}
2
[((02 —(or%j +(2t0op )Z}[ 52 +c02}
[(mz —cor%)ow 2Ewn B}S+{— 2§cor:?a+Kw2 —cor%)+(2§(on )2} B}
+
2
[((02 —(or%j +(280op )2]{52 +2§mns+cor%}
(B-23)
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An alternate form is

{ 1 H os+B }:
s? + @2 32+2<§mns+conz
[—(coz —mﬁ)}s+[2§c02con ]
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o
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The inverse Laplace transforms for the four terms on the left-hand-side are found as

follows
{—(mz —mﬁ)}s+[2§m an J

Fl(S)—oc[( , 2)2 ” )2}[ : 2} (B-26)
f1(t) = l(mz _602)201 oo )2]{ [— (mz —wr%j :|COS(COt)+ [26 0o ]sin(cot)}
(B-27)
Fo(s)=+B - Ziwnz k {_ (mz ] wr%j } (B-28)
{(mz _wr%) +(2t0op )2][ 52 +0)2}
f2(0) = {(@2 _®2)2B+ -~ )2]{ L 2%, ]cos(wt){_é(& _mgﬂsin(m)}
(B-29)
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(-8 o]

F29) - +a : (B-30)
[(mz ~of | +(zwor )2}[<s+amn Prog ]
F3(s) = +a sz - wrﬂ }S
{(mz ~od) +(2zo0r >2][<s+awn P rog|
(B-31)

=

{(mz_@%)2+<zamn>2][<s+amn>2 vof |

+a

(-}

®2 —(Dr%)z +(280on )Z}[(sﬂgmn )2 +0)d2}

F3(s) = +a
{(

(B-32)
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3

f3(t) = {(wz O:ij(z i(*;znétim )2} {(032 _mﬁjcos(codt%[%}sin(wdt)}

(B-33)
[2emn ]s+ sz - cor%)+ (2twn )2}
Fa(s) =+B 5 (B-34)
[(mz - cog) +(2twop )2}[(8 +&mn )2 + oodz}
1 2 _ w24 (2 2
" [eoy ]Km (Danr( %on) } (B-35)

Fa(s) = +B[2¢wn | 5
{(0)2 —wr?) + (20w )2}[(5"“:@” )2 +wd2}
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1 2
0 - { Bl2c0n Jo (- Zont) } {Cos(mdt){[zamn e i ]Sm(@dt)J (B-36)
)2

2
f4(t) = {( : 59;3(2 &:ant) )2} ng@ncos(mdt){ﬁmzmn j+(2&°°”)2}§®”[2§®n ]}in(mdt)} (B-37)
o -0 | +(2&wop

2
0 - {( 2 Be;(;g_ gz)n,[) )2} |2§(Dn . F(oﬂ —op )+ (2¢0n )2} - 2§2con2 }in(mdt)k o
o -0y | +(25moq
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o? - U)r? +2(&on )2 _ (B-39)
fa(t) = Beng_ gont) |2§mn cos(ogt) + F( 30' }]sm(codt)l
{(mz —mr?) +(2t0op )2}
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APPENDIX C

Example 3

Equation (C-1) effectively represents a number of cases since o and 3 may each be set
equal to zero.

{ (siskg(5+c)} :{sfx}Jr{sTc} e D
fus+p} = {%}(s 22)s o)+ {%}(s 2 )s+ o) (c-2)
(as+B) =(p)s+o)+(m)s+21) (C-3)
(as+PB) =(ps+pc)+(ms+mr) (C-4)
(os+B) =(p-+mp+(po+m2) (C-5)

Equation (C-5) implies equations (C-6) and (C-7).
o=(p+m) (C-6)
B=(po+mh) (C-7)
Equation (C-6) yields
m=a—p (C-8)

Substitute equation (C-8) into (C-7).

p=(po+(a-ph) (C-9)
B=(c-A)p+al (C-10)
B—ar=(c-A)p (C-11)
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Substitute equation (C-13) into (C-8).
m=o-— (ﬁ — Omj
c—A

a(c—4)-(B-ar)

m =

c—A

m = (o —ar)—(B—anr)

c—A

ac—ai—B+ar
m =

G—A

Substitute equations (C-18) and (C-13) into (C-1).

