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Variables

Mass matrix

Stiffness matrix

Applied forces

Forces at driven nodes

Forces at free nodes

Identity matrix

Transformation matrix

Displacement vector

Ud

Displacements at driven nodes

Uf

Displacements at free nodes

The equation of motion for a multi-degree-of-freedom system is

[M][U]+[K][u]=F

=
uf

(1)

)



Partition the matrices and vectors as follows
{Mdd Mt }{Ud}_{Kdd K g }{Ud}:rd} -
Mfq Mgt || Uf Ktd Ksf | Uf Ft

The equations of motions for enforced displacement and acceleration are given in Appendices A and
B, respectively.

Create a transformation matrix such that

Ug | | Ud

Lf}_n{uw} “

H{l 0} (5)
L

Mgg M i Kg K u F
{ ad df}n{‘d}+{ dd df}n{ d}{ d} )
Mfg Mg | [Uw | | Kfd Kgr ] [Uw] LFr

Premultiply by il :

M M U K K u F
HT{ dd M }H{.d}LHT[ ad Ko }H{ d}znT{ d} -
Mfg Mg | |Uw Ktd Kt | [Uw Ft
Equation (7) can then be uncoupled using the normal modes per the method in Reference 1.

The modal transient analysis can be then be performed on the modal coordinates using the ramp
invariant digital recursive filtering relationship in Reference 2.

The resulting modal responses are then transformed into physical responses per the method in
Reference 1.

Next, the transformation in equation (4) is performed.

Finally, the physical responses are reassembled in the correct order.
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APPENDIX A

Enforced Displacement

Again, the partitioned equation of motion is

Mgg M i Ka K U F
HT{ ad ﬁ}n{"d}+HT{ ad “}n{ d}:HT{d} (A1)
Mfg Mg | [Uw Kfa K] [Uw Fr

Transform the equation of motion to uncouple the mass matrix so that the resulting mass matrix
is

Mag 0 (A-2)
0 Muww

Apply the transformation to the mass matrix

T ™M M I 0
ATzl HT{ dd mH } (A3)
0 To' |[[Mfg Mg JT1 T2



T Mgq +MgTg MgT
aATMr|! TlT { dd +Mar Tt Mg 2} (Ad)
0 To' |[[Mfd+MgTy Mg
T T
HTMH:{Mdd +Mgr Ty + Ty (Mgg + Mg T) Mge T2 +Tg MffTZ} (A5)
T T
Ty (Mfg +M¢sTy) Ty (Mg T2)
T T
HTMH:{Mdd +Mgr Ty + Ty (Mg + Mg Tp) (Mdf +T Mff)Tz:l (A6)
T T
Ty (Mfq +MgsTp) Ty (Mg T2)
T Myq +T1 "M +(|v| +TTM )T (M +TTM )T
_|Mgg +T1' Mg + (Mg +T1 Mg JT (Mg + T Mg [To ]
' M II T r (A-7)
Ty (Mg +MgsTp) Ty (Mg T2)
Let
T, =1 (A-8)

~

HTMH:{Mdd +T1T'V'f0|+('\"c|f+T1T'V'ff)r1 (Mdf+T1TMff)}{Mdd 0 }

(Mgq +M¢£Ty) Mt 0 Muw
(A-9)
Mg +T1' Mgg =0 (A-10)
T =— Mg Mgs~ (A-11)



1
T1 =—M¢# Mg

The transformation matrix is
I 0
- { dd }
T1 g

o T T
Mdd =Mgd +T1" Mg +(Mdf +T1 Mff)Tl

Mww =M
.
Tkl T {Kdd de}{'dd 0}
0 g |[Kfa Kee L T1 lgf

By similarity, the transformed stiffness matrix is

{kdd Kaw } :{Kdd + T Kg +(de + T Kt )Tl (de + Ty K

kwd K (Kfg + Ksf 1)

Fa |_[laa To|[Fa
|A:W 0 lf || Fy
{ﬁd}_{lddFdeTlFf}
Fw I¢f Fr

IEd B Fq + T1Ff
IA:w Ft

(A-12)

(A-13)

(A-14)

(A-15)

(A-16)

(A-17)

(A-18)

(A-19)

(A-20)



