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Introduction

Transforming a fraction into the sum of partial fractions is an intermediate step in the

solution of certain shock and vibration problems.
summarize some common cases.

The purpose of this tutorial is to
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The inverse Laplace transform f(t) of equation (5) is
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Furthermore, consider the Laplace transform

S+(?;(,0n
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The inverse Laplace transform f(t) is

f(t) = ep(-&ont)cos(wgt)
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APPENDIX A

Example 1
B e L AN s B
S 2 2 S 2 2
S° +2EmpS + op S° +2EwpS + op
1=[82 +2F__,cons+oor%}p+ [GS+¢]S (A-2)
1= [ps2 + 2EmnpS + pco,%] + [682 + (I)S] (A-3)
1=(p+ o) +(2e0np + )5 +por (A-4)
Equation (A-4) implies three separate equations.
(p+0)=0 (A-5)
(22onp+9)=0 (A-6)
pof =1 (A7)
Equation (A-7) yields
1
pP=— (A-8)
®n
C=-p (A-9)
c =~ iz (A-10)
®n

¢ =—2Conp (A-11)



Equation (A-1) can thus be expressed as
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The following form is a more convenient format prior to taking the inverse Laplace
transformation,
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The inverse Laplace transform is
f(t) Z%U(t)—%exp(— Eont) cos(oadt)+§®—nsin(wdt) 120 (A-19)
@d

On On

where u(t) is the unit step function.



APPENDIX B

Example 2

Equation (B-1) effectively represents a number of cases since o and 3 may each be set
equal to zero.

{ 1 } as+ 3 _{ks+p }4_ oS+ ¢ (B-1)
s + w2 % +2§mns+®r]2 2 + w? % +2§wns+wr]2

Multiply through by the common denominator.

as+B ={s+ p}{s2 + 2E0nS + of }+ {os+ ¢}{52 + 0)2} (B-2)

as+p = ks3 +(p+ 2§wnk)32 +(2§wnp+kwr]2js +(p0)nz)

+osS+ ¢32 + oS+ ¢c02
(B-3)
as+f =
[A+ 6]53
+[p+ 28001 +9]s7 (B-4)
+ [Z@)np + Monz + 0(02}8
+ [pmnz + dxoz}
Equation (B-4) implies four separate equations.
A+c=0 (B-5)

p+2toph+d=0 (B-6)



2§conp+7w)nz +ow? =a

2 2
pop +o0” =f

Equations (B-5) through (B-8) can be assembled into matrix form.

1 0 1 0 {|a 0
2Emp 1 0 11ip 0
(Dnz 2Emn o 0 |o| |a

0 o 0 o?|o] |B

1 0 1 0 A 0
0 1 -2ton 1 |p 0
0 2&wp mz—wnz 0ol |a
0 o 0 o’|¢] (B

Equation (B-10) can be reduced to a 3 x 3 matrix.

1 -2ton 1 |[p 0
2Emn w? - (onz 0 ||o|=|a
wnz 0 o’ |lo] [B

Complete the solution using Cramer’s rule.
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1 —Zé&)n 1

2
det| 2&mn mz—oar% 0 :(mz—cor%) +(2<E_,oamn)2 (B-13)
(Dr% 0 02
0 -2, 1
o= 1 detl o 02 —wf O (B-14)
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ZE_,mzoan o —(0)2 —wnsz

(coz - conz)z +(28wop )2

p= (B-15)

. 1 0 1
c= 5 det| 26w, o O (B-16)
(wz - O)nzj +(28wop )2 mnz B w?

2 2
oo © o+ 2&8opB—opa (B-172)

(0)2 - oonzjz + (Zé;oaoan )2

(wz - mnz)oc +2&on B
G = (B-17Db)

[(02 - conzjz +(2t oy )2

Recall equation (B-5).

