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Consider a single-degree-of-freedom system.
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Where
m = mass
c = viscous damping coefficient
k = stiffness
y = displacement of the mass
f(t) = applied force

Note that the double-dot denotes acceleration.

The free-body diagram is
f(t)
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Summation of forces in the vertical direction

D F=my
my =—cy —ky +f(t)

my + cy + ky = f(t)
Divide through by m,
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By convention,

(c/m) =2tm,

(k/m) = w2

where

on IS the natural frequency in (radians/sec)

§ isthe damping ratio

By substitution,

. o2 1
y+2§®ny+®ny=af(t)

Now apply an impulse force at t=0 via a pair of step functions.

f(t) = Flu(®) —u(t—¢)]

where ¢ is a very small time step.
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The governing equation becomes

+ 26ony-+ofy = Flu® -u(t-2)]

Now consider that the system undergoes oscillation with & < 1.

Take the Laplace transform of each side.

L{y+ 280n Y + mﬁy}: L{% Flu(t) - u(t —a)]}

s2Y(s) - sy(0) - y'(0)
+2E0pSY(S) — 280 Y(0)
FI1 1

+(D,$Y(S) = H{g_gem(_gs)}

{32 + 2EmnS + O)r% }Y(S) —{s+28mn, Jy(0)-y'(0) = E{l 1

mps s

{52+2gmns+m§}v(s)= 5{1 1exp(—gs,)}{s,+2§mn}y(0)+y'(0)

mgs s
2

52 +2§cons+0)r$ = (s+&wp )2 —(&op) +03r$

52 +2§o)ns+con2 :(S+<i0)n)2 +cor$(1—§2)

eXp(—SS)}
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Let

0g =o0py1- &2

Substitute equation (16) into (15).

s% + 2605+ o = (5+Eop )2 + o

S §

6+ 2o +02}r9 - ﬂl “oxp (—es)} + 5+ 2200 Jy(0) +Y'(0)

Y(s) =

F 1 _F exp(—es)
ms (S+§wn)2+md2 ms (S+imn)2+md2

+{ S+2E,~260n Z}y(o)_'_{ 12 z}y,(o)
(s+§mn) +ay (S+§con) +oy

Divide the right-hand-side of equation (19) into three parts.

Y= Yo(s)+Yi(9)+ Y2(6)

where

F 1
Yo(s)=—
° ms{ (s+Emp)? +°°d2}
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ms (S+é0)n)2 +0y

\ﬁ(s)=—E-{ 0 es) 2}

BN ly(0)+ s 1Y (0)

Y2(9) = > 5
(s+&op) +ay (s+&wp) + oy

Consider Yq(s) from equation (21).

F 1
Yo(s)=—
° ms{ (S+§0)n)2 +03d2}

Expand into partial fractions using Reference 1.

el s rzmret] ezl
ms 82+2§mns+cor% moar% S

3 F S+&mp
Mo (s+Zwp )? +wd2

| _F gop g
2 | g 2 2
mop (s+&wp) +oy
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The inverse Laplace transform per Reference 1 is

yo(t) = F S u(t) - F 5 exp(— &mnt)[cos(mdt)+ é(D—”sin(mdt)] 120 (26)
monp mop ©d
F Eon .
yo() =—— {u(t) —exp(- amnt)[cos(codt)+—sm(codt)]} ,1>0 (27
mop Od

Now consider the term

Yi(s)= -t RLE)

2 2 (28)
ms (S+§oan) +0y
Expand into partial fractions using Reference 1.
F exp(—es F |1
e ol
ms 7 +25mpSs+op mopy S
N F2 S+&op . exp(—cs)
maop, (s+Eop )? + 0y
s 5 Son d 5 (OP(-€9)
(29)



Take the inverse Laplace transform from Appendices A, B & C.

y1(t) = -

F 5 u(t—8)+[ F ZJexp[—EJcon(t—g)] COS[ o (t—s)}

mO)n mO)n

[Lz]{i&] oxp[—con (-] sin[og t—o)

fort>¢
(30)

y1(t) = LZ {— u(t—e)+exp[-&on (t- 8)}{008[ O (t- 8)} + [E.;O_dn] sinf g (t —8)]}}

mop

fort>¢

(31)