(et -] =)

The inverse Laplace transform is

f(t) ={

1

c—A

H%[ﬁ—ak]sin(kt)Jré[ac— B Jsin(ct) }
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APPENDIX D

Example 4

The transfer function H(p)times its complex conjugate is

() 1 1
H(p)H*(p) szzaplﬂpzﬂzgpj

Solve for the roots R1 and R2 of the first denominator.

j2e £+ (- j22 ) — a(-1)

RLR2 =
2

j2e++/ - 482 + 4
2

RLR2 = je+4/1-&2

RLR2 =

Solve for the roots R3 and R4 of the second denominator.

~ e+ (j22)% - 4(-)
2

R3,R4 =

— ety —4E% 44
2

R3,R4=—je+,1-£2

R3,R4 =

Summary,

Rl=+je+y1-£2

21
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R2 = +j&—1-£2 (D-10)

R3=—j&+1-£2 (D-11)

Ré=—j&—1-£2 (D-12)
Note
R2 = -R1* (D-13)
R3 =R1* (D-14)
R4 =-R1* (D-15)

Now substitute into the denominators.

H(p)H*(p) = <
(p—ja— 1—&2j(p—ja+ﬁj(p+ja— 1—&2j[p+ja+ﬁ]
(D-16)
He)H )= {(p ~R1)p- R2)1(p ~R3)p- R4)} (-7

* — 1 -
Hlp)H*lp)= {(p ~R1)p+R1*)p—R1*)p+ Rl)} (019
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Expand into partial fractions.

1 o
{(p—mxmRl*xp—m*xpml)}‘ "Ry
p
(p-R1*)
A
(p+R1*)
(0}
(p+R1)
(D-19)
Multiply through by the denominator on the left-hand side of equation (D-19).
o * _ *
1= R (p—RLfp +R1*)p —~R1*)p +R1)
B — * _ *
R (p—R1)p+R1*fp—RL*)p+R1)
A * _ *
o R (p—RLfp+R1*)p~R1*Np +R1)
°c * _ *
o+ RD (p—R1)p+R1*)p~R1*)p +R1)
(D-20)
1= +ao (p—R1*)Np+R1*)p+R1)

+B (p—RLYp+R1*)p+R1)
+2 (p-RIL)p-R1*p+R1)
+0 (p—RLfp—RL*)p +R1¥)

(D-21)
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1= +a(p2—R1*2Xp+ R1)
+B |p? + (= R1+R1*)p - RIR1*[p + R1)
+1 |p? + (- R1—R1*)p+ RIR1*[p + R1)
+6(p? + (- R1I-R1*)p+ RIR1*[p + R1*)

(D-22)
+a (p3 +R1pZ —R1*2 p— R1R1*2)

+B| p3 +(R1-RL+R1*)p? + |- RIR1*—R1? + RlRl*)p ~R1? Rl*)

2 (p3 +(R1-R1-R1*)p? + [RIRL*—R1? - RlRl*)p +R1? Rl*)

+o|p3+(R1*-R1-R1*)p? + |- RIR1*—RIR1*—R1*? )p + R1R1*2)

(D-23)
+o | p3+R1p2 ~R1*2 p— RIR1*2
+B|p3 +R1*p2 ~R12 p— R12R1*
| p3 —R1*p2 —R12 p+ R12R1*
+olp3-R1p? —R1*%p+ RlRl*Z)
(D-24)

+[oc+[3+k+c]p3

+[ Rla+R1*B~R1*)\ - Rlc]p2
+[—R1*2a—R126—R12X—R1*2 G]p

*2 2 * 2 * *2
+[—R1R1 a—R1°R1*B+R1°R1* A+ R1R1 0]

