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Introduction

Consider the single-degree-of-freedom system in Figure 1.
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Figure 1.
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viscous damping coefficient
Stiffness

absolute displacement of the mass

base input displacement

A free-body diagram is shown in Figure 2.
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Summation of forces in the vertical direction

> F= mk

mX =c(y—x)+k(y—x)

Let
u=x-y
u=x-y
i=xX-y
X=Uu+y

Substituting the relative displacement terms into equation (2) yields

m(u+Yy)=-cu—ku
mi +cu + ku = —my

Dividing through by mass yields

u+(c/mu+(k/mu=-y

By convention,

(c/m) =2Ew,

(k/m) =0,

where @, is the natural frequency in (radians/sec), and & is the damping ratio.

Substitute the convention terms into equation (5).
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Equation (8) does not have a closed-form solution for the general case in which y is an arbitrary

function. A convolution integral approach must be used to solve the equation. Note that the
impulse response function is embedded in the convolution integral.

Displacement
The damped natural frequency gy is

04 = 0, 1-£2 )

The displacement equation via a convolution integral is

W) = - [y y@lexpt-goy (- plllsinog (-t (10)
g

The corresponding impulse response function for the displacement is
~ 1 .
hy(t) = m—[exp(— &wnt)][sm wgt] (11)
d

Further details regarding this derivation are given in Reference 2.

The corresponding Laplace transform is

1
Hy(s) = [ ; 2} (12)

s +28m,s + 0y

The Z-transform for the ramp invariant simulation is

1

_1)2
s (52 +280,s + mnz)

Hy(z) = {

where T is the time step

(13)



Evaluate the inverse Laplace transform.

2
! 515 ! 5= 14 -28m, +0)I%t+[2émn ]cos(wdt)+m—n[—1+2&2]sin((odt)
s (s + 28,5 + 0, ) O o4
(14)
The Z-transform becomes
Hy(z) =
—1)2 2
% % 71 -28m, +0)I%t+exp(— Eop tH [2Em, ]cos(mdt)+m—n —1+2§2]sin(codt)
Oy z O}
(15)
Let
0)2
a:—“—1+2§2] (16)
O
B=28w, (17)



Evaluate the Z-transform.

1[0 ez — expl- o Teos[og Tl
cori1 i Tz L 22— 2z{exp|- E,wnT]}{cos[wdT]}+ {exp[- ZQwHT]}_

i (z— 1)2 1 oziexp[- Eo, T[Hsin[og T}
cori1 i Tz L 22 - 22{exp|- Em, T[Hcos[og T]}H+ {exp[- 2§mnT]}_

(18)

-2 Btz — expl-Eon Theos[og Tl
cor? i T L 22— 2z{expl- Eop, T[Hcos[og T[}+ fexp[- 2§mnT]}_

-2 ofexpl— o, Tlsin[og ]}
cor? i T L 22— 22{expl- Eop, T[Hcos[og T[}+ {fexp[- 2§mnT]}_

(19)



L {@—1)2Mﬁ{z—exp[—awnﬂ}{cos[mdﬂ}+a{exp[—amnﬂ}{sm[mdﬂ}}

0, T 22 - ZZ{eXp[— &wnT]}{cos[wdT]}+ {exp[— 2§mnT]}
(20)
A 1 2
Hy(z) = —Bz+ n T
1= | —pz+progT]
N 1 [(Z B 1)2 ]{ Bz + exp(— Em, T Housin(wg T) - Beos(wg T)} }
o 22 — 22fexp(= Ew, T)Hcos(wg T+ fexp(= 260, T)}
(2D
Let
= exp(—&op THasin(wg T) - B eos(0g T)} (22)
p =—2{exp(~ &, T)Hcos(eg T)} (23)
A = exp(- 28w, T) (24)
n=p+osT (25)
By substitution,
~ 1 1 ol Bz+wy
Hgy(z) = —Bz z—1) | ———— 26
a(2) m;‘T[ B +n]+mg‘T[( )]L2+zp+7» (26)

