PARTIAL FRACTIONS IN SHOCK AND VIBRATION ANALYSIS Revision E

By Tom Irvine
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December 22, 2008

Introduction

Transforming a fraction into the sum of partial fractions is an intermediate step in the

solution of certain shock and vibration problems.
summarize some common cases.

The purpose of this tutorial is to
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The inverse Laplace transform f(t) of equation (5) is

£(t) = éexp(— Eont)sin(ogt) 6)

Furthermore, consider the Laplace transform
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The inverse Laplace transform f (t) is

f(t) = exp(- Eont)cos(ogt) (8)



APPENDIX A

Example 1
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1=(p+0)? + (20np +0)5 + po (A-4)

Equation (A-4) implies three separate equations.

(p+0)=0 (A-5)
(20np+¢)=0 (A-6)
poh = (A7)
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Equation (A-1) can thus be expressed as
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The following form is a more convenient format prior to taking the inverse Laplace
transformation,
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The inverse Laplace transform is
1 1 E_,(Dn .
f(t) =—u(t) - —exp(- Eont)| cos(mgt)+ =—sin(wgt)|, t =0 (A-19)
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where u(t) is the unit step function.



APPENDIX B

Example 2

Equation (B-1) effectively represents a number of cases since a and 3 may each be set
equal to zero.

{ 1 } as+f _{Xs+p}+ oS+ (B-1)
s2 + w2 % +2E,,o)ns+con2 s2 + @’ % +2§cons+con2

Multiply through by the common denominator.

as+p = {Xs+p}{52 + 2E0nS + Oop }+ {cs+¢}{32 +032} (B-2)

as+p =nsd +(p+ 2§mnx)32 +(2§mnp + Xconz)s+(pconzj

+osS+ 4)52 + oS+ ¢m2
(B-3)
as+f =
A+ cs]s3
+[p+220n2 + ¢Js7 (B-4)
+ [2§conp + Monz + ccoz}s
+ [pmnz + d)sz
Equation (B-4) implies four separate equations.
A+G=0 (B-5)
p+2EopA+¢=0 (B-6)
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Equations (B-5) through (B-8) can be assembled into matrix form.
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Gaussian elimination is used to simplify the coefficient matrix.

1 0 1 0 |[x 0
0 1 -28o0n 1 |p 0
0 2&mp ooz—o)nz 0|o| |a
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Equation (B-10) can be reduced to a 3 x 3 matrix.

1 -2ton 1 |[p 0
2Emp w? - (onz 0 [|[o|=|a
of 0 o? | o] |B

Complete the solution using Cramer’s rule.
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Recall equation (B-5).
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The coefficients are summarized in equation (B-22).
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Equation (B-1) can thus be rewritten as
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An alternate form is

{ 1 } as+p ~
s2 1 o2 52 +2<§cons+cor%

o -0R) o fesoen
{(mz —wﬁ)z (2t wop )2][ 52 +0)2}

L, e | (0207 )]
{(0}2 —wrﬂz +(2t0op )2][ % +0)2}

(o208 ) o[22

{[wz _mﬁjz (2t 0on )2}[32 i zgmnsmﬂ

[2¢0n ]S{(coz —wr%jJr(Zéwn )2}
[(032 —Cor%jz +(250on )Z}[SZ +2ﬁ®n5+®rﬂ

+f

13

(B-24)



{ 1 } as+ 3
52 +(02 52 +2é’;mns+mr$

(07 -0f) r+[z0%n
{((D? _mﬁjz + (2Eoop )2][ 2402

[-2con s J{— (032 —O)r%ﬂ

+B >
{(032 —mﬁj +(2t0op )Z}[ 52 +c02}

(o) ol 28]

o

+a

[(mz —corﬂz +(2twon )Z}[(Hi@n ) “”ﬂ

Dtoy ]S+Kc02 _mnz)+(zgmn )2}

+B >
l(wz —wr%j +(2twon )Z}[(HE@” Y +‘°d2}

14

(B-25)



The inverse Laplace transforms for the four terms on the left-hand-side are found as

follows
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F4(s) =
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APPENDIX C

Example 3

Equation (C-1) effectively represents a number of cases since o and  may each be set
equal to zero.

