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Introduction

Consider the single-degree-of-freedom system in Figure A-1.

Figure A-1.

where
m is the mass,
c is the viscous damping coefficient,
k is the stiffness,
x is the absolute displacement of the mass,
y is the base input displacement.

A free-body diagram is shown in Figure A-2.

Figure A-2.
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Summation of forces in the vertical direction

F mx=∑ &&                                                                                           (A-1)

mx c y x k y x&& (& &) ( )= − + −                                                                                    (A-2)

Let z x y relative displacement
z x y
z x y
x z y

= −
= −
= −
= +

( )
& & &
&& && &&
&& && &&

Substituting the relative displacement terms into equation (A-2) yields

m z y cz kz(&& &&) &+ = − −                                                                             (A-3)

ymkzzczm &&&&& −=++                                                                             (A-4)

Dividing through by mass yields

&& ( / )& ( / ) &&z c m z k m z y+ + = −                                                          (A-5)

By convention,

2
n

n

)m/k(

2)m/c(

ω=

ξω=

where  nω  is the natural frequency in (radians/sec), and ξ is the damping ratio.

Substitute the convention terms into equation (A-5).

&& & &&z z z yn n+ + = −2 2ξω ω                                                                     (A-6)
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Half-sine Pulse

Consider the half-sine pulse given by equation (B-1).
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The equation of motion becomes
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π−=ω+ξω+ &&&                                         (B-2)

Let

T
π=ω                                                                                                                            (B-3)

( ) Tt0,tsinAzz2z 2
nn ≤≤ω−=ω+ξω+ &&&                                         (B-4)

Now take the Laplace transform.

{ } ( ){ }tsinALzz2zL 2
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Let
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Consider the denominator term,

( ) ( )s s sn n n n n
2 2 2 2 2

2+ + = + + −ξω ω ξω ω ξω                                                     (B-13)

( ) ( )s s sn n n n
2 2 2 2 22 1+ + = + + −ξω ω ξω ω ξ                                                           (B-14)

Now define the damped natural frequency,

ω ω ξd n= −1 2                                                                                          (B-15)

Substitute equation (B-15) into (B-14),
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Substitute equation (B-16) into (B-12).
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Rearrange the terms into a convenient format prior to the inverse Laplace transform.
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Take the inverse Laplace transform using Reference 1.
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Take the first derivative to determine the relative velocity.
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Take the second derivative to determine the acceleration.
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Recall equation (B-12).
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Expand into partial fractions using Reference 2.
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Take the inverse Laplace transform using Reference 1.
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The relative displacement is thus
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Take the first derivative to determine the relative velocity.
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Take the second derivative to determine the relative acceleration.
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The total relative displacement for 0 < t < T is

)t(z)t(z)t(z fn +=                                                                                  (B-72)
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Substitute equations (B-21) and (B-53) into (B-73).
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The total relative velocity for 0 < t < T is

)t(z)t(z)t(z fn &&& +=                                                                                  (B-74)
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The total relative acceleration for 0 < t < T is

)t(z)t(z)t(z fn &&&&&& +=                                                                                   (B-76)
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The total absolute acceleration for 0 < t < T is

)t(y)t(z)t(z)t(x fn &&&&&&&& ++=                                                                       (B-78)
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The relative displacement at t = T is
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The relative velocity at t = T is
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The relative displacement for t > T is found by adding a delay into equation (B-21).
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Note that the absolute displacement is equal to the relative displacement for t > T.

The relative velocity for t > T is
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Note that the absolute velocity is equal to the relative velocity for t > T.
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The relative acceleration for t > T is
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Note that the absolute acceleration is equal to the relative acceleration for t > T.
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Example

An example is shown in Figure B-1.  The input is an 10 G, 11 millisecond half-sine
shock.
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