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Introduction

Figure 1.
Consider a simple pendulum consisting of a point mass connected by a rod to a pivot
point, where the rod is mass-less.
The derivation of the equation of motion is given in Reference 1.

The angular displacement ¢ of the pendulum driven by a harmonic moment is governed
by the nonlinear differential equation.
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Divide through by mL2.
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Let
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mL’
and

The F term is the scaled moment.

The term wy, is the natural frequency (rad/sec) for linear motion.

By substitution,

£15+conz sin¢ = Fcos ot

A two-term approximation for the sine term is
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Equation (7) is Duffing’s equation. It is nonlinear.
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Assume a displacement function.

¢(t)=Ucosmt (8)

¢3 (t)= U3 cosd ot = U3 E cos mt +%cos 3wt} 9)
¢(t)=—wUsinwt (10)
o(t)= —»?Ucos ot (11)
“0?Ucoswt + conz (U cos wt —% ud E cos wt +%cos Sth = Fcoswt (12)

Omit the higher harmonic  cos3awt .
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—(02U+conz(U—%U3j=F (14)
(conz—(osz—%ngU?’zF (15)
(—oonz +m2j u +%03an3 —F (16)
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Equation (17) may be solved using the method in Reference 2. It can also be solved
using Matlab’s root function. Three roots are obtained. All three roots may be real, or
there may be one real root and two complex conjugate pairs. Only the real roots are
retained.

There is only one real root if ® > oy .

There are either one or three roots if ® < o depending on the value of F, which is the
scaled moment.
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APPENDIX A

Example 1

Let
on = 1rad/sec (A-1)
o = 0.9 rad/sec (A-2)

omegan=1rad/sec omega=0.9 rad/sec
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Figure A-1.

The roots are found using a Matlab program. A plot of ¢ versus F is given in Figure A-1.



APPENDIX B

Example 2
Let
on = 1rad/sec (B-1)
o = 1.1 rad/sec (B-2)
omegan=1 rad/sec omega=1.1 rad/sec
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Figure B-1.