{ (s?—sk;(§+c)} :{SEK}+{STG} e D
las+p} = {%}(s +A)s+0)+ {%}(s +A)s+0) (C-2)
(as+B) =(p)s+o)+(m)s+2) (C-3)
(as+B) =(ps+pc)+(ms+mi) (C-4)
(as+B) =(p+m)s+(po+mir) (C-5)

Equation (C-5) implies equations (C-6) and (C-7).
a=(p+m) (C-6)
B=(pc+mhi) (C-7)
Equation (C-6) yields
m=aoa-p (C-8)

Substitute equation (C-8) into (C-7).

B=(po+(a-ph) (C-9)
B=(c—A)p+ak (C-10)
B—ak=(c—-A)p (C-11)
(c-A)p=PB-ar (C-12)
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Substitute equation (C-13) into (C-8).
m=oa-— (B — Mj
G—A

oa(c-2)-(B-ar)
G—A

m =

M= (0 —ar)—(B—an)
G-\

oG — oA — B+ aA
m =
G—A

oo — B
c—A

m =

Substitute equations (C-18) and (C-13) into (C-1).
as+p _{ 1 H[B—al}{ac—ﬁ}}
(s+r)s+o)]  lo-rJ|L s+x s+o

The inverse Laplace transform is

f(t) = {LH %[{3 - ak]sin(kt)+é[ ac —B Jsin(ot) }

c—A
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APPENDIX D

Example 4

The transfer function H(p)times its complex conjugate is

ol
A szzapl p? +j2ep—1

Solve for the roots R1 and R2 of the first denominator.

j2e 4/ (— 2P —4(-1)
2

O - i,

2
RLR2 = je++/1-£2

Solve for the roots R3 and R4 of the second denominator.

RL,R2 =

R3,R4=— jii\/ (j28)? - 4(-1)

2
: [ .2

R3,R4=_12§i 2—4& +4

R3,R4=—jet1-&2

Summary,

R1=+j&+41-&2
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R2=+jé—+/1-2 (D-10)

R3=—jE+y1-£2 (D-11)

R4=—jc—1-£2 (D-12)
Note
R2 = -R1* (D-13)
R3 = R1* (D-14)
R4 = -R1* (D-15)

Now substitute into the denominators.

() = 1
A Ty P ey o ey T )
(D-16)
H(p)H*(p) = [(p R Rz)l(p RoC R4J (D-17)

H(p)H*(p) = [ ( L } (D-18)

p—R1)p+R1*)p—R1*)p +R1)
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Expand into partial fractions.

1 a
= +
{(p ~RL)p+RL*Np-R1*)p + Rl)} (P-R1)
p
(p—R1*)
A
(p+R1%)
(¢}
(p+R1)
(D-19)
Multiply through by the denominator on the left-hand side of equation (D-19).
1= +—2 (p—R1)p+R1*Yp—R1*\p+R1)
(p—R1)
+ p—R1)p+R1*)p-R1*)p+R1)
(p- Rl*)(
-R1 R1*fp-R1* R1
o R (p~RL)p+R1*(p—~R1*p+R1)
-R1 R1*fp-R1* R1
+(p+R1)(p Jp +R1*)p—R1*fp + R1)
(D-20)
1= (p—R1*)p+R1*)p+R1)

+B (p—R1L)(p+R1*)p+R1)
+2 (p—R1)p-R1*)p +R1)
+0 (p—R1)p—R1*)p+R1*)

(D-21)
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1- +a(p2—R1*2Xp+ R1)

+B lp? + (= R1+R1*)p—RIR1*[p + R1)

+2p? + (- R1-R1*)p + RIR1*[p + R1)

+6 [p? +(~RL-R1*)p + RIRL*[p + R1*)

(D-22)
+a(p®+R1p? ~R1%% p—RIR1*?)

+B| p> +(RL-R1+R1*)p? + [ RIR1*-R1? + RlRl*)p ~R12 Rl*)
+2(p% +(R1-R1-R1*)p? + (RIR1*-R1? - R1R1*)p +R12 Rl*)
+o | p3 +(R1*~R1-R1*)p? + [- RIR1*~RIR1*-R1*? )p + R1R1*2)

(D-23)
+a|pd+R1p2 —R1*2 p—RIR1*2
+B( p3 +R1*p2 —R1% p—R12R1*
+a | p® —R1*p? —R1% p + R1°R1*
+o|p3 —R1p2 —R1*% o+ R1R1*2)
(D-24)

+[o+B+r+c]p

+[ Rla+R1*B—R1*A - Rlc]p2
+[—R1*2 o —R1%B—R1%) - R1*? G]p

+ [— R1R1*Z o — R1ZR1*f + R12R1* ) + RIR1*2 c]