N (B-18)



. (0)2—0)[']2)0(,4-2&0)[][3

; (B-19)
(coz - conzj + (2&0)con )2
1 —2ton O
b= 21 det| 2&mp, w° - conz a (B-20)
((02 - conz) +(2t 0oy, )2 conz 0 B

(02 ~af Jp-+ (260n Pp- 2607
o= (B-21a)

(0)2 - 0),12)2 + (280w )2

. (07 -of )+ (220q 2 [p- 2000 ooty

((02 - (onzjz + (2&&)(0” )2

The coefficients are summarized in equation (B-22).

—(032 —cor12)(x—2§con[3
g 1 2§m2wn a—(mz —conZ)B
Z _(wz—mnz)er(ZE,wwn)z [mz—o)nzjochZEp)nB

— ZEp)r?oc J{(wz —oonzj + (23';(0”)2} B

(B-22a)
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(2 2] T 2t
=
(wz—conz) 20

3 _sz - conz) + (28w, )2} |

| —280p

(B-22b)
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Equation (B-1) can thus be rewritten as

{ 1 } as+p 3
52 +co2 52 +2§mns+w§

sz —cor?ja—zacon B}S{Z&@ 2on a—(wz —wr%jﬁ}
{(wz —cor%jz +(280on )2][ 52 +w2}

sz —cor%joc+2§oon B}s+{— 2§cor:]3a+[(602 —(Dr%)JF(ZE@n)Z} B}
[[wz —Obr?jz +(2t0on )2}[52 +2i®n5+wrﬂ

(B-23)
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An alternate form is

{ 1 } as+f B
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{(mz —wr%) +(2§cooan)2}[ 52 +c02}

(o2 o) o] -2

[(wz —(Dr%)z +(2twon )2][52 + Ziﬂ)nSﬂOrﬂ

[260n ]5+K032 —mr%jJr(Zi@n)z}

+P
[(0)2 —wr%jz +(2twon )2][52 + 2§®n3+ﬁ)rﬂ

13

(B-24)



{ 1 } as+f B
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(07 -0f) r+[z0%0n
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The inverse Laplace transforms for the four terms on the left-hand-side are found as

follows
RE)=a {_ (mz ;rﬂ }S ' [2&» an } (B-26)
[(mz —mr%j +(2t0op )Z}[ 52 +w2}

f(t) = l(wz " 2°‘+ -~ )2}{ {— (02-0) }cos(wm 2 wo ]sin(oat)}

(B-27)
2
Fo(s) =+P - 2&wnz b {_ (wz o j } (B-28)
[(mz —mr%) +(2t0op )2}[ 52 +w2}

e s S
(B-29)
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{(mz_mﬁj +<zamn>2][<s+amn>2+wd2}
F3(s) = +a sz _(DEHS
h"’z —oar%)z +(280on )2][(“ Eon )? “‘)ﬂ
(B-31)

=

{(mz —(Dr%)z +(2500n )2}[(5“2(”“ )2 +wd2}

+a

(-]

F3(s) = +a >
[(@2 —w%) +(2t0op )2]{(3+§®n )2 +°°d2}

+o{2&w§J
od {(QZ —oar%jz +(2twop )2}{(54_&(0” )2 +(Dd2}

(B-32)
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] e

(B-33)
®n |S+ coz—mr% + oanz
Fa(s) =+ ” ]2 H & )} (B-34)
(o2 ' (e P [
Fa(s) = +B ook
[(wz—mﬁj +(zamn>2][<s+awn)2+md}
§ [(szwﬁ}(zamn)ﬂ
[((Dzwnj +(2§w@n)2][(5+§60n)2+@d}
(B-35)
Fa(6) =+ _Ponk
(o2-f ' (e P [
+ Lol - of |+ (200 )2 %
“d H j } [(O)an )2+(2§o)0)n) ][(ngn) +cod}
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fa(t) =

Bexp(-&ont) cos(ogt)+ —|[ 02 ol |+ (28w sin(o
{(mz_w:zp)z+(2§wwn)2} {[ZE@”] od) @4 K 2 ﬁj « n)z} ( dt)}

(B-37)
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APPENDIX C

Example 3

Equation (C-1) effectively represents a number of cases since o and B may each be set
equal to zero.