2

~ 1 +zp + A 1 +

fig(2)=——[-Bz+n] Z2 prr - [22—2z+1] —ZBZ hd @7
o, T z7+z2p+A | o, T 77 +zp + A



2
Hy(2) —%[_BZ]{Z;Z—P”]

o, T 27 +zp+ A
[ 2
1 27 +zp+A
R e }
o, T [z°+zp+A
+ 1'- [Z2 fzi
o, T |z°+zp+A
++4[_2Z]2BZ¢
o, T z°+zp+ A
Lo L | Bzty
(ofllT z2+zp+h
(28)
~ 1 _BZ3_BPZ2_B7\Z 1 T]Zz +T]pZ+T]}\,
Ha(@) =" 2 W 2
o, T 2% +zp + A o, T| z°+zp+A
1 BZ3+\V22 1 —ZBZ2—2\|fz 1 Bz+y
a2 T > +—— 15
oy T[ 27 +zp+A | T 27 +zp+A o, T|z" +zp+2A
(29)
iy () = B2 =Boz = Bhznz? 4mpran+ Bz’ +yz? - 2Bs” ~2yz+ Bty (30)

2
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(=Bp+w+1-2B)z” +(=pA+np-2y +B)z + (A +y) a1

Hatn)= coréllT(z2 +zp+7L)

Solve for the filter coefficients using the method in Reference 1.

boz2+b z4by [(—Bp+w+n—26)zz+(—B%+np—2w+B)z+(n7»+\v)]/[mwa}

22+a1z+a2 2’ +zp + A
(32)
Solve for aj.
a] = p = —2exp(-Em, T)cos(wyT) (33)
Solve for aj.
ay = A =exp(-280,T) (34)
Note that the aj and aj coefficients are common for displacement, velocity and acceleration.
Solve for by.
4
bo =[- Bp+w+n—2B]/[wnT} (35)
4
bo = [w+n—B(p+2)]/[wnT} (36)

b exp(— ﬁ(x)nT)[oc sin(wgT)—Bcos ((x)dT)]+ B+ wr% T—B[- 2exp(- Ew,, T)cos(wgT)+ 2]
0= y
o, T

(37)



exp(—Ew, T)asin(ogT) - Bcos(wygT)]+ B + (DI% T+ 2B[exp(- £, T)cos(wg T)—1]

bg =
®iT

(38)

bg =

o 2
exp(-Ew, T) —2 -1+ 2&,2 ]sin(oodT)— 2Em,, cos(wgT)
Oy
coflL T
280, + (Dr% T+ 4Emy, [exp(— Ew, T)cos(wg T)—1]
+
(nflt T
(39)
(DI% 2. 2
exp(— @wnT){ [— 1+ 2& ]sm(oodT)] + o5 T+ 280, [exp(- Eo, T)cos(wg T)—1]
by = i
0= 4
o, T
(40)
exp(- &mnT){wn [— 1+ 2&2 ]sin(de)} + oy, T+ 2E[exp(— £, T)cos(wg T)-1]
by = i
0~ 3
o T

(41)



2E[exp(— Em,, T)cos(wy T)-1]+ exp(- &mnT)[mn [2&2 - l]sin(de)} +o0, T

®
bo = - d
o, T
(42)
Solve for by.
—BA -2
by =P +m1 v+B 43)
o, T
-2 1-A
by = 1P WIB( ) )
o, T
by =
- 2([3 + (Dr% T) exp(—Ew,, T)cos(gT)— 2 exp(— Em,, T )owsin (g T) — Beos(og T)]
OT
, Bll—exp(= 28w, T)]
4
o, T
(45)
N 20)3 Texp(—Em, T)cos(wgT) - 2exp(—Ew,, T )ousin (g T) + B[l — exp(- 2Ew, T)]
1 —
mfllT
(46)
N 20)3 Texp(-Em, T)cos(wgT) - 2exp(— Ew,, T )owsin (g T) + B[l — exp(- 2Ew,, T)]
1= 4
o, T

