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TABLE 4.33.—Frequency Parameters wa%/p/D for
& C-C-C-SS Square Plate

71

TABLE 4.34.—Frequency Parameters for Higher
Mode Shapes of a C-C-C-SS Square Plate

way/p/D for mode— Mode 6 7 8 9
Source
1 2 3 ¢ 5 watypD - ool 130.84 | 152.75 | 160.00 | 209.97
Dill and Pister
(ref. 4.24) _____ 31.83 63.33 |71. 08 {100.8 | 116. 4
Eanazaws and 435 C-C-SS-F
Kawai (ref.
H4.16<)i;—"f ----- 31.88 |- 71.26 fooeooloee The only known results for the problem of
iﬁz)__fr_e_'_____ 3083 | the C-C-SS-F plate (fig. 4.32) are the approxi-
mate formulas, equations (4.16) and (4.17).

TABLE 4.35.—Fundamental Frequency Parameters wa®/p/D for a C-C-C-SS Rectangular Plate

wa’\f;TD for values of a/b of—

Source
0 0.333 0.4 0.5 0.667 1 1.5 2
Dill and Pister (ref. 4.24) . _ _ oo o oo ool 24.49 | ______. 3183 [ 73. 07
Kanazawa and Kawai (ref. 4.16).___ 22.39 23. 40 23. 76 24 48 26. 23 3 W0 7 A P
Hamada (ref. 4.15) - - - oo ofecccmc e 25.85 | 31.83 48. 1 |

TastE 4.36.—Fundamental Frequency Parameters wa’y/p/D for the First Antisymmetric Mode of a
5 C-C-C-S8S Rectangular Plate

wa?y p/D for values of a/b of—
Mode shape
0 0.333 0.4 0.5 0.667 1
A==V p
A : 61. 781 63. 947 64. 366 65. 161 66. 971 71. 259
777
a

TABLE 4.37 .——Fundamental Frequency Parameters wa?\/p/Drfor a C-C-SS-S§ Rectangular Plate

wa?vp/D for values of afb of—

Source
0 0.333 0.4 0.5 0.667 1 1.5
Kanazawa and Kawai (ref. 4.16) .. ... ..__ 15. 45 16. 74 17. 22 18. 16 20.39 | 27.10 |-
Hamnada, (el Aol . micmim i st et o immd tisims im mim sn i s sem s e 27. 00 44 90
Iwato (ref. 4.62) . . __ e femmm e e e 28. 357 |ovennnns
Nishimura (ref. 4.14) . _ _ oo femmee e e eme e e e e 27.234 |-
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Fircore 4.27.—C-C-C-SS plate.
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FigURE 4.28.—Frequency parameter 0.90wb?yp/D for
a C-C-C-S8 rectangular plate. (After ref. 4.4)
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Figure 4.29.—C-C-C-F plate.

436 CC-F-F

The problem of the C—-C-F-F rectangular
plate (fig. 4.33) was investigated by Young -
(ref. 4.47), who used the products of beam
functions and the Rayleigh-Ritz method to
obtain accurate upper bounds for frequencies
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FicURE  4.30.—C-C-SS-SS plate.
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Ficure 4.31.—Frequeﬁcy parameters 0.90wb?+/o/D for
a C—-C-SS-SS rectangular plate. (After ref. 4.4)
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FiGure 4.32.—C-C-8SS8-F plate.

in the case of the square plate for »=0.3.
These results are summarized in table 4.38.
The resulting mode shapes are of the form of
equation (4.49) where the values of A, are
given in table 4.38 and a and e are given in
table 4.39 (from ref. 4.47).
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FiGuRE 4.33.—C-C-F-F plate.

A fundamental frequency of large error is
also computed in reference 4.48 by use of the
Rayleigh-Ritz method.

Results from using the Galerkin method are
given in reference 4.46; these results also appear
to have considerable error, particularly for the
fundamental mode. Approximate formulas,
equations (4.16) and (4.17), may also be used.

43.7 CSS-C-F

The approximate formulas, equations (4.16)
and (4.17), may be used for the problem of a
C—SS-C-F rectangular plate (fig. 4.34). Addi-
tional information can be obtained from an

_antisymmetric mode of the case of the C-F-
C-F plate (sec. 4.3.10). Straight node lines of

antisymmetry duplicate SS boundary con-
ditions.

TaBLE 4.39.—FEigenfunction Parameters for a
C-F Beam

Cimy Xn €n; €n

0. 7340955
1. 01846644
. 99922450
1. 00003355
. 99999855
10

1. 8751041
4 6940911
7. 8547574
10. 9955407
14. 1371684
(2r—1)x/2
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Ficure 4.34.—C-SS-C-F plate.