Mgg 0 [Ud]| |kea kaw | Ud|_|Fd

The equation of motion is thus

The final displacement are found via
u
or )7l
uf U

| 0
-M¢g "Mgg gt

(A-21)

(A-22)

(A-23)

(A-24)

(A-25)



APPENDIX B

Enforced Acceleration

Again, the partitioned equation of motion is

Mgg M i Ka K u F
HT{ dd M }H{.d}_HT[ dad Ko }H{ d}:HT{ d} (B-1)
Mtg Mgr | [Uw Kfd  Kfr | [Uw

Transform the equation of motion to uncouple the stiffness matrix so that the resulting stiffness
matrix is

Kag O (B-2)
0 Ky
T Ky K I 0
Tkl TlT { dd df}{ } (5-3)
0 To' |[[Kfd Kef T2 T2
aTeme|! T [Kdd +Kar Tt K Tz} 64
0 To' |[Kfd +KgTr KT

T T
0T K= {Kdd +Kei T +T1 (Keg + K T) KgrTo +Th Kfsz} (B:5)
T T

T2 (Kgg +KfeT1) T2' (K¢ T2)



T T
' K= {Kdd PR T T (Keg +KerT) (Kar + T2 Ky )Tz} (©-6)
T T

T2 (Kfg + Ky Tr) T2 (K§T2)

T T T

T _ | Kad +T1" Krg +(de +T1 Kff)rl (de +T1 Kff)TZ _

' KII T T (B-7)
To' (Kfg + K¢ Tp) To' (Kt T2)

Let

Ty =1 (B-8)

A

n'KI1I= l:Kdd +TlTde +(de +TlTKff )Tl (de +T1TKff )] _ {l‘ﬂ(dd 0 }

(Kfg +KsTp) K¢ 0 Kuww
(B-9)
Kt +T1' Kg =0 (B-10)
Ty' =—Kgr Kp L (B-11)
Ty = - Kt K (B-12)

H{Idd 0} (B-13)
T1



Kad =Kad +T1" Keg +(de +T K )Tl (B-14)

KWW = Ktf (B-15)

T™m M | 0
0 ¢ [[Mfd Mg || T1 Igf

By similarity, the transformed mass matrix is

; 4 T T T
{mdd de}:{Mdd +T1 Mgq +(Mdf +T1 Mg )Tl (Mdf +T1 Mys )} (B-17)
(Mgq +MysTy) Mt

Fa |_[lad  Tal[F (B-18)
IA:W 0 g || Fr

[Izd :| =[|dd Fq +T1Ffi| (B-19)
It¢ Ff

Fd } :{Fd +TqFs } (6-20)

Mag  Maw | Ud | |Kgg O | Ud|_|Fd (B-21)



Mg Ug + My Uy +KV\NVUW = IA:W
The equation of motion is thus
My Uw +r<ww“w = IA:w —Myglg

The final displacement are found via
u u
us Uw

| 0
-Ke "Keg  §f

(B-22)

(B-23)

(B-24)

(B-25)
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APPENDIX C

Enforced Acceleration Example

The diagram of a sample system is shown in Figure 1.

-
ms5
kg %
4
my
k4 %
|t
m3
k3 %
I
m2
ko %
Lt o«
my1
k
L Figure C-1.
S
k1 | 10e+07 ml | 65,000 English units:
k2 | 10e+07 m2_| 65,000 stiffness (Ibf/in), mass(Ibf sec”2/in), force(Ibf)
k3 8e+07 m3 | 65,000
i 0,
k4 | 8e+07 m4 | 60,000 Assume modal damping of 5% for all modes.
k5 | 6e+07 m5 | 45,000
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The equation of motion is

‘'m; O 0 0 0 %]
0 mp O 0 0 || X2
0 0 mg O 0 || X3
0 0 0 my 0 |Xg4
| 0 0 0 0 msg | X5
_k]_-l-kz —k2 0 0 0 __X]__ _f]__
-ko  ko+kz —kj 0 0 [ X2 fo
+ 0 -k3 ks+kg —Kg 0 |[x3]|=|f3
0 0 —k4 k4+k5 —k5 X4 f4
L 0 0 0 —k5 k5 L X5 | _f5_
(C-1)
Drive mass 4 with acceleration as follows:
ay(t) = (386 in/sec”2) sin[2n (4 Hz)t], 0<t<3sec (C-2)

Set the sample rate at 200 samples/sec.