(D-25)
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1= +la+B+r+o]p’

+[R1la.+ R1*B—R1*A —R1c|p2
+ [— R1*% o,— R1% B~ R1%) — R1*2 G]p

+[ -R1* o —R1B+R1A+R1*|RIR1L*

(D-26)
Equation (D-26) can be broken up into four separate equations,
oa+B+A+0=0 (D-27)
[ Rl +R1*B—-R1*A-Rls|=0 (D-28)
[—Rl*z o —R1%3 - R1%5 - R1*2 c} -0 (D-29)
[ -R1*a —-R1p+R1L+R1*G|RIR1* =1 (D-30)
The four equations are assembled into matrix form.
1 1 1 1 Yol [ 0 ]
R1 R1* -R1* -R1 [|B]| 0
~R1*> _R1> -R1> -R1**||n| | ©
| -R1* -R1 +Rl1 +R1* ||o| |1/RIR1*|
(D-31)

Recall

RL=+j&+4/1— &2 (D-32)
RIRT* = {+ j§+\/1—§2:“:— je+ \/1—?;2} (D-33)
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R1R1*=1

1 1 1 1
R1 R1* -R1* -R1

_R1*2 _R1? _R1? _R1*?
| -RI* —-Rl +Rl +RI1*

Multiply the first row by R1*2 and add to the third row.

1
R1
0

—R1*

Scale the third row.

1 1
R1* _R1*

_R12 +R1*2 _R12 +R1*?
_R1 +R1

T 1 1 1 1 10

Rl R1* -R1* -R1
0 1 1 0

-R1* -R1 +R1 +RI1*]

Multiply the third row by -1 and add to the first row.

1 0 0 1
Rl R1* -R1* -R1
0 1 1 0

-R1* -Rl1 +Rl1 +RI1*]

26
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+R1*]

Q > ™ Q

Q > ™ R

Q > ™ R

1

0

, O O O

a 2 ™

= O O O

O O O

. O O O

(D-34)

(D-35)

(D-36)

(D-37)
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Multiply the first row by -R1 and add to the second row. Also multiply the first row by
R1* and add to the fourth row.

1 0 0 1 o] [0
0 R1* —R1* -2RL||B| |0
0 1 1 0 Al |0
0 -Rl +Rl +2R1*||c| [1]

(D-39)

Multiply the third row by -R1* and add to the second row. Also, multiply the third row
by R1 and add to the fourth row.

1 0 0 1 o 0
0 0 —-2R1* -2R1 ||PB B 0
01 1 0 Al |0
0 0 +2R1 +2R1* ||[c| [1]
(D-40)
The first row equation yields
o=-C (D-41)
The third row equation yields
B=-A (D-42)
Equation (D-40) thus reduces to
—-2R1* -2R1 || A 0
= (D-43)
+2R1 +2R1*||c 1
—2R1*L-2R1c=0 (D-44)
—-R1*A =Rloc (D-45)
}\, = _ Rl (e} (D'46)
R1*
2R1A +2R1*c =1 (D-47)
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2Rl =R | 4 2R1* 6 =1
R1*

R1* :

. 1
=57 T-Rl
{Rl[ } + Rl*}

R1*

-R1
- c
R1*

A

1 R
2[_R12 + R1*2 ]

A=

Recall,

28

(D-48)

(D-49)

(D-50)

(D-51)

(D-52)

(D-53)

(D-54)

(D-55)

(D-56)



Note that

“R12 +R1*2 = _j [4& 1—&2} (D-57)
o V-2 + g
Bl_1 1 +1-82 1 ¢
HE g aee? || a-g? e
(e)
| +y1-2 —jg
(D-58)
—\1-8% + e

a > ™ R

+

._T
|
g

N
o+
. o~

ry1-6% - je
(D-59)
o -&-j1-¢°
Bl 1 ey jyl-g?
A {8& 1—&2} re-jy1-g?
° - 2
| +E+ W1-E&7 |
(D-60)
Let
y=—= (D-61)
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o —y—]
Bl_1|-w+]
A 8El+w—]
c +y+]
(D-62)

Recall

R1=+j&+1-&2 (D-63)

[(p ~R1)p+R1*Mp~RL*p+ Rl)}

_ ) 1}
(anC

. —y ] 1]

[p—\/ g2 g |15

o tw-j o [1]
[P+\/1—§2—J'§ 55

. A 1]
[peg? e L5

(D-64)

30



APPENDIX E

Example 5

A transfer function times its complex conjugate is

| 1rjee 1-J2%
H(p)H*(p)= (1_:21) +i2§p (1—p21)—i2§p

Rearrange equation (E-1) as

H(p)H*(p)[ Leag%p” " : }

p% —j2ep—1|| p? +j2ep-1

Solve for the roots R1 and R2 of the first denominator.

v 22 e -4y

j2e++/—4E2 + 4
2

RLR2 = je+41-£2

Solve for the roots R3 and R4 of the second denominator.