(47)
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b; =
2 (1)2
— 2w, Texp(—Ew, T)cos(wgT)- 21
)
d

colfT

—1+ 2&2 ]exp(— Ew, T)sin(wyT)

n 28w, [1 - eXP(_ ZimnT)]

cofllT

(48)

by =
— 20, Texp(-Em, T)cos(ogT)+ 2&[1 —exp(- 26w, T)] - 2 %n [2&2 - l]exp(— Ew, T)sin(wgT)
0
d
coI?T

(49)

Solve for b,.
by = TV (50)

o, T
([3 +ol T) exp(—2Em, T)+ exp(— Em, Tausin(wg T) - Beos(wg T)}
by = ) (6D
o, T
by =

2
[2&% +ol T) exp(—2Em, T) + exp(— Eo, TH 0
Q)

- 1+282 ]sin((odT)— 2Ew,, cos(wyT)
d

(offT

11



(52)

(2& + 0, Tj exp(— 26w, T)+ exp(—Ew, T) On 2&2 - l]sin(oodT) —2E cos(mwgT)
®
by = -
o, T
(53)
The digital recursive filtering relationship for the relative displacement is
uj= —ajuj—] —auj-p
—bo¥yi —bryi1 —-b2¥yi
(54)

12



The digital recursive relationship for the relative displacement is thus
uj =
+2exp|- Ewy At]cos[mgAt]u

—exp[- 26w, Atlu j_o

- % 2E[exp(- Ew, T)cos(wgT)— 1]+ exp(- Ew,T) On [2&2 - l]sin((;)dT) +0, T:y;

o, T 04

- % — 20, Texp(—Em, T)cos(wy T) + 2E[1 — exp(- 2&m, T)] - 2% 2&,2 - 1]exp(— Ew, T)sin(wgT)} ¥
o, T 0y

- % (2& + 0, T) exp(— 26w, T)+exp(—Ew, T) ©On [2&2 - l]sin((;)dT)— 28 cos(gT)} ¢ ¥ i—n
o, T 04

(55)
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Relative Velocity

The impulse response function for the relative velocity response is

flv (t)= exp(—é(on t) l:( Zjn jsin Wqt+cos (odt}

The corresponding Laplace transform is

Hy (s) = >

2

s +2&mns+wn2

The Z-transform for the ramp invariant simulation is

A (z—1)* -1 s
A, (z)= zZIL
Y { Tz sz(sz+2§(ons+(on2)

H,(z) = (-1)? AR !
Y Tz s (sz +2§mns+mn2)

Evaluate the inverse Laplace transform per References 3 and 4.

s + 28w, s + Oy O, O d

L_{ ( ! 2)} = 12 - 12 exp(— émnt){cos(wdt)+ &((jn sin(codt)}

The Z-transform for the ramp invariant simulation is

2
ﬁv(z) = [(Z_l) }Z 12 - 12 exp(—&mnt) cos(codt)+ 50n sin(codt)
0, O @4

14
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2
ﬁv (z)= %{(Z ) ]Z { 1—exp(-— E,mnt){cos(codth Ef:; sin(codt)] } (62)

The Z-transform is evaluated using the method in Reference 5.

| o1 z[z —exp(=Em, T)cos(wg T)]+ z E”((:))n [exp(=Ewy t)sin(ogt)]
A z— z
fi, (z) = -
i (O { Tz } z-1 22 -2z exp(—Em, T) cos(wgT) + exp(— 2Em, T)
(63)
> z[z—exp(~Eo, T)cos(wyT) |+ z > S0n [exp(=Ewy t)sin(ogt)]
i, (2) = 1 | (z-1) z (OF]
! (DI%T z z-1 22 -2z exp(~Em,, T) cos(wg T) + exp(— 26w, T)

(64)

) | [z — exp(~E, Tycos(og )]+ 21 fexp(- £y tsin(og1)]
Hy@)= —— (z-1)~(z-1)? 2
o, T 22 -21 exp(—Em, T)cos(wg T) + exp(— 2E0,, T)