(D-25)
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1= +[a+p+r+o]p®

+[Rla+R1*B—R1*\ —Rlc]p2
+ [— R1*2 o, — R1% B~ R1%) — R1*2 G]p

+[ -R1*a—R1B +R1A +R1*c|RIR1*

(D-26)
Equation (D-26) can be broken up into four separate equations,
oa+B+A+0c=0 (D-27)
[ Rla.+R1*B—R1* A —Rls]=0 (D-28)
[ _R1*2 g —R12p—R12A — R1*2 c] -0 (D-29)
[ -R1*a—R1B+RIA+R1*G|RIR1* =1 (D-30)
The four equations are assembled into matrix form.
1 1 1 1 o] [ 0 ]
R1 R1* -R1* —-R1 ||B]|_ 0
~R1*?> -R1?> -R1?> -R1*?|[A| | O
| -R1* -R1 +Rl1 +R1* ||c| |1/RIR1*
(D-31)

Recall

RL=+j&+ 41— &2 (D-32)
R1RI* = [+ jery1-g2 }[— jE+y1- &2} (D-33)
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R1R1* =1

1 1 1 1
R1 R1* -R1* -R1

_R1*2 _R1?2 _R1?2 _R1*?

| -R1* -R1 +R1 +RIl*

Multiply the first row by R1*2 and add to the third row.

1
R1
0
—-R1*

Scale the third row.

1 1
R1* _R1*
_R124+R1*2 _R12 +R1*2
_R1 +R1
1 1 1 1
RL R1* —Rl1* —R1
0 1 1 0
~R1* —Rl +Rl +RI1*|

Multiply the third row by -1 and add to the first row.

1 0 0 1

Rl R1* -R1* -R1

0 1 1 0
-R1* -R1 +R1 +R1*]

26

-R1

+R1*]|

Q 2 ™ Q

Q 2 ™ R

Q 2 ™ R

1

0

O O O

Q > ™ R

O O O

= O O O

R O O O

(D-34)

(D-35)

(D-36)

(D-37)

(D-38)



Multiply the first row by -R1 and add to the second row. Also multiply the first row by

R1* and add to the fourth row.

1 0
0 R1*
0 1

0
-R1*
1

1
-2R1
0

0 -Rl1 +Rl1 +2R1*

Q 2 ™ Q

= O O O

(D-39)

Multiply the third row by -R1* and add to the second row. Also, multiply the third row

by R1 and add to the fourth row.

1 0 0 1
0 0 -2R1* -2R1
0 1 1 0
10 0 +2R1 +2R1* |
The first row equation yields
o =—C
The third row equation yields
B=—n
Equation (D-40) thus reduces to
—2R1* -2R1|A| |0
+2R1 +2R1*||c| |1

—2R1*A—-2R1c=0

—R1*A =Rlc

kz_Rl c
R1*

2RI\ +2R1*c =1

27
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O O O

(D-40)

(D-41)

(D-42)

(D-43)

(D-44)

(D-45)

(D-46)

(D-47)



-R1

2R1| — o | +2R1*c =1
R1*

1 R1
2[-R12 +R1*?]

A=

Recall,

28
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(D-49)

(D-50)

(D-51)

(D-52)

(D-53)

(D-54)

(D-55)

(D-56)



Note that

Let

“R1Z 4 R1*2 = {4}; 1—@2}

Q > ™ R aQa > ™ R

Q > ™ R

29
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(D-59)

(D-60)
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a —y—]
Bl_1]|-w+]
Al BEl+y—]
c +y+]
(D-62)
Recall
R1=+j&+1—&2 (D-63)
| 1 R a1
—RL)p+R1*)p—R1*)p +R1 NE
(p—RLfp+R1*)p — R1*)p+R1) [p_ 1_§2_J§J d
L —wrj [ 1]
p—1-82 + jg | °
Lo ty-j [ 1]
|8
pr1-g2 - jg |
N +y+] _i_