{ (s?—sk;(ic)} :{sfk}Jr{s Tc} e D
fas+B) :{%}(s+k)(s+c)+{£}(s+k)(s+c) (€-2)
(as+B) =(p)s+o)+(m)s+2) (C-3)
(as+B) =(ps+pc)+(ms+mi) (C-4)
(as+B) =(p+mk+(po+mh) (C-5)

Equation (C-5) implies equations (C-6) and (C-7).
a=(p+m) (C-6)
B=(pc+mi) (C-7)
Equation (C-6) yields
m=o—p (C-8)

Substitute equation (C-8) into (C-7).

B=(po+(a—ph) (C-9)
B=(c—A)p+an (C-10)
B—ar=(c-2)p (C-11)
(6—Ap=p—ar (C-12)
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p= o (C-13)
Substitute equation (C-13) into (C-8).
o B—aki )
m-a-(E-¢] (14
M= OL(G—?\.)—(B—OL}\.) (C-15)
c—A
M= (0o —ar)—(B-ar) (C-16)
G—A
m_ac—ak—[?wock (C-17)
- G—A
_ac—f )
m= —y (C-18)

Substitute equations (C-18) and (C-13) into (C-1).

st - ))

The inverse Laplace transform is

f(t) = {ﬁ}{%[ﬁ—aﬂsin(ﬁﬁé[ ac—B Jsin(st) } (C-20)
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APPENDIX D

Example 4

The transfer function H(p)times its complex conjugate is

H(p)H (p) LDZ_jzap_]J{p2+j2§p_1]

Solve for the roots R1 and R2 of the first denominator.

joe £+ (- j22) — 4(-1)

R1L,R2 =
2

: 2
+ ./ —
Rl,RZzJZE’_ 48 +4

RLR2=jé++/1-£2

Solve for the roots R3 and R4 of the second denominator.

rs ra - ~1EE (128 ~4(D)

2
ety —4E2 14
R3,R4 =
2
R3,R4=—jc+,1-£2

Summary,

Rl=+j&++1-£2

21
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R2=+jE—1-&2 (D-10)

R3=—j&++1-£2 (D-11)

R4=—j&—1-£2 (D-12)
Note
R2 = -R1* (D-13)
R3 = RL* (D-14)
R4 = -R1* (D-15)

Now substitute into the denominators.

() 1
| (S PR ey ) (]
(D-16)

H(p)H*(p){(p— R1)p - RZ)l(p— R3)(p—R4)} (-7

ol 1
HleIH*(p)= {(p —R1)p+R1*)p - R1*)p + Rl)} (B-18)
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Expand into partial fractions.

1 o
Lp—m)(mm*xp—m*xpml)}‘ "o-rD)
p
(p—R1¥)
A
(p+R1¥)
(e)
(p+R1)
(D-19)
Multiply through by the denominator on the left-hand side of equation (D-19).
(04
1= +———(p—RL)p+R1*)p—R1*)p+R1)
p-rp)
P (p—RL)p+R1*)p—R1*)p +R1)
(p—R1*)
A
-R1 R1*)p—R1* R1
o Rl*)(p Jp +R1*)p—R1*fp +R1)
(0}
-R1 R1*)p—-R1* R1
+ (p N Rl) (p )(p + )(p )(p + )
(D-20)
1= +a (p—R1*)p+R1*)p+R1)

+B (p—RL(p+R1*)p +R1)
+2 (p—RLfp—RL*Np+R1)
+0 (p—R1)p—R1*)p +R1*)

(D-21)
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1= +oc(p2—R1*2Xp+Rl)

+B|p? +(~R1+RL*)p—RIRL*[p + R1)

2 [p% + (-RL-R1*)p + RIR1*[p + R1)

+6(p? +(-R1-R1*)p+ RIR1*|p + R1*)

(D-22)
+a(p®+R1p? ~R1*2 o~ RIR1*?