TABLE 4.38.—First Five Sets of Frequency Parameters, Nodal Lines, and Amplitude Coefficients for
a C-C-F-F Square Plate; v=0.3

Mode..._______... 1 2 3 4 5
wetp/D._._________ 6.958 24.80 26.80 48.05 63.14
o’ N —=="A N’
. % /] / A \ j ! A 2SS
Nodal lines_ _______ A R4 2 : A
7777 T 777 Y arevd ;77
= Amplitude coefli- A11= 1.0000 A11= 0 A1|= —0.1172 Au: 0.0286 Au= 0
cients. A= 0.0604 A= 1.0000 A= 1.0000 A= —0.1566 A= 0.0030
A;3=-—10.0030 Ap= 0.00003 | A= 0.0533 Aj3=—0.0825 A= 1.0000
Ay= 0.0604 An=—1.0000 Ax= 1.0000 Ay=—0.1566 Agn=-—0.0030
An= —0.0101 An= 0 An= 0.3223 An= 1.0000 Au= 0
A= —0.0003 A= —0.0221 A= 0.0111 A= —.1458 An= 0.1350
, An-_— —0.0030 Au: —0.00003 A3|= 0.0553, A31= —0.0825 A31= —1.0000
A= —0.0003 A= 0.0221 As,=  0.0111 A= 0.1458 Ajz3=—0.1350
A33= —0.0017 A33= 0 A33= 0.0022 A33= —0.0019 Au= 0

308-337 0—T70——6
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438 C-SS-SS-F

The only known results for the problem of
the C-SS-SS-F rectangular plate (fig. 4.35)
are the approximate formulas, equations (4.16)
and (4.17). Additional information can be
obtained from the doubly antisymmetric modes
of the C-F-C-F plate (sec. 4.3.10). Straight
node lines of antisymmetry duplicate SS
boundary conditions.

439 C-SS-F-F

The only known results for the problem of
the C-SS-F-F rectangular plate (fig. 4.36) are
the approximate formulas, equations (4.16)
and (4.17). Additional results can be obtained
from the antisymmetric modes of the C-F-
F-F plate (sec. 4.3.12). Straight node lines
of antisymmetry duplicate SS boundary
conditions.

4.3.10 CF-C-F

Claassen and Thorne (ref. 4.36) used the
series method described in the section for

o
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F1GURE 4.35.—C-SS-SS-F plate.
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F16UuRe 4.36.—C-SS-F-F plate.

the C-C-C-C rectangular plate (sec. 4.3.1)
to obtain frequencies for 11 modes and varying
a/b ratios for the C-F-C-F rectangular plate
(fig. 4.37). These modes will be classified
as symmetric-symmetric, symmetric-antisym-
metric, antisymmetric-symmetric, and anti-
symmetric-antisymmetric, according to the
symmetry or antisymmetry exhibited about
the axes z=0 and y=0, respectively, as shown
in figure 4.37. The first mode of each class is
illustrated in figure 4.38. Frequency results are
summarized in tables 4.40 to 4.43.- Poisson’s -
ratio is not known, but is assumed to be 0.3
as in reference 4.63.

A question arises about the foregoing results
in one of the limiting cases. It would appear

~
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F16URrE 4.37.—C-F~C-F plate.
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FigURE 4.38.—Lowest nodal patterns in the four
classes of symmetry for a C-F-C-F plate. (a) First
symmetric-symmetric mode. (b) First symmetric-
antisymmetric mode. (c¢) First antisymmetric-sym-
metric mode. (d) First antisymmetric-antisym-
metric mode.
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from table 4.40 that the doubly symmetric
frequencies all vanish as b/a—0.  ,However, as
b is held fixed and a becomes infinite, it is
obvious that the boundary conditions at z=0

TABLE 4.41.—Frequency Parameters A= wa%/p/D
and Z\*=wb?/p/D for the Symmetric-Antisym-
metric Modes of a C—F-C-F Rectangular Plate