[per-e? g 5

(D-64)
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APPENDIX E

Example 5

A transfer function times its complex conjugate is

1+j2¢& 1-j2&
1—pz)+12§p (1—p2j—12ép

H(p)H*(p) = (

Rearrange equation (E-1) as

H(p)H*(p){ L 487’ }{ - }

p?—j2ep 1| p? +j2gp -1

Solve for the roots R1 and R2 of the first denominator.

joe (- j22 ) - 4(-1)

RLR2 =
2

j2e 1/ —4E% + 4
2

RLR2 = je++/1-¢2

R1L,R2 =

Solve for the roots R3 and R4 of the second denominator.

— j2e++ (j2e)? - 4(-1)

R3,R4 =
2

—j2Et—4E% 44
2

R3,R4=—jE++/1-¢2

R3,R4 =

31

(E-1)

(E-2)

(E-3)

(E-4)

(E-5)

(E-6)

(E-7)

(E-8)



Summary,

Rl=+jE+1-&2 (E-9)

R2=+jE—1-£2 (E-10)
R3=—jE+/1-£2 (E-11)
R4=—je—/1-¢2 (E-12)

Note
R2 = -R1* (E-13)
R3 = R1* (E-14)
R4 = -R1* (E-15)

Now substitute into the denominators.

14 482 2

p—ijg- 1—§2j(p—j§+@j{mﬁ—@j{wj&@j

Hp)H*(p) =
(

(E-16)

i 1+ 482 p?
Hip)H (p){(p—Rl)(p—RZ)(p?R3)(p—R4)} &40

By substitution,

() — 1+ 48%p* _
Hp)H*(p) = {(p —R1)p+R1*)p—R1*)p + Rl)} (E-18)
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Expand into partial fractions.

1+ 4822
(p—R1)p+R1*)p - R1*)p + R1)

(E-19)
Multiply through by the denominator on the left-hand side of equation (E-19).

[1+4a2p2J=

(p _Ot R1) (p—R1)p+R1*)p—R1*)p + R1)

B
" o-R1%)

(p—RL)p + R1*)p —RL*)p +R1)

EGGEAA

+ (p—R1)p + R1*)p — R1*)p + R1)

(p+R1)

(E-20)

33



[1+ 4g2p2J=

+a (p—R1*)Yp + R1*)p + R1)
B (p—R1)p+R1*)p+R1)

(p R1)p - R1*)p +R1)
+0 (p—RL)p - R1*)p+R1¥)

(E-21)
[1+ 482 p2J=
+o (p2 ~R1*? kp +R1)
+B [p? + (- R1+ R1*)p - RIR1*[p + R1)
+2 {p? + (- R1— R1*)p + RIR1*[p + R1)
+6 |p? + (- R1= R1*)p + RIR1*[p + R1*)
(E-22)
|1+ 4222 |-

+a (p3 +RIp2 —R1*% p— R1R1*2)

+B | p3+(RL-RL+R1*)p? + |- RIRL*—R1% + RlRl*)p ~R12 Rl*)
+2 | p3 +(R1-R1-R1*)p? + [RIR1*—R1? — RlRl*)p +R12 Rl*)

+o | p2+(R1*~R1-R1*)p? + |- RIR1* ~RIR1* —R1*2 )p + R1R1*2)

(E-23)
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[1+ 4§2p2J=

ta ( 03 + R1p? —R1*2 p - RIR1*2
+B | p3 +R1*p2 —R12p —R1%R1*
+a | p® —R1*p2 —R1%p + R12R1*
+o|pd—R1p2-R1*p+ R1R1*2)

(E-24)
|1+ 4222 |-
+[a+B+r+a]p’

+[ Rla.+R1*B~R1*\ — Rlc]p2
+[—Rl*2 o~ R1%B - R1%A —R1*2 G]p

+ [— RIR1*? o — R1ZR1*B + R12R1* ) + RIR1* G]

