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Displacement variables:

u The in-plane displacement along the x-axis
v The in-plane displacement along the y-axis
w The out-of-plane displacement along the z-axis

Bx The rotation about the y-axis

By The rotation about the x-axis

Stress and Strain

The following equations are taken from Bathe, pages 251-253.

The element strains are

ST = [SXX eyy ny] 1)

o = @

eyy = % )
ou ov

Yxy = kY e 4)

The in-plane translational displacement are related to the rotational displacements by
u=zPx(x,y) ()

This is small-displacement theory. The bending strains vary linearly throughout the thickness
of the plate.
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The transverse shear strains are assumed to be constant throughout the plate thickness.
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Assume plane stress. The resulting stress-strain relationship is
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where

h is the plate thickness
A is the surface area
Kk is the shear factor
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The elemental displacement vector is
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Let

n(r,s) =Ba (23)
w(r,s) = Vi (24)
The B and V matrices are defined via interpolation functions in the appendices.

By substitution,

U= % jA{{Ba}T Cp Bo}dA +%IA{{VO}TCSVG }dA (25)

The stiffness matrix can thus be represented as

K:ﬁlﬁl{BT Ch B}det[a]drds+ﬁ1jf1{vT Cs V |det]s]ards 26)

The Jacobian is given in Appendix A.

The first and second stiffness matrices are given in Appendices B and C, respectively.
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APPENDIX A

Jacobian Matrix

The coordinate interpolation is
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Consider the special case of a rectangle where the local coordinate system may be rotated
with respect to the global system.
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APPENDIX B

Displacement Interpolation for First Stiffness Matrix

The displacement vector is

Wy
o
B1
W2
o
B2

W3

o=
Il

a3
B3
Wy
04

| Ba |

(B-1)

The rotation about the x-axis
The rotation about the y-axis is

B=PBx (B-3)

The displacement interpolation is
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Evaluate the derivatives of displacement
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Some useful wxMaxima commands for forming the matrix {BT Cp B} are

c:matrix([1,mu,0],[mu,1,0],[0,0,e3]);

b:matrix([0,0,a1,0,0,a2,0,0,a3,0,0,a4],[0,-b1,0,0,-b2,0,0,-b3,0,0,-b4,0],[0,-a1,b1,0,-a2,b2,0,-
a3,b3,0,-a4,b4]);

d:c.b;

v:transpose(b).d;

The resulting matrix is shown over this page and the next.
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Note that integration is still required. This can be performed in Matlab using Gauss
quadrature. Refer to Matlab script: thick_plate_mass_stiff.m

The integration can also be performed symbolically using wxMaxima as follows.

al(r,s):=(( Jinvi1*(1+s)+Jinv12*(1+r))/4);
a2(r,s):=((-Jinvi1*(1+s)+Jinv1i2*(1-r))/4);
a3(r,s):=((-Jinv11*(1-s)-Jinv12*(1-r))/4);
ad(r,s):=(( Jinvll*(1-s)-Jinv1i2*(1+r))/4);

b1(r,s):=(( Jinv21*(1+s)+Jinv22*(1+r))/4);
b2(r,s):=((-Jinv21*(1+s)+Jinv22*(1-r))/4);
b3(r,s):=((-Jinv21*(1-s)-Jinv22*(1-r))/4);
b4(r,s):=(( Jinv21*(1-s)-Jinv22*(1+r))/4);
c:matrix([1,mu,0],[mu,1,0],[0,0,e3]);

b:matrix([0,0,a1(r,s),0,0,a2(r,s),0,0,a3(r,s),0,0,a4(r,s)],[0,-b1(r,s),0,0,-b2(r,s),0,0,-b3(r,s),0,0,-
b4(r,s),0],[0,-al(r,s),b1(r,s),0,-a2(r,s),b2(r,s),0,-a3(r,s),b3(r,s),0,-a4(r,s),b4(r,s)]);

d:c.b;
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v:transpose(b).d;

ratsimp(integrate(integrate(v(r,s),r,-1,1),s,-1,1));
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APPENDIX C

Displacement Interpolation for Second Stiffness Matrix
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1
Vo192 = Z(l+ I‘)(l—S)

The useful wxMaxima commands are

(C-39)

z:matrix([v11,v12,0,v14,v15,0,v17,v18,0,v110,v111,0],[v21,0,v23,v24,0,v26,v27,0,v29,v210,

0,v212]);

transpose(z).z;

The resulting matrix is shown over this page and the next.
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Note that integration is still required.
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quadrature. Refer to Matlab script: thick_plate_mass_stiff.m
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The integration can also be performed symbolically using wxMaxima.
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vEIO vELZ
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This can be performed in Matlab using Gauss



APPENDIX D

Mass Matrix

The thick rectangular plate mass matrix can easily be calculated as a special case of the
isoparametric mass element in Reference 3.
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