The results are shown in Figure C-2, as calculated by Matlab script:
mdof_modal_enforced_acceleration_ri.m.

The Matlab scripts implements the method given in the main text.
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Acceleration ——dof1l
4 ——dof 2
—dof 3
—dof4
——dof5

Accel(G)

0 0.5 1 15 2 2.5 3
Time(sec)

Figure C-2.

>> mdof modal enforced acceleration ri

mdof modal enforced acceleration ri.m ver 1.0 February 7, 2012
by Tom Irvine

Response of a multi-degree-of-freedom system to enforced
acceleration at selected point mass nodes via a ramp invariant
digital recursive filtering relationship.

Enter the units system

1=English 2=metric

1

Assume symmetric mass and stiffness matrices.
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Select input mass unit
1=1bm 2=1bf sec”2/in

2

stiffness unit = 1lbf/in

Select file input method
1=file preloaded into Matlab
2=Excel file

Mass Matrix
Enter the matrix name: mass 5dof

Stiffness Matrix
Enter the matrix name: stiff 5dof
Input Matrices

mass =
65000 0 0 0 0
0 65000 0 0 0
0 0 65000 0 0
0 0 0 60000 0
0 0 0 0 45000
stiff =
200000000 -100000000 0 0 0
-100000000 180000000 -80000000 0 0
0 -80000000 160000000 -80000000 0
0 0 -80000000 140000000 -60000000
0 0 0 -60000000 60000000

Natural Frequencies

No. f (Hz)
1. 1.8283
2. 4.9465
3. 7.4613
4. 9.7491
5. 11.171

Modes Shapes (column format)

ModeShapes =
0.0007 0.0017 0.0020 0.0019 0.0021
0.0013 0.0023 0.0011 -0.0008 -0.0025
0.0019 0.0013 -0.0020 -0.0017 0.0018
0.0023 -0.0008 -0.0016 0.0027 -0.0011
0.0026 -0.0027 0.0024 -0.0015 0.0004



Select modal damping input method
l=uniform damping for all modes
2=damping vector

1

Enter damping ratio
0.05

number of dofs =5

Enter the duration (sec)

3

Enter the sample rate (samples/sec)
(suggest > 223.4 )

1000

Each acceleration file must have two columns: time (sec) & accel (G)

Enter the number of acceleration files
1

Note: the first dof is 1

Enter acceleration file 1
Enter the matrix name: sine 4Hz

Enter the number of dofs at which this acceleration is applied
Enter the dof number for this acceleration
4

begin interpolation
end interpolation

enforced string =

accel
MT =
1.0e+005 *

1.5495 0.1444 0.2889 0.4694 0.4500
0.1444 0.6500 0 0 0
0.2889 0 0.6500 0 0
0.4694 0 0 0.6500 0
0.4500 0 0 0 0.4500



KT =

1.0e+008

0.2222
-0.0000
0.0000
-0.0000
0

*

-0.
2.
-1.

0000
0000
0000
0
0

Natural Frequencies

No.

g w DN

Modes Shapes

ModeShapes

.0023
.0002
.0002
.0002
.0003

O O O oo

Mwd

1.0e+004

.4444
.8889
.6944
.5000

DO N -

Kwd =
1.0e-007
-0.2235

0.0745
-0.1490

Mww =

f (Hz)

1.8283
4.9465
7.4613
9.7491
11.171

.0008
.0018
.0026
.0018
.0020

.0000
.0000
.8000
.8000

(column format)

.0016
.0023
.0018
.0008
.0040

-0.0000

-0.8000
1.6000

-0.0027
-0.0013
0.0020
0.0036
0.0041

.0011
.0024
.0021
.0026
.0015



65000 0 0
0 65000 0
0 0 65000
0 0 0
Kww =
200000000 -=100000000 0

-100000000 180000000 -80000000
0 -80000000 160000000

0

Natural Frequencies

No. f (Hz)
1. 4.5268
2. 5.8115
3. 8.2749
4. 11.021

Modes Shapes (column
ModeShapes =

0.0019 0
0.0028 0
0.0021 0

0 0.0047

Participation Factors
part =

435.2223

212.1320

0.9398
74.7038

0 0

format)

0.0024 0.0024
0.0006 -0.0027
-0.0030 0.0014

6000000

0
0
0
0
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APPENDIX D

Enforced Displacement Example

Displacement —dof1
10 —dof 2
: - dot 4
3 ) . ~ dof5
I,
A A
e LA AN
8 5 W/ L / V} ’\/(‘ W/ . | Jj | J'/

\
| j
6 ¥ TR v
-8
-10
0 0.5 1 1.5 2 2.5
Time(sec)
Figure D-1.