(E-25)

|1+ 4822
+[oc+[3+k+o]p3
+[Rla+R1*B—R1*A —Rlc]p2
+[—R1*2 o - R1%p - R1%% — R1*2 G]p
+[ ~R1*a —R1B +R1% +R1* | RIR1*

(E-26)
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Equation (E-26) can be broken up into four separate equations.

a+B+A+c=0 (E-27)
[ Rlo.+ R1*B— R1*A — Rlo] = 422 (E-28)
[— R1*2 o — R128 — R12)\ — R1*2 GJ =0 (E-29)
[ -R1*a—RIB+RIA+R1*G|RIRI* =1 (E-30)

The four equations are assembled into matrix form.

1 1 1 1 Jfa 0
RL R1* -R1* -Rl ||| | 4&
~R1*¥% _R12 -R12 -R1¥||n| | o0
~-R1* —-Rl +Rl1 +R1*||c| |1/(RIR1*)
(E-31)
Recall
R1=+j&+41-&2 (E-32)
RlRl*:[+j§+\/1—§2J{—j§+w/1—§2} (E-33)
R1R1* =1 (E-34)
By substitution,
1 1 1 1 0

_R1*2 _R12 _R1?2 _R1*2

o
RL Rl1* —R1* —RL [|p]| |4&2
A
~R1* -Rl +Rl +R1*||o

(E-35)
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Multiply the first row by Rl*2 and add to the third row.

1 1 1 1 fa] [ O
R1 R1* ~RL* ~RL ||| |4g?
0 -RI2+R1*2 —R124+R1*2> 0 ||a| | O
—R1* ~R1 +R1 +R1*|| o 1
(E-36)
Scale the third row.
1 1 1 1 o] [O
RL RL* —R1* —RL||p| |4€?
0 1 1 0 [|r] | O
~R1* —-Rl +Rl +Rl*||c 1
(E-37)
Multiply the third row by -1 and add to the first row.
1 0 0 1 o] [O
RL RL* —R1* —RL||p| |4€?
0 1 1 0 [|r] | O
~R1* —-Rl +Rl +Rl*||o 1
(E-38)

Multiply the first row by -R1 and add to the second row. Also multiply the first row by
R1* and add to the fourth row.

1 0 0 1 o] [0
0 Rl* —R1* —2RL||p| |42
0o 1 1 o |lx|| o
0 —Rl +Rl +2R1*||o| | 1

(E-39)

Multiply the third row by -R1* and add to the second row. Also, multiply the third row
by R1 and add to the fourth row.
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10 0 1
0 0 -2R1* -2R1
01 1 0
0 0 +2R1 +2R1*
The first row equation yields
o=-—C
The third row equation yields
A=-PB

Equation (E-40) thus reduces to
—2R1* -2RL|[A| |4e2
+2R1 +2R1*||o| | 1

Complete the solution using Cramer's rule.

—2R1* —-2R1 || A
det er min ant{ }[ } = 4[ Rl2 — Rl*2 }

+2R1 +2R1*||c

Recall

R1=+j&+41-&2
R1Z = [+j§+\/1—§2]+ja+\/1—§2}

Ri2 = 2+ h-e2)s jf 2 Jl—?}

R1Z = (1— 2gz)+ j[zg 1-&2}

RI* = —j& ++/1— &2

38

(E-40)

(E-41)

(E-42)

(E-43)

(E-44)

(E-45)

(E-46)

(E-47)

(E-48)

(E-49)



RP2=[—K+JT3?}14¢+J53?} (E-50)

R1* = g2 4 @— gz)— j_2§ 1- gz} (E-51)
R1*2 = (1— 2@2)— j[Zé 1- gz} (E-52)
Thus,
R1Z2 —R1*2 = [4@ 1- 5\2} (E-53)
4[R12 ~R1*2 ]: i [16& 1- gz} (E-54)
determinant| 2RLT=2RLIA {16 1- 2} E
+2R1 +2R1*||o| ] SVi-g (E-59)
2
A= L determinant{4§ —2R1 }
j[mg 1-@2} 1 +2R1*
(E-56)
(4@2)(2R1*)+ 2R1
A= (E-57)
j [16@ 1-¢2 }
(4§ZJ(R1*)+ R1
A= (E-58)
j{sa 1—a2}
Recall,