+B|p®+(R1-R1+RL*)p? + [ RIR1*-R1% + RlRl*)p ~R1? Rl*)
+1 | p% +(R1-R1-R1*)p? + |RIR1*-R1? - RlRl*)p +R12 Rl*)
+o(p3+(RI*-RI-R1%)p2 + (— RIR1*—RIR1*—R1*? )p + R1R1*2)

(D-23)
+a|pd+R1p2 —R1*2 p - RIR1*2
+B{ p3 +R1*p2 —R1% p— R12R1*
+a | p® —R1*p2 —R1% p+ R1%R1*
+olpd—R1p2 -R1*2p+ R1R1*2)
(D-24)
3
+[a+B+r+0]p

+[ Rlo.+ R1*B —R1*A —Rlc]p2
+[—R1*2 o —R12 B —R12) — R1*2 G]p

+ [— R1IR1*2 o — R12R1*B + R12R1*) + RIR1*2 c]

(D-25)
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1= +[a+B+r+o]p®

+[Rlo.+R1*B—R1* 1 —Rlc|p2
+[—R1*2 o —R12 B —R12) - R1*2 G]p

+[ ~R1*a—~R1B+R1A +R1*G|RIR1*

(D-26)
Equation (D-26) can be broken up into four separate equations,
oa+B+A+0c=0 (D-27)
[ Rlo+R1*B—-R1*A-Rls]=0 (D-28)
[ _R1*2 ¢~ R12B - R12) — R1*2 c} -0 (D-29)
[ -R1*a.—R1p+RIL+R1*c|RIR1* =1 (D-30)
The four equations are assembled into matrix form.
! 1 1 1 Jfa]l [ 0 ]
R1 R1* —-R1* -R1 [|B]|_ 0
~R1**> -R1° -R1° -R1*?||n| | o
 -R1* -Rl1 +R1 +R1* ||c| [1/RIR1*]
(D-31)

Recall

RL=+j&+1-&2 (D-32)
RIRI* = [+ je+ Jl—gz}[— j<§+\/1—§2} (D-33)
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R1R1* =1

R1 R1* -R1* -R1

_R1*2 _R1? _R1? _R1*?
| _R1* —Rl +Rl +RI*

Multiply the first row by R1*2 and add to the third row.

Scale the third row.

1
R1
0

—R1*

1 1
R1* _R1*
_R1%2 +R1*%2 _R1% +R1*2
_R1 +R1
[ 1 1 1 1T

Rl R1* —-R1* -—-R1
0 1 1 0

—-R1* —Rl +Rl +RI1*|

Multiply the third row by -1 and add to the first row.

1 0 0 1

Rl R1* —R1* -R1

o 1 1 0
—R1* —R1 +Rl +RI*|

26

(D-34)

o] [0]
Bl |0
Al |0
Jle] 1]
(D-35)
1 [a] [0]
~RL[|B| |0
0 |[r] |0
+R1*||c| [1]
(D-36)
ol [0]
Bl |0
Al |0
G | _1_
(D-37)
ol [0]
Bl |0
Al |0
G | _1_

(D-38)



Multiply the first row by -R1 and add to the second row. Also multiply the first row by

R1* and add to the fourth row.

1
-2R1
0

1 0 0

0 RI* —R1*

0 1 1

0 —Rl +R1 +2RI1*|

= O O O

(D-39)

Multiply the third row by -R1* and add to the second row. Also, multiply the third row

by R1 and add to the fourth row.

10 0 1
0 0 -2R1* -2R1
0 1 1 0
10 0 +2R1 +2R1* |
The first row equation yields
o=-0

The third row equation yields
p=-2
Equation (D-40) thus reduces to

{— 2R1* -2

+2R1 +2R1*

—2R1*A-2R1c6=0

-R1*A =Rlo

-R1

A= o
R1*

2R1A + 2R1*

c=1

o
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2R1 —Ri 6| +2R1*c=1
R1*

ri| =R | L Rixls =t
R1* 2

1

1
° 2 T-r1
Rl —=- |+R1*
R1*
1 R1*
°=5 2 2
2[-R1¢ +R1** ]
k:_Rl o
R1*
o1 R1

21-R12 +R1*2]

Recall,

The complete solution set is thus

Q > ™ Q
N |

[-R1Z +R1x2 ]| —R1

(D-48)

(D-49)

(D-50)

(D-51)

(D-52)

(D-53)

(D-54)

(D-55)

(D-56)



Note that

“R1Z2 +R1*2 = _j [45 1—&_,2} (D-57)
o —V1-8% + g
Bl_1 1 y1-82 4 e
M2 —j[4§ 1—@2} —\1-g% - e
o
| +yL-g% e |
(D-58)
~y1-8% +j¢

a 2 ™ R
+
i
I
e
N

o F
:R.