R1LR2 =

— j2e 44/ (j2e) - 4(-1)
2

— _j2Et+—4E2 4

2

R3,R4=—je+1-&2

R3,R4 =

31
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(E-2)

(E-3)

(E-4)

(E-5)

(E-6)
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Summary,

Rl=+jE+41-£2 (E-9)

R2=+je—1-&2 (E-10)
R3=—je+41-£2 (E-11)
R4 = —je—4/1-£2 (E-12)

Note
R2 = -R1* (E-13)
R3 = R1* (E-14)
R4 = -R1* (E-15)

Now substitute into the denominators.

14 4£2 2

e (o2 oo [orie -2 o2

(E-16)

o 1+ 482 p?
Ho)H (p)_{(p—Rl)(p—RZ)(p?R3)(p—R4)] (&40

By substitution,

i 1+ 48252
H(p)H*(p) = { bR R . o Rl)} (E-18)
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Expand into partial fractions.

1+ 48252
(p—R1)p+R1*)p—R1*)p +R1)

N a
(P-R1)
p
"o-R1¥)
A
(p+R1%)
(o)
(p+R1)
(E-19)
Multiply through by the denominator on the left-hand side of equation (E-19).
|1+ 4222
(04
+ p—RIfp+R1*)p-R1*fp+R1
o~ RUP+ R —RLYp +RY
p
+ (p—R1)p+R1*)p—R1*)p +R1)
(p—RL*)
A
-R1 R1*)p—-R1* R1
+(p4_R1*)G> )p +R1*)p - R1*)p +R1)
-R1 R1*\p - R1* R1
+(p+Rﬂ«) Jp+R1*\p - R1*fp+R1)
(E-20)
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[1+ 4a2p2J:

+a (p—R1*)p+R1*)p+R1)
+B (p—R1)p+R1*)p +R1)
+X (p—R1)p—R1*)p+R1)
+6 (p—RL)p—R1*)p+R1*)

(E-21)
|1+ 4222 |-
+o (p2 —R1*2 }p +R1)
+B |p? + (- R1+ R1*)p — RIR1*[p + R1)
+2 |p? + (- R1=R1*)p + RIR1*|p + R1)
+6 |p? + (= R1-R1*)p + RIR1*[p + R1*)
(E-22)
[1+ 482 pZJ:

+o ( p° +RIp? —R1*2 p— R1R1*2)

+B | p +(R1-R1+R1*)p? + |- RIR1*—R1? + RlRl*)p ~R1? Rl*)
1| p3 +(R1-R1-R1*)p? + [RIR1*—R1% - RlRl*)p +R12 Rl*)
+o| p?+(RL*—R1-R1*)p? + |- RIRL*—RIR1*-R1*? )p + R1R1*2)

(E-23)
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|1+ 4222 |-

+o ( p% + R1p? - R1*2 p — RIR1*?
+B | pd +R1*p2 —R1%p - R12R1*
+2 | p® —R1*p? —R12p + R12R1*
+o(p®-R1p? -R1*p+ R1R1*2)

(E-24)
[1+ 4¢2 p2J=
3
+[a+p+r+o]p
+[ Rla+R1*B - R1*A - Rlc]p2
+[—R1*2 o — R12B — R1%) — R1*2 G]p
+ [ ~RIR1*2 ¢ - R12R1*B + R1R1* ) + RIR1*2 c]
(E-25)

[1+ 4§2p2J=
+[oc+[3+7»+cs]p3

+[Rlo+R1*B —R1*A — R1c]p2

+[—Rl*2 o —R12B—R1%) - R1*2 G]p

+[ —=R1*a —R1B+R1A + R1* ] RIR1*

(E-26)
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Equation (E-26) can be broken up into four separate equations.

a+B+A+0=0 (E-27)
[ Rla + R1*B - R1* & — Rls] = 42 (E-28)
[— R1*2 o — R12f — R1%\ — R1*2 0J= 0 (E-29)
[ -R1*a - R1p+RI1A + R1*c| RIRI* =1 (E-30)

The four equations are assembled into matrix form.