The inverse Laplace transform from Reference 2 for the natural response is

Eony(0) +y'(0)
5|

y2(t) = [y(0)]exp (- acont)cos(codt){ }exp (—Eopt)sin(wgt) (32)



Y2 () = YO o0 (- amnt{cos@dmP—;}m@dt)}
()]

(33)
+y'<o>Hexp<— cont)sin(wgt)

The final displacement solution is

y(®) =yo () +y1(t) +y2(t) (34)

y(0)= yO) o awnt%cos(wdm{%}sin<wdt>}

s

+y'(0>{ﬂexp(— Eopt)sin(ogt)

T 5 {u(t)—exp(—&mnt){cos(mdtﬁaco—”sin(mdt)]},

maop ®Od

O<t<eg

(35)



y(0)= yO) o - amnt%cos@dmﬁ’—“}inw)}

g

+y'(0>{ﬂexp(— Eopt)sin(ogt)

+ F2 u(t)exp(&mnt){cos(wdtﬁam—”sin(codt)}
mop Od

s u(t—e)rexp- &mn(t—g)}{cos[ o, (t_g)}@“*)_n sinf g (t—s)]}} ,

mop g
(36)

The response for a Dirac Delta impulse is derived in Appendix D.
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APPENDIX A

Ll{ F 5 %exp(—ss)} F 5 u(t—e)

mQ)n m(Dn

APPENDIX B

Consider the generic term

S+ A

F(s) =
©) { (s+a)2+[32

}exp(p s)

Shift in the s-plane.

F<s>={ §2§+Bz}exp[pé]em[pa]+{§—+$}em[ps]exp[pa]

$°+B
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f(t) =exp(pa) exp(—at) cos[B(t —p)]+ {—agk} e (pa)exp(-at)sin[p(t—p)],
t>p
(B-6)
(0 -e0lpo) (- o)t [~ solpie-o)]
(B-7)
t>p
f)=0 t<p (B-8)
Note that the exp(—oct) term accounts for the phase shift.
Recall the term
Y12(s) = ( F 5 H > &m; 5 }GXD(—8 s) (B-9)
maop (s+&wp) +oy
Compare the term in equation (B-9) to the generic term from (B-1).
S+A
F(s) = exp(—ps B-10
(s) { (S+0L)2+[32} XP (—ps) (B-10)
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The inverse Laplace transform of equation (B-9) is

y12(t) =[ i 5 ]exp (e€wn) P (-Eon t) cos[ g (t —s)} (B-11)
maop
F
y12(t) { 2} exp|—Eon (t—¢)) cos[ 04 (t—s)} (B-12)
m (Dn
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APPENDIX C

Consider the generic term

A
F(s) =
©) { @+aF+BZ

}exp(—p )

Shift in the s-plane.

S=s+a

F(s) = {%} exp[-p(3—a)]

$°+P

- {%} col-psloolpe]

§°+B

() - {g} exp(por)erp (—cut)sin[ Bt p)]

t>p

() - Hexp[_aa_p)]smm(t_p)]

t>p
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f)=0 t<p

Note that the exp(—act) term accounts for the phase shift.

F Eon g
Y13(s) = exp(—¢s)
e [mwﬁ][ @d ]{ (s+§(on)2+(od2} ’

Compare with the generic term

A
F(s) =
© { (S+0L)2 4+ p2

}exp(—ps)
A A
F(s) = {ﬁ}exp [-p8]e[pa]
ST+

(D) - [g} exp(por)exp (— ct)sin Bt p)]

t>p

g

y13(t) = —{ Fz][@)—n}em[—éwn (t—¢)]sin[wg (t—¢)]

mop

t>¢
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(C-7)

(C-8)

(C-9)

(C-10)
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APPENDIX D

Dirac Delta Impulse

1
i+ 2@®n$’+00r%y=af(t) (D-1)

Let 1= total impulse

f(t)=18(t) (D-2)