(65)
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z —eXp(—g(DnT){COS((DdT) - éo(’;n sin(mdt)}

. d
@)= | =1)-(-1
o, T 2 —2 zexp(-Em, T) cos(wgT) + exp(— 26w, T)
(66)
Let
Y= exp(—ﬁwnT){cos(de) - éo(’))n sin(mdt)} (67)
d
p =—2{exp(~ &, T)}icos(wy T} (68)
A = exp(— 26w, T) (69)
. 1 _
fym=— {(z—l)—(z—l)zzz—"’ (70)
o, T z2°+pz+A
: 1 2 z-y
Hy(z)= — {(z—l)—(z —22+1)2—] (71)
o, T z°+pz+A
A 2 —_ — 2 —
fly@)= — {(z ~1)- e 22;1) vle? -2+ 1)] (72)
o, T zZ+pz+A
X 3 520 w2
fly@= — [(z )BT b 22 W)] (72)
o, T zZ+pz+A
R | 3 52 0 2 B
fl,(2) = ; {(Z—l)— 77 =2z +22 Yz +2yz -y (74)
o, T z°+pz+A
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Hv(Z) =

Hy(z) =

Hv(Z) =

A

Hv(Z) =

(Z_l)_z3+(—2—\|I)22+(1+2\|1)Z—\|f

2

o, T z°+pz+A

——|(z-1)+

— 23+ (2+y)? —(1+2\|I)z+\|1_

2

o, T z2°+pz+A

1

2 3 2
; &_D2+pz+k+ 22 +Q2+y)z” —(1+2y)z+ vy
o, T z2°+pz+A

z2+pz+k

|

®2T

|

2

2

Z3+p22+hh12—pz—k+—z3+@+Wh2—0+2wh+wl

z2°+pz+A

2

Z

+pz+A

—1)z +(k—p)z—k+—z3+(2+\|1)22—(1+2w)z+\|1

®p

1 z3+@
2T 2

z°+pz+A

Z

2

on

1

1 [@+w+p—n
T

z2+pz+k

(W+p+1)zZ +(A—p-2y—1)z+y—-2A

©2T

|

z2+pz+k
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|

z2+(k—p—1—2wh+4y—k}

+pz+A

|

(75)

(76)

(77)

(78)

(79)

(80)

1)



2
L, (2) = 1 {(w+p+1)z +(k—p—2\|f—1)z+\|;—k] 82)

oar%T z2+pz+k

Solve for the filter coefficients using the method in Reference 1.

cozZ+ciz+cy 1 |(yp+)2 +(—p—2y—1)z+y—A 83)
22+a1z+a2 o)r%T 22+pz+7\.
Solve for aj.
a] =p = —2exp(-Em, T)cos(wg T) (84)
Solve for ap.
ap = A =exp(- 280, T) (85)
Solve for c(.
+p+1
co = % (86)
o, T
exp(—ﬁmnT)[cos(de) _ S0 sin(wdt)} —2 exp(-Em,, T)cos(mgT)+1
g
co= (87)

©2T

d
co = 5 (88)
o, T

exp(—&mnT){— cos(wgT) — &0(’)% sin(mdt)} +1

18



Solve for cj.

A—p—-2y-—1
¢l = 9—2“’ (89)
o, T
exp(— 26w, T)+ 2exp(—Ew,, T)cos(wyg T) - Zexp(—ﬁmnT)[cos((odT) _ 50 sin(mdt)} -1
|
Cl =
©2T
(90)
_ _ S0y . _
exp(— 26w, T)+ 2exp(—Em,, T) sin(wgt) [—1
|
c| = 3 91
oy T
Solve for ¢».
-
ey = 4= ©2)
o, T

exp(—émnT)lcos((DdT) _&(O(On sin(mdt)} —exp(—2£m, T)
d

¢y = > 93)
o, T
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The digital recursive filtering relationship for the relative velocity is
Uj= —agl - —al -