1 1 1 1 e 0
RL  RI* —R1* —RL [|p| | 4€?
~R1*¥2 _R12 -R12 -R1*%||%| | o
~-R1* —-Rl1 +Rl +R1* ||c| |1/(RIR1*)
(E-31)
Recall
RL=+j&+1-£2 (E-32)
RIRI* = [+jg+\/1—§2}{—jg+\/1—§2} (E-33)
R1R1* =1 (E-34)
By substitution,

1 1 1 1 ]fa
RL  R1* —Rl1* —R1l ||p| |42

~R1*® -R12 -R1?2 -R1*%||a

~R1* -Rl +Rl +Rl*||o

(E-35)
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Multiply the first row by R1*2 and add to the third row.

1 1 1 1 1o 0
R1 R1* —R1* ~RL||B|_ 422
0 -RI°+R1*2 —R12+R1*2 0 |[a| | O
—R1* -R1 +R1 +R1*|| o 1
(E-36)
Scale the third row.
1 1 1 1 a 0
Rl R1* -R1* -RL||B|_ 42
0 1 1 0 ||r]
~R1* -Rl +Rl1 +Rl*||lc
(E-37)
Multiply the third row by -1 and add to the first row.
1 0 0 1 o 0
RL RL* -R1* —-R1||p| |4&?
0 1 1 0 |[|r]
~R1* -Rl +Rl1 +Rl*||lc
(E-38)

Multiply the first row by -R1 and add to the second row. Also multiply the first row by
R1* and add to the fourth row.

1 0 0 1 Jfa] [0
0 RL* —R1* —2RL||p| |4€?
0o 1 1 0 Al ] 0
0 -Rl +Rl +2R1*|[s| | 1

(E-39)

Multiply the third row by -R1* and add to the second row. Also, multiply the third row
by R1 and add to the fourth row.
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0 0 1 fa
0 —2R1* —2R1 ||p| |4¢?
11 0 [
0 +2Rl +2R1* ||o

o O o B+

The first row equation yields
o =-C
The third row equation yields
r=—p

Equation (E-40) thus reduces to
—2R1* —2RL[A] |42
+2R1 +2R1*||o| | 1
Complete the solution using Cramer's rule.

. —-2R1* —-2R1 || A 2 2
deter minant :4[ R1- —R1* }
+2R1 +2R1*|| o

Recall

RL=+j&+41-&2
R1Z = [+j§+\/1—§2}_+j&+\/1—§2}

R1% = —¢2 +ﬁ—a2)+j_2§ 1—@2}

R1Z = (1—2@2)+ j[zg 1—@2}
RI* = —j& +/1- &2
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(E-41)

(E-42)

(E-43)

(E-44)

(E-45)

(E-46)

(E-47)

(E-48)

(E-49)



R1*2 :[—j§+\/l—§2]—j§+\/1—§2:l (E-50)

R1* = 2 4 (1— };2)— j_ZF, 1- gz} (E-51)
R1*2 = (1— 2@2)— j[zg 1- gz} (E-52)
Thus,
R1%2 —R1*2 = {4& 1- &2} (E-53)
4[R12 _R1*2 ]: j [16& 1-¢2 } (E-54)
_[-2R1* —2R17MA] 2 _
determman‘{ R 4 2R1*Mc} =] {16& 1-¢ } (E-55)
1 . {4@2 ~2R1 }
A= determinant
j{lG& 1_é2} 1 +2RL*
(E-56)
(4&2)(2R1*)+ 2R1
A = (E-57)
j [16& 1-¢° }
[4§2j(R1*)+ R1
A= (E-58)
1[8& 1—&2}
Recall,

R1=+j&+y1-£2 (E-59)
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A=

[«?jﬂqa+%iz?]+ﬁ+J53?_

}\':

j{sa 1—a2}

(1+4§2) (Qjﬂ&(l—%zj

A‘:

j[sa 1—a2}

+g( 1—4g2j—j( 1+4§2j (w]

O =

O =

i

L determin ant{

j[leg 1—@2}

o | - 2r1* {422 )(2R1)|

j|16ei-e?

I LS T )

ijsei-e ]
I

[—(—ja+v€i25j—G&2{+jé+v5j5?ﬂ

—2R1* 4E?