1-g% —je
(D-59)
o —e—jy1-¢?
Bl 1 ey jy1-g2
A {8@ 1—@2} re—jy1-g2
c ] 2
e+ jy1-g? |
(D-60)
Let
R (D-61)
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a -y -]
Bl_1|-w+t]
A OBEl+y—]
o +y+]
(D-62)
Recall
R1=+jE +1— &2 (D-63)
e
(p—R1)(p + R1*)p — R1*)p + R1) (p_ 1_§2_jé]_8<§_

N —y+] 1

p—1-g2 +jg |15

N +y—j 1
)| 8

p+y1-g? - jg |L%
N +wy+ ] 1

(p+\/1—&2 +1&j—8§—

(D-64)
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APPENDIX E

Example 5

A transfer function times its complex conjugate is

RN 1-j2§
H(p)H*(p) = (1_:25:)]-2@ (1—p21)—pJ'2§P

Rearrange equation (E-1) as

1+ 48252 1
H@H*(p)—[; s e }[2 . }
pT—J28p 1| p™+)28p -1

Solve for the roots R1 and R2 of the first denominator.

j2e £+ (- j22 ) — a(-1)

RLR2 =
2

. 2
4./ —
Rl,R2:JZ§_ 48 +4

RLR2 = je+1-£2

Solve for the roots R3 and R4 of the second denominator.

— j2g ++ (j2&)% - 4(-1)

R3,R4 =
2

—j2et—4E2 +4
2

R3,R4=—je+1-&2

R3,R4 =

31

(E-1)

(E-2)

(E-3)

(E-4)

(E-5)

(E-6)

(E-7)

(E-8)



Summary,

Rl=+je+y1-£2 (E-9)

R2=+je—1-£2 (E-10)
R3=—je+1-£2 (E-11)
R4 = —je— 1-£2 (E-12)

Note
R2 = -R1* (E-13)
R3 = R1* (E-14)
R4 = -R1* (E-15)

Now substitute into the denominators.

1+ 482 p?

p-jt- 1—&2j(p—1a+@J{pﬂ&—@j{pﬂm@j

H(p)H*(p) =
(

(E-16)

i 1+ 482 p?
Hie)H (p)[(D—Rl)(p—RZ)(pf%)(p—R‘l)] &40

By substitution,

i 1+ 482 p2 ]
Hp)H*(p) = {(p —R1)p+R1*)p—R1*)p + R1)} (E-18)
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Expand into partial fractions.

1+ 48252
(p—R1)p+ R1*)p—R1*)p +R1)

(E-19)
Multiply through by the denominator on the left-hand side of equation (E-19).

[1+ 42 p2J=

o = R1) (p~R1)p +R1*)p - R1*)p + R1)

~R1)(p+R1*)p—R1*)p + RL
+(p_R1*)(p ) +R1*)p - R1*p +R1)

LA
(p+R1%)

(p—R1)p+ R1*)p—R1*)p +R1)

(p—R1)p+R1*)p—R1*)p +R1)

+

(p+R1)

(E-20)
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[1+ 482 pZJ:

+a (p—R1*)p+R1*)|p+R1)
+B (p—RL)p + R1*)p +R1)
+A (p—R1)p—R1*)p+R1)
+6 (p—R1)p—R1*)p + R1*)

(E-21)
|1+ 4222 |-
+o (p2 ~R1*? kp +R1)
+B % + (- R1+R1*)p —RIR1*[p + R1)
+2 |p? + (- RL—R1*)p + RIR1*[p + R1)
+6 |p? + (- R1—R1*)p + RIR1*[p + R1*)
(E-22)
|1+ 4222