and z=® are no longer significant, and the Mode
fundamental frequency becomes that of an -
infinite strip having two node lines parallel to ,;'/{, o )?‘* 1 9
the r-axis. Additional frequency parameters in
the vicinity of ‘‘transition points” (see sec. A A* N A
4.3.1) and detailed coordinates of nodal lines
are given in reference 4.36. 1.0 26.40 | 26,40 79.8 79. 3
Approximate values of frequency parameters o9_.___________ 25.67 | 22.10 68. 4 76. 1
are given by equations (4.16) and (4.17). 15 SR —— 24.99 | 18.22 58.2 72.9
0T o seomimsmimimimmim 24, 38 14 75 49. 3 65. 2
06 .- 23. 84 11. 68 41. 8 49. 5
TABLE 4.40.—Frequency  Parameters A= gi """"""" gg 36 (85 23 28 g gg ?
wa/p/[D and A*=wb%/p/D for the Doubly o3____________ 297 463 26. 8 16. 3
Symmetric Modes of a C-F-C-F Rectangular  0.2_..__.___.____ 22.5 2. 88 24.2 9.4
Plate L0 15) N 22. 3 1. 36 22.7 41
(SN SC = 22. 4 0 22, 4 .0
Mode
Ratio a/b 1 I 2 l 3 l 4 \ 5 TABLE 4.42.—Frequency Parameters A= wa%/p/D
and \*=wb%/p/D for the Antisymmetric-Sym-
A metric Modes of a C—F-C-F Rectangular Plate
1.0cceooo . 22,17 | 43.6 | 120.1 | 136.9 | 149.3 Mode
0.9 —......| 2219 |39.5]| 1142 | 120.1 | 143.9 ufl for %,
L 8 P— 22, 20 35. 8 941} 120.2 | 139.1 b/a for \* 1 2
0.7 _________| 22.22 32.6 76.3 | 120.3 } 134.8 -
0.6 ... 22, 24 29.8 61.1 1 120.4 | 122. 5 A A A A*
0.5 ... 22.26 27. 5 48. 6 90.3 | 120.4
(G F: RS 22. 28 25. 6 38. 5 64.3 | 103. 6
v T 223 |241! 310! 446 659 10..__________ L2 | eL2! 875 87. 5
020 s 22.3 23. 1 26.0; 3.4 40.0 0.9 ... 61. 2 49, 5 82. 8 75.7
0.1 .. 22.3 225 23.1 243 261 [0 P 61. 3 39. 1 78. 4 64. 9
¢ 22. 4 22.4 ] 224 224 22.4 [ Ly 61. 3 29.9 745 55. 4
06 e 61. 4 21.9 7.1 47.0
0.5 . 61. 4 15. 2 68. 2 39. 8
d s
bla A 0o 6L4| 97| 657| 3L6
T L 61. 5 54| 639 17,7
(1 P 2217 | 43.6|120.1 | 136.9 | 149.3  QF--------oo LB| ERl o2 e
e = o catnc) 18. 93 39.5 97. 2 126.1 | 133. 6 0' """"""""""" i ) 0 61- il : 0
B e 14.16 | 357, 76.8i 1055 | 130.8  “-TTTTTomooooommToooos Coo el '
O a5 | 10. 83 32.5 58.7 . 87.0] 128.3 -
0.6 .. ______ 7.95 29.7 43.1° 70.9 | 106. 7
05 _________ 5.51 | 2731 29.9, 56.9) 740 4.3.11 C-F-SS-F
04 .. ______ 3.51 19. 0 25.5: 45.3 47. 3
0.3 .. 1.97 1107 241 26.5| 357 The first four frequencies for the C-F-SS-F
02 oo .87 47 1L71 2194 231 rectangular plate (fig. 4.39) in the case of the
[V . 217 1.2 2291 5.4 87 f —0.3 5 : ble 4.44 £
o 00 0 0 0l square for »==0.3 are given in table 4.44 (re s.
; 424 and 4.64). Additional results for this
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TaBLE 4.43.—Frequency Parameters A= wa’/p/D
and N*=wb?/p/D for the Doubly Antisym-
metric Modes of a C-F-C-F Rectangular Plate

Mode
afb for A, - 1 2
b/a for \¥
A A+ N A*

) 1 | DU — 67. 2 67. 2 124. 5 124. 5
0.9 . .. .__._. 66. 1 55. 5 112. 6 112. 6
0.8. . __.____ 65. 1 45. 0 102. 0 102. 0
0.7 .. 64. 3 35.7 92.5 92. 6
0.6.___________| 63. 5 27.5 84. 3 78.3
|1 62. 9 20.5 77. 4 56. 3
04. ___________ 62. 4 14.7 7.7 38.2
0.3 e 62. 0 9. 87 67.2 24.0
0.2 .. 61. 2 5. 90 64 1 13.3
0.1 . 2. 80 62.1 56
| DRI I 0 61.7 .0

TABLE 4.44.—Frequency Parameters for a C—F-
SS-F Square Plate; v=0.3

Mode 1 1 2 3 l 4
waty/p/D .. ___._ 15.16 | 20.50 | 50.21 56. 38

problem are given by the approximate formulas,
equations (4.16) and (4.17).

Further information on this problem can be
obtained by considering antisymmetric modes
of the C-F-C-F plate (see preceding section).
Straight node lines of antisymmetry duphcate
SS boundary conditions.

4,312 C-F-F-F (Cantilever)

Young (ref. 4.47) in his Investigation of
rectangular C-F-F-F plates (fig. 4.40) used the
products of beam functions and the Rayleigh-
Ritz method to obtain accurate upper bounds
for frequencies in the case