2R1

1

j|sei-¢?)
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(E-60)

(E-61)

(E-62)

(E-63)

(E-64)

(E-65)

(E-66)

(E-67)



[ vig-y1-g? - jagd —4&%/1—&2}

O =

ijsai-e ]

[ —(1+ 482 N1 €2 + j§(1—4§2)}

O =

i|sai-e? |

[+(1—4a2)+j(1+4§2)\/1—7}

O =

jlecii-e? |

Recall,
o =—0

r=—p

The complete solution set is thus
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(E-68)

(E-69)

(E-70)

(E-71)

(E-72)

(E-73)



The partial fraction expansion is thus

H(p)H*(p)=

(E-74)
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APPENDIX F

L
(s+a)(s+b) ~ s+a s+b

52— ofs+a)(s+b)+—P—(s+a)(s+b)+

y (s+a)(s+b)

A
(s+b)

s2= a(sz +(a+b)s+ab)+[3(s+b)+k(s+a)

52:a52+a(a+b)s+aab+Bs+Bb+ks+ka

s2=0s2 +[a(a+b)+B+A]s+cab+pb+2a

Equation (F-5) yields three individual equations.

a=1
[a(@a+b)+p+r]=0

adb+Bb+ra=0

[(a+b)+[3+k]=0

ab+pb+2a=0

B+A=—(a+h)

Bb+2a=-ab
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(F-1)

(F-2)

(F-3)

(F-4)

(F-5)

(F-6)
(F-7)

(F-8)

(F-9)

(F-10)

(F-11)

(F-12)



The equations are assembled into matrix form.

b ol

Apply Cramer’s rule.

B:Ldet{_(ﬂb) 1}{3}
a-b —ab allr

B —a% —ab+ab

b= a-b

-
a-b

x_—ab+b(a+b)

a-b

2

k=—ab+ab+b

a-b

2
L
a-b

The partial fraction expansion is thus
% —a? [ 1 } b? [ A }
=1+ + , a#b
(s+a)(s+b) a-b|s+a] |a-b|s+b
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(F-13)

(F-14)

(F-15)

(F-16)

(F-17)

(F-18)

(F-19)

(F-20)

(F-21)



APPENDIX G

$4

(s+a)(s+b)s+c)(s+d)

SN ERRE RN

Let
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(G-1)

(G-2)

(G-3)

(G-4)

(G-5)



$4

(s+a)(s+b)s+c)(s+d)

AR b B e

$4

(s+a)(s+b)s+c)(s+d)

e Lol 2]
+A{£} 1+cLiJ+D[sid}

(3+a)1(8+b) B {aib}[slla%ib] azb
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(G-6)

(G-7)

(G-8)

(G-9)



(s+a)(s+b)s+c)(s+d)

-1 1

. *iJw{aid}Lw*sm}}

+ 1 }+D{
S+¢C b-d

e

s+b

(s+a)(s+b)s+c)(s+d)

SCEAEES

(G-10)
e )
S+C a—-d]|s+a s+d
e P
S+¢C b-d|s+b s+d
(G-11)

S b i b

s ERE

polsve)
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$4

(s+a)s+b)s+c)s+d)

[
T SEAREN N
ARl

AL

+D|1+ A
{ a—d b dl

1

(G-13)
4

(s+a)s+b)s+c)s+d)

_32 _¢? d2 1
1J{a b}[ [(ac)(c d)][(ad)(c d) ]L+a}

02 | 2 [ a2 1
+_a—b__1_ (b-cle—d)| | (c—d)o—d) | Ls+b

_—c2 [ a2 I b2 1
+_c—d__l+_(a—b)(a—c)_+_(a—b)(b—c)__[s c

2 ] [ -a? b2 1
tood|tt (a—b)(a—d)}{(a—b)(b—d)ﬂ[wd}

- (G-14)
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$4

(s+a)(s+b)s+c)(s+d)
—a? c? d2 | 1
l{a—b}[l{(a—c)(c—d)}{(a—d)(c—d)J[HJ
_b2 1 T c2 11 d? 1 1 ]
“lab 1+_(b—c)(c—d)__ (c—d)b—d) ||s+b]
_—cz__l I N A
+_c—d __(a—b)(a—c)_Jr (a—b)(b—c)___s+c_
(a2 ] [ a2 % 1
e 1_(a—b)(a—d)]{(a—b)(b—d)ﬂ[ﬁd}

(G-15)
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