‘o ( p> +RIp% —R1*% - R1R1*2)

+B | p +(R1-R1+R1*)p? + |- RIR1*—R1? + RlRl*)p _R1? Rl*)
+2 p3+(R1-R1-R1*)p? + [RIR1*-R1% - RlRl*)p 1+ R12 Rl*)
+6 | p%+(R1*—R1- R1*)p? + |- RIR1* —RIR1* —R1*2 )p + R1R1*2)

(E-23)
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[1+ 482 szz

+a (p3 + R1p? —R1*2 p - RIR1*2
+B | p3 + R1*p2 —R1%p— R12R1*
+2 | p2 = R1*p? —R12p + R12R1*
+o|pP-Rip?2 -R1*%p+ R1R1*2)

(E-24)
[1+ 482 pZJ:

+[ a+B+k+G]p3
+[ Rla+R1*B - R1*A - Rlc]p2
+[—R1*2 o —R12B - R12) — R1*2 G]p
+[— RIR1*2 o — R1ZR1*B + R12R1* ), + RIR1*? c]
(E-25)
{1+ 4g2p2J=
+a+B+r+c]p’
+[Rlo+ R1*B — R1*A — Rlc] p2
+[— R1*2 o~ R12p - R12) — R1*2 o]p

+[ —=R1*a -~ R1B+ R1A + R1* 6| RIR1*

(E-26)
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Equation (E-26) can be broken up into four separate equations.

a+B+A+c=0 (E-27)
[ Rla + R1*B - R1*) — Rlo] = 4¢2 (E-28)
[ ~R1*2 o~ R12B — R12), — R1*2 cjz 0 (E-29)
[ -R1*a—R1B+RIA +R1*c|RIRT* =1 (E-30)

The four equations are assembled into matrix form.

1 1 1 1 o 0
RL RI* —Rl1* —RL |[B| | 4&°
~R1*2 _R12 _R1? -R1¥||n| | o0
~R1* -Rl +Rl +R1*||c| |1/(RIR1¥)
(E-31)
Recall
RL= +j&+1-&2 (E-32)
RIRI* = [+ je+1-g2 }[— jE+y1- F,ZJ (E-33)
R1R1* =1 (E-34)
By substitution,

1 1 1 1 Jfa
RL RL* —R1* -Rl |[p]| |4&?

~R1* -R1?> —-R1?> -R1*?||a

~R1* -Rl +Rl +RIl*||c

(E-35)
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Multiply the first row by R1*2 and add to the third row.

1 1 1 1 o] [0
R1 R1* _RI1* ~RL ||p| |4&?
0 -RI?+R1*® —RI2+R1*® 0 ||a| | O
~R1* ~R1 +R1 +R1*|| o 1
(E-36)
Scale the third row.
1 1 1 1 fa] [0
RL RL* -R1* —Rl||p| |4&
0 1 1 0 [|a| | O
~R1* -Rl +Rl +Rl*||o| | 1
(E-37)
Multiply the third row by -1 and add to the first row.
1 0 0 1 fa] [ O
RL RL* -R1* —Rl||p| |4&?
0 1 1 0 [Ia] | O
~R1* -Rl +Rl +Rl*||o| | 1
(E-38)

Multiply the first row by -R1 and add to the second row. Also multiply the first row by
R1* and add to the fourth row.

1 0 0 1 o] T O
0 R1* —R1* —2RL||p| |42
0 1 1 o x| o
0 —RL +RlL +2R1*|ls| | 1

(E-39)

Multiply the third row by -R1* and add to the second row. Also, multiply the third row
by R1 and add to the fourth row.
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0 0 1 o
0 —2R1* -2R1 ||B| |4¢?
11 0 A
0 +2R1 +2R1* ||o

o O O

The first row equation yields
oa=-0

The third row equation yields
r=-B

Equation (E-40) thus reduces to
—2R1* —2R1[A] |4¢2
+2R1 +2R1*||c| | 1
Complete the solution using Cramer's rule.