R1= +j&++/1— &2 (E-59)
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A=

(4&2)(—@@}1&@

A=

j[sa 1—&2}

(1+4§2)[szg5j+ja[1—4§2)

A=

1[8& 1—a2}

+§(1—4a2)—j(1+4g2j(ijggj

o

O =

i

deter min ant{

) j|166\1-¢7

G::|—2R1*—@§2k2Rg|

|16

O s o )

jjse1-e2)
RL=+j5+1-&2

[—(—J’QJF\/Q)—(%Z)(HQM/QH

—2R1* 42

2R1

1

i|eei-7
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(E-60)

(E-61)

(E-62)

(E-63)

(E-64)

(E-65)

(E-66)

(E-67)



O =

[ sje—1-g? - jagd —4&2\/1—8}

j|se-¢?|

[—(1+4g2 1—§2+j§(1—4§2)}

O =

j|sai-¢?|

[+(1—4g2)+j(1+4§2)@}

O =

Recall,
o=-—-GC

r=—p

The complete solution set is thus

jleci-c?|
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(E-68)

(E-69)

(E-70)

(E-71)

(E-72)

(E-73)



The partial fraction expansion is thus

H(p)H*(p) =

(E-74)
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APPENDIX F

2
> =oc+i+L (F-1)

(s+a)(s+b) s+a s+b

2 _ B A ]
sc=afs+a)(s+b)+ (S+a)(s+a)(s+ b)+ ot b)(s+a)(s+ b) (F-2)
szza(sz+(a+b)s+ab)+[3(s+b)+7»(s+a) (F-3)
32:a52+a(a+b)s+ocab+Bs+Bb+xs+xa (F-4)
52 = ocs2 +[oc(a+ b)+B+k]s+ocab +Bb+2Aa (F-5)

Equation (F-5) yields three individual equations.

a=1 (F-6)
[a(@a+b)+p+A]=0 (F-7)
oab+Bb+2ra=0 (F-8)
[@+b)+p+1]=0 (F-9)
ab+Bb+ra=0 (F-10)

B+A=—(a+b) (F-11)

Bb+2ia=-ab (F-12)
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The equations are assembled into matrix form.

b ol

Apply Cramer’s rule.

B:Lde{_(“b) 1}{5}
a—-b —ab alli

B_—az—ab+ab
a-b
p-
a-b

xzidet 1 —(a+bh)
b —ab

5\ —ab+b(a+b)

a—b
k:—ab+ab+b2
a-b
2
L
a-b

The partial fraction expansion is thus
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(F-13)

(F-14)

(F-15)

(F-16)

(F-17)

(F-18)

(F-19)

(F-20)



2

(s+a)(s+b)

$4

A

—1+{
a

(s+a)(s+b)s+c)(s+d)

1

Let

a2 { 1
-b|s+a

e

APPENDIX G

|: :|
+

5

it

_c2
+
{c—d

&

}, a=b

1

45

[

g
S+C

{dz
+
c—d

I

s+d

}}

(F-21)

(G-1)

(G-2)

(G-3)

(G-4)

(G-5)



$4

(s+a)(s+b)s+c)(s+d)

AR E SE e

$4

(s+a)(s+b)s+c)(s+d)

el o)
A feeelal ol
el olie) ol

4

(s+a)(s+b)s+c)(s+d)

-peel] o)
o B R Bl B
S B e B B bl

Recall

(s+a)1(s+b) [alb}[s:}aj}ib] azb
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(G-6)

(G-7)

(G-8)

(G-9)



$4

(s+a)(s+b)s+c)(s+d)

el ol
B e FeR L Bl Bt
e B P e R Pl e

(G-10)