) . i
§+ 2800y +opY = —5(1) (D-3)

s2Y(s)-sy(0) - y'(0)
+2E0pSY(S) — 280, Y(0)
+olY(@s) = %

(D-4)

(D-5)

3=

%2 + 2EmnS + (Dr% }Y(s) —{s+2&0 Jy(0) -y'(0) =

{(s+éoan)2 rof }Y(s) = %+{5+2§0)n}Y(0)+Y'(0) (D-6)
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Y(s) =

i 1
m {(S-F&O)n )2 +(,0d2}

: (S+S+2§2°°” YO+ ly(0)
imn) +ay (S+§(on) +ay

(D-7)

The displacement is

WFWMMﬁ%%m@w{@ﬂm@w}

g

+ﬂ%i}m¢%mmW)

g

+%i%M%%mN%0

m| og
(D-8)

The displacement for zero initial conditions is

g

WF—Pﬂmemmm@m 09

The impulse response function is

na®= 1 ol-gontinagt (0-10
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The corresponding Laplace transform is

H (S): i 1 zi 1
d m 32+2§wns+mn2 m (S+§con)2+cod2

§(0) = —zony(@)p(- amnt{cos(mdm[@’—“}sinmt)}

g

+Y(0) exp(— Eont)i- g sin(wgt)+ Eop cos(wgt)}

—y'(@[é“—”}exp(— Eopt)sin(ogt)
ol

+Yy'(0)exp(~ Ewpt)cos(mgt)

m| og

_ LF‘”_H} exp (- Eopt)sin(wgt)

+%exp(— Eont)cos(ogt)

2 2
y(t)= y(O)e><|O(é’;mnt){é (Z)”

+ og ]Sin(mdt)

+Y'(0)exp(—Eopt) cos(ogt)— &(D—”sin(codt)
®d

+ Lexp (—&ont) cos(ogt)— a(D—nSin(@dt)
m @d
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(D-11)

(D-12)

(D-13)



2. 2 2
y(t)= -y exp(- ﬁmnt{M]sin(wdt)

g

+y/(0)0(= Eopt) cos(gt)— 220 sin(wgt)
O

+ lexp (- E&ont) cos(ogt)- E“'m—“sin(oadt)
m o

Y

The velocity for zero initial conditions is

y(t)= %exp (- &mnt){cos(mdt)— E“'&Sin(mdt)}

g
The impulse response function is
1 Eop .
hy(t) = —exp(-Eont)| cos(mgt)— =—2-sin(wgt)
m g

The corresponding Laplace transform is

Hy (s) = 1 S _1 S
' m 82+2§03ns+03n2 m (S+F,(on)2+(od2

18

(D-14)

(D-15)

(D-16)

(D-17)



The acceleration for zero initial conditions is

§1)=—-8(1) - 260n5(0) ~ 0 2y() (0-18)
y(t)=
i Eop . 2l 1 i
— { 3(t) — 2Ewp, exp(— &wnt){cos(mdt)— —sm(codt)} —op {—} exp (- Emnt)sin(ogt) }
m o( oOq
(D-19)

Q)

f 2 2
y(t)= % { 3(t) +exp(— &mnt){ 2Emp cos(mgt)+ (25en) d_ ®n sin(mdt)} }

(D-20)
i on2 s .
Y(t)=—< 8(t) +exp(- Eopt) — 2&mp, cos(mgt)+—— [(2&) —1]sm(mdt)
m ol
(D-21)
The Laplace transform is
Ya(s)=i 1+—2§mns—2¢2mn2 +mn2[(2§)2 —1] (D22
m 52+2§(ons+(on2
1 —2&0),13—0)”2
Ya(s)=—+1 D-23
a5 m{+52+2§mns+mn2} (029
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Y <2 2 2
Ya(s)—L{s + 28w S+ op N —28wpSs—op }

= (D-24)
m 82+2§oons+mn2 82+2<";cons+(on2
1 %
Yals)=—1- S (D-25)
M |s“ +2&wns+op
The corresponding transfer function in terms of the Laplace transform is
1 52 1 52
Ha(s)= — 5 > = — 5 5 (D-26)
M| s +28wps+op M| (s+&mp )* +og
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