. —2R1* —-2R1 || A ) 2
det er min ant = 4[ R1c —R1* }
+2R1 +2R1*||c

Recall

RL=+j&+41— &2
R12 = [+ je+ \/1—?,2}; chJr\/l—EJZ}

R1% = &2 + (1—%,2)+ il 22 1—%,2}

R1Z = (1-2&2)+ j[zg 1-@2}
RI* = —j& +/1— £2

38

(E-40)

(E-41)

(E-42)

(E-43)

(E-44)

(E-45)

(E-46)

(E-47)

(E-48)

(E-49)



R1*2 = [— je+ Jl—iz}_— je+1- az} (E-50)

R1*% = —£2 + (1— 52)— j_2§ 1-¢2 } (E-51)
R1*2 = (1— 252)— j[zg 1- gz} (E-52)
Thus,
R1Z —R1*2 = j [4@ 1- az} (E-53)
4[R12 —R1*2 ]: j [16& 1- gz} (E-54)
_[-2R1* —2RL|A] 2 ]
determlnant{ Rl +2R1*}LJ =] {16& 1-¢ } (E-55)
1 . {4&2 2RI }
A= determinant
j[m& 1_&;} 1 +2R1*
(E-56)
(4&2)(2R1*)+ 2R1
- (E-57)
j [16& 1- aﬂ
[4&2)(R1*)+ R1
A= (E-58)
j [8& 1- éz}
Recall,

RL=+j&+1-&2 (E-59)
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A =

(4@[— j&+@j+1&+¢l—?

A=

J[sa 1—8}

( 1+4g2j (Qjﬂ'a(l—%z)

j[&z 1—%?}

+g( 1—4§2j—j( 1+4g2) [Wj

A=

()

O =

i

determin ant{

) j|16e1-¢7

o | - 2r1* {422 )(2R0)|

j|16e1-¢? |

s G

i|se-e ]
RL=+j&+1-£2

| (ieeieg?)- e s e )

—2R1* 4¢?

2R1

1

jjsei-e ]
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(E-60)

(E-61)

(E-62)

(E-63)

(E-64)

(E-65)

(E-66)

(E-67)



[ sje—1-g? - jagd —4&2\/1—&2}

= (E-68)
’ i[se-e ]
[ —(1+4a2 1-¢2 +ja(1—4g2)}
- (E-69)
) jjse-e? ]
+11-482 )+ j| 1+ 482 1-¢2
+(1-a?)eifaraho-22 e
o = -
jlecii-e
Recall,
S (E-71)
A=—p (E-72)

The complete solution set is thus

(E-73)
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The partial fraction expansion is thus

H(p)H*(p) =

(E-74)
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APPENDIX F

S2
(s+a)(s+h) “%T s a Ts+b

=
>

52 :oc[sz +(a+b)s+ab)+[3(s+b)+k(s+a)

szzocs2 +a(@a+b)s+aab+ps+Pb+As+Aa

s2 = os? +[o(a+b)+B+A]s+oab +Bb+ra

Equation (F-5) yields three individual equations.

a=1
[a@+b)+p+r]=0

oab+Bb+Ara=0

[(a+b)+B+%]=0

ab+pb+2ra=0

B+ =—(a+b)

Bb+Aa=-ab
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(F-1)

(F-2)

(F-3)

(F-4)

(F-5)

(F-6)
(F-7)

(F-8)

(F-9)

(F-10)

(F-11)

(F-12)



The equations are assembled into matrix form.

b )

Apply Cramer’s rule.