$4

(s+a)(s+b)s+c)(s+d)

el ol
R B P B Pl Bt
e B Pl B e ol Bt

$4

(s+a)(s+b)s+c)(s+d)

MESNES
(AR R R
el R = ]

(G-11)

(G-12)
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QD
|
o
N
-~
o
|
o
| N—"
| 1 1
1 I — |
1
w
H
QD
L 1

_( ~b)b- )__ |s+C

’ (a—b)(b—d)”[sid}
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(G-13)

(G-14)



$4

(s+a)(s+b)s+c)(s+d)

_a? c2 d2 | 1
1+[a—b][lJ{(a—c)(c—d)]{(a—d)(c—d)_]{s+a}
| b2 T T c2 11 d? 1 1
"la-b 1+_(b—c)(c—d)___(c—d)(b—d)___s+b}
I D - A
+_c—d_ 1__(a—b)(a—c)_+_(a—b)(b—c)_[s+c}
(92 | [ a2 b? 1
"le-d] 1__(a—b)(a—d)}{(a—b)(b—d)“{wd}

(G-15)
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APPENDIX H

S As+B C
= +

= H-1
(s+a)? (5+a) (s+a)? ()
2
s:(As+B)(s+a) iC (H-2)
(s+a)
s=(As+B)s+a)+C (H-3)
s= (As2 + Bs)+ a(As+B)+C (H-4)
s=As? +(aA+Bls+aB+C (H-5)
A=0 (H-6)
s=Bs+aB+C (H-7)
B=1 (H-8)
C=-a (H-9)
s 1 . -a (H-10)
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APPENDIX |

1 _ As+B N Cs+D
(32+a2)(s+[3)2 Y (S-I—B)z

1 _ As+B N Cs+D
52 +a?)ls+28+p2) s?+a? (s+B

The expansion can be performed using the derivation in Appendix B.

ol et
52 + a2 32+2BS+B2

2+ - o2 - 2]
[(ocz —[32)2 +(2a5)2}[52 + aZ]

+

285 + o? - p2)+ (267]

+ L 1

{(‘12 _Bz)Z + (ZOCB)Z} 52 + 2B$+B2]

51

(I-1)

(I-2)

(I-3)



o] -
s? +a? 52 +2[3S+B2

Lk 2B]s+[ o +32] [28]s+ a2+332]
b4 p? |52 +a2J lo? —p* s+ B2

(1-4)
vl (sl
52+0L2 32+2[35+[32
28 | s+la®-p? ]/[2[3] L S+ oc2+3[32]/[2B]
(ot -ph) [s? +a?] [s+BJ?
(1-5)
The inverse Fourier transform is
f(t) = 21 { [-28 ]cos(at)+[—£(oc2 —BZ)}sin(at)}
{( 2_g2} +(2aﬁ)2} ’
2 2 2
+ Besz(_Bt) {2Bcos([3t)+[[(a P )+2(B )]]sin(ﬁt)}
{(az—ﬁz) +(20cB)2} b
(1-6)
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f(t) = ﬁ{ [~ 28 ]cos (at)+[—é(oc2 —Bz)}sin (oct)}

[a™ B

+M{2Bcos (Bt)+[a2 EBZ }in (Bt)}

[a® -p4]

(1-7)
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APPENDIXJ

1=(as +p)(82 +w? )+ BsS +As?

3

l=as +oc0025+p52 +p032 +BS3 +2s2

1=(O(.+B)53+(p+7\.)82 +(m)25+pm2

(. +B)=0
(p+2)=0
a=0
B=0
pzl/co2

A =—1/w?

i{ 1 }_1/w2+—1/c02
32 52+0)2 52 52+0)2

The inverse Laplace transform is

1 1 .
f(t) =—%t——sin(ot)
0)2 0)3
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(J-1)

(-2)

(-3)

(9-4)

(-5)
(3-6)
8
(-8)

(-9)

(3-10)

(-11)

(3-12)