—<0¥i —¢1Vi-1 —c2¥i=2

94)
u ;=
+ 2exp|- Ewy At]cos[mgAt]a 4
—expl- 28w Atli )
o, . ..
+ exp(-Ew,, T)| —cos(wygT) — sin(wgT) [+1}¥
o, T Od
1 o, . .
+— exp(—2Em, T)+ 2exp(~Ew, T) sin(wgT) [—1} ¥ i_1
o, T Od
1 Eop, . .
+ exp(-Ew, T)| cos(wyT) — sin(wgT) | —exp(—= 20, T)} ¥ i_2
2 0]
o T d
(95)
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Absolute Acceleration

The impulse response function for the absolute acceleration response is

2

h, (1) = exp(- &mnt){Zﬁmn cos(ogt)+ O:;l (1— 2&2)sin(codt)
d

The corresponding Laplace transform is

Zémns+mn2
+2émn&+mn2

H,(s) =
a lsz

The Z-transform is

2 2
H,(2) = {—(Z_l) }z ! i[ 22‘t°(’°ns+°°n 2}
S S

+280,s + 0,

l 1] 2t0,s+ o, 1 1
L1313 2T 22 2
s s” +28m,s+ 0, s 8T +28m,s+ o,

al 1] 2t0,s+ o, ) 1 1
L33 2|17t |2 2., 2
s s +28m,s+ 0y s (s+§0)n) + g

21
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(100)



| 1| 2Eops+o,2 _ 1 .
Ll!_z{sz Eop, s+ oy 2H_L1{[_(w_dJexp(—émnt)sm(mdt)} (101)

S +2Em, 8 + o,

Evaluate the Z-transform.

2
H,(2) = [(Z ;Zl) ]z { t— (mid] exp(-Emp t) sin(mdt)} (102)
1
Y (J expl—&m, T]sin[ogT]
f,(z) = {(ZT” } ZT2 - ®d (103)
Z (z-1)* 2= —2z{exp[- Em, T]cos[og T [} + {fexp[- 26w, T]}

(Q;T]exp[— o ThsinogT]

ﬂa(z) = 1—(2—1)2
72— 2z{expl- éo)nT]cos[(odT]}+ {exp[- ZQ(DHT]}

(104)

(22 — 22+1) L
wgT

22 - 22{exp[- Eop, T]cos[mg T+ {exp[- 260, T]}

Jexp[— Eo, T]sin[oyT]
Hy(z)=1-

(105)

22 -2z exp[-&o, T]cos[wy T]+ exp[- 260, T]- (22 -2z+ 1)(0)1TJ exp[-&o, T]sin[ogT]
Ay (2) = d

22 -2z exp[- o, T]cos[wy T]+ exp[- 20, T]

(106)

22



2% -22 exp[- o, T]cos[wg T]+ exp[- 26w, T]+ (— 2% +272- 1{&)1 Tjexp[— Eo, T]sin[wyT]
d

2% -2z exp[-Ew,, T]cos[wg T]+ exp[- 26w, T]

(107)
IfIa (z) =
1 .
P 1_(de]eXp(_ Ew, T)sin(wgT)
22 -2z exp|— o, T]cos(og T)+ exp[— 260, T]
exp(— &mnT)(— cos(mgT)+ ( ! jsin(de)J
+2z Odl
22 -2z exp(—Ew, T)cos(owgT) + exp(- 26w, T)
exp(— 26w, T)— ( ! Jexp(— Ew,, T)sin(ogT)
N g T
22 -2z exp(—Em,, T)cos(og T)+ exp(—2Em,, T)
(108)
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1- ((DcllTj exp(—Em, T)sin(wgT)

C0Z2+CIZ+C2 _ Z2

22+ ajz+an 22 -2z expl—&w, T]cos(wgT)+ exp[— 26w, T]

exp(— &oonT)(— cos(de){lTJ sin(de)]

0q

+2z 5
2 — 2z exp(-Em, T)cos(wgT)+ exp(— 2w, T)

exp(—2Ew, T) - (mi{l‘j exp(—Em, T)sin(wyT)
+

22 -2z exp(—Em, T)cos(gT)+ exp(— 2Em,, T)

Solve for aj.

aj —2exp(—Ew, T)cos(wgT)

Solve for ap.
az = exp(- 2§conT)

Solve for c.

cozl{l—( ! jexp(—émnT)sin(wdT)}

wgT

Solve for cj.

o= z{exp(_ F,oonT)(— cos(wdT)+(m;TJsin(de)J}

24
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(110)

(111)

(112)

(113)



Solve for cj.