Bzz-—g——det{_(a_%b) 1}{5}
a—b —ab alli

—a“ —ab+ab
b= a-b
—

a-b

}L_—ab+b(a+b)
a-b
X:—ab+ab+b2
a-b
2
a0
a—-b

The partial fraction expansion is thus
% a2 1 b2 A
—— =1+ + , a#b
(s+a)(s+b) a-b|s+a] |a-b| s+b
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(F-13)

(F-14)

(F-15)

(F-16)

(F-17)

(F-18)

(F-19)

(F-20)

(F-21)



APPENDIX G

$4

(s+a)(s+b)s+c)(s+d)

R ER B

Let
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(G-1)

(G-2)

(G-3)

(G-4)

(G-5)



$4

(s+a)(s+b)s+c)(s+d)

el elsialtpeoiil ol

$4

(s+a)(s+b)s+c)(s+d)

_ {1+ c{ﬁ}* D{ﬁ}}
+A{£H1+CLH* D{sid}}
+B[$H1+C{Sij+DLid}}

$4

(s+a)(s+b)s+c)(s+d)

el el
sl
S EET b

Recall

(S+a)1(S+b) B {aib}[sllfsib] a=b

d
ool
Joles )

‘H +‘H
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(G-6)

(G-7)

(G-8)

(G-9)



$4

(s+a)(s+b)s+c)(s+d)

SCEAEES

g ol
N e |

$4

(s+a)(s+b)s+c)(s+d)

SCENEES

g el
N e

$4

(s+a)(s+b)s+c)(s+d)

-{eelsie]olal

g
+
s+a s+d }

_l_

1
+
s+b s+d}}
(G-10)
el
+
s+a s+d
1
+
s+b s+d}}
(G-11)

R

SN Ea

Rt i b B

|
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—+

sllb}{bB—Dd Lid}}

(G-12)



(s+a)(s+b)s+c)(s+d)

JI=

I

=]
e,
[ B

&
+D[1+ aéd}r b—d][sid}

4
(s+a)s+b)s+c)(s+d)
1+[aaq{l_[(a—c)c(:—d)]_[(a—c?)ic—d)_]{sia}

B T - a2 1

+_a-b[1 (b-cXe-d)| | c—d)b—d) | [s+b]
+<:ij_1+ (a—_b;(j—c) ’ (a:)?bc)[sic:
’ cdzoll+ (a;);l(azd)}[(abb)(zbd)ﬂ[sid}
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$4

(s+a)(s+b)s+c)(s+d)
_a? c2 d2 | 1
1+[ﬁ}{1{(a—c)(c—d)}{(a—d)(c—d)_]{wa}
AN
+_a—b_{1+_(b—c)(c—d)_ (c—d)o—d) | [s+b_
_—02__ 2 | w2 11 1 ]
+_c—d 1__(a—b)(a—c)_+ (a-b)b-c) L+C_
(a2 ] [ a2 % 1
+_c—d_ 1(ab)(ad)]J{(ab)(bd)ﬂ[Ser}

(G-15)
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APPENDIX H

S As+B C
= +

H-1

(s+a)2 (5+a) (s+a)? (-
2

. (As+B)s+a) P (H-2)

(s+a)

s=(As+B)s+a)+C (H-3)

5= (As2 + Bs)+ a(As+B)+C (H-4)

s=As? +(aA+Bjs+aB+C (H-5)

A=0 (H-6)

s=Bs+aB+C (H-7)

B=1 (H-8)

C=-a (H-9)

s 1 L_—a (H-10)
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APPENDIX |

1 _As+B Cs+D

-1
2 a?)6ep? 2’ (5+pP -

82+(02 52+203ns+cor%

[- 20, ]s+[—((02 —wﬁ)}
{(mz —mﬁ)z +(2oop )2}[32 +c02]

+

[Z(Dn ]S+[(m2 —(or?j + (20, )2}
|:(c02 —(or%)z +2wop )2}[52 + Z‘Dns‘"@rﬂ

+

(B-25)
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52 + @? 32+2mns+m,$

[— 2mp ]S+[— ®° +O)r$ } [20)n ]S+[m2 +3w§}

[®4_m#}[52+m2j " [m4_wﬂ[s+mn}2

+

(B-25)
52 + 02 32+2mns+cor$
2 2 2 2
20 S+|:co - O }/[Zmn] S+[co +3c0n}/[20)n]
n
- +
4 4 2 2 2
(0" —p) [s* +o7] [s+con}
(B-25)

The inverse Laplace transform is
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