Consider the spring-mass system from Appendix C.
Drive mass 2 with displacement as follows:

do(t) =(2inch)sin[ 2z (3Hz)t], 0<t<3sec

The results are shown in Figure D-1, as calculated by Matlab script:

mdof_modal_enforced_displacement_ri.m.

(D-1)
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>> mdof modal enforced displacement ri

mdof modal enforced displacement ri.m

by Tom Irvine

ver 1.1

February 8,

Response of a multi-degree-of-freedom system to enforced
displacement at selected point mass nodes via a ramp invariant
digital recursive filtering relationship.

Enter the units system
1=English 2=metric
1

Assume symmetric mass and stiffness matrices.
Select input mass unit

1=1bm
2
stiffness unit

2=1bf

Select file input method

sec™2/in

= 1lbf/in

1=file preloaded into Matlab

2=Excel file

Mass Matrix
Enter the matr

Stiffness Matr
Enter the matr
Input Matrices

mass =
65000
0
0
0
0
stiff =
200000000 -
-100000000
0
0
0

ix name:

ix
ix name:

100000000
180000000
-80000000
0
0

Natural Frequencies

No. f (Hz)

mass_5dof

stiff 5dof

0
-80000000
160000000
-80000000

0

6000

[oNoNeNGNG)

0
0
-80000000
140000000
-60000000

0

0

0
-60000000
60000000

2012
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1. 1.8283
2. 4.9465
3. 7.4613
4. 9.7491
5. 11.171

Modes Shapes (column format)

ModeShapes =
0.0007 0.0017 0.0020 0.0019 0.0021
0.0013 0.0023 0.0011 -0.0008 -0.0025
0.0019 0.0013 -0.0020 -0.0017 0.0018
0.0023 -0.0008 -0.0016 0.0027 -0.0011
0.0026 -0.0027 0.0024 -0.0015 0.0004

Select modal damping input method
l=uniform damping for all modes
2=damping vector

1

Enter damping ratio
0.05

number of dofs =5

Enter the duration (sec)
3

Enter the sample rate (samples/sec)

(suggest > 223.4 )

1000

FEach displacement file must have two columns: time(sec) & disp(in)

Enter the number of displacement files
1

Note: the first dof is 1

Enter displacement file 1
Enter the matrix name: sine 3Hz

Enter the number of dofs at which this displacement is applied

Enter the dof number for this displacement
2

begin interpolation

end interpolation



enforced s

disp

650

1800000
-1000000
-800000

tring

00

O O O

00 -100000000
00 200000000

00
0
0

Natural Frequencies

No.

g w N

Modes Shapes

ModeShapes
0.0013
0.0007
0.0019
0.0023
0.0026

Mwd =

0
0
0
0
Kwd =

f (Hz)

1.8283
4.9465
7.4613
9.7491
11.171

O O O oo

.0023
.0017
.0013
.0008
.0027

0
0
0

-80000000

160000000
-80000000

(column format)

.0011
.0020
.0020
.0016
.0024

0

0

0

60000

0

0

0

-80000000

140000000

-60000000
.0008 -0.0025
.0019 0.0021
.0017 0.0018
.0027 -0.0011
.0015 0.0004

0

0

0
-60000000
60000000
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-100000000
-80000000
0

0

Mww =

65000

Kww =

200000000
0
0
0

65000

0
160000000
-80000000

0

Natural Frequencies

No. f (Hz)
1. 2.7278
2. 6.9133
3. 8.8283
4. 9.9997

Modes Shapes
ModeShapes =
0

0.0014
0.0025

(column format)

0

0.0027
0.0013

0.0033 -0.0031

Participation Factors

part =

392.7638
115.3874
254.9510

49.2174

0 0
0 0
60000 0
0 45000
0 0
-80000000 0
140000000 -60000000
-60000000 60000000
0.0039 0
0 0.0024
0 -0.0029
0 0.0015
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