! Jexp(— &mnT)sin(wdT)} (114)
qT

czzz{gxpc-zawnT)—(O)

The digital recursive filtering relationship for absolute acceleration is

Xi= —a1Xj-1 —azX i

—<0¥i —c1Vi-1 —c2¥i=

(115)
X = +2exp[- Ewp At]cos[mgAt]x
—exp[- 25w At o
+{ 1- (m;Tjexp(— &mnT)sin(de) } Vi
+ { 2exp(— ﬁconT)(— cos(owgT)+ ( ! jsin(de)]} Vit
oqT
+%M4mﬂ%@g}mxmﬂmmm%Fz
(116)

Relative Acceleration

The impulse response function for the relative acceleration response is

25



2
hpy (1) = { —3(t) + exp(— &mnt){%)mn cos(mgt)+ Qc)oi (1 - 2&2 )sin(mdt)] }
d

The corresponding Laplace transform is

§2

Hp,(s)=-
" 52 +2§(Dns+(son2

The Z-transform is

2 2
A,(z) = @071, ] -1 iz . > .
Tz s (s +280,s+ 0,

2
A,(z)= =1 | ) > ! .
Tz 57+ 28w, s+ 0y

Evaluate the inverse Laplace transform.

L 2 1 2 =L 12 2
s°+ 280, s+ (s+&my, )"+,

L{ ! 3 } = Lexp(— &mnt)sin(wdt)

2
s7 +280 s+ 0, 0y

The Z-transform for the ramp invariant simulation is

2
A, (z) = {(Z_l) }z Lexp(—é;mnT)sin(m de

O4

26
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(118)

(119)

(120)

(121)

(122)

(123)



O4

The Z-transform is evaluated as.

Lexp(— &mnT)sin(dej

z[exp(=Ewn T)sin(wg T)]

(z=1)
Tz 22-22 exp(-Em, T) cos(wgT) +exp(— 26w, T)

A ()= 1 (z— 1)2 [exp(— &, T)sin(wyT)]
o, T 2% =2z exp(=Ew, T) cos(@gT) + exp(— 2Ew,, T)

- exp(—Em, T)sin(wgT) (z— 1)2
Hyy(z) = 5

wyT z° —2zexp(-Ew, T) cos(wg T) +exp(- 2w, T)

. exp(—Eo, T)sin(wgT) 22 -27+1

H;,(z) = 5

oy T z° -2 zexp(-Ew, T) cos(wgT) + exp(— 2£0, T)

Solve for the filter coefficients.

d022+d1Z+d2

_ exp(-&w, T)sin(wyT)

22—22+1

(124)

(125)

(126)

127)

(128)

2’ +ajz+aj

(DdT

|

2227 exp(~£m, T) cos(wg T) +exp(— 2&0)nT)]

27

(129)



Solve for aj.

a] =p = —2exp(-Em, T)cos(wgT)

Solve for ap.

ay = A =exp(-280,T)

Solve for dy.
d exp(— &, T)sin(wgT)
0 —_—
oyT

Solve for d;.

d; =-2d
Solve for d».

d, =d

The digital recursive filtering relationship for the relative acceleration is

Uj= —ajuj_1 —aylj_p +dpy; +d1yi-; +dpyi

+2exp[- oy Tleos[wg Tlii 1 —exp[- 280, Tli j—»

o
|

N exp(—Eo, T)sin(wgT)

OJdT

{yi-2Vi1+¥i2}

28
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(132)

(133)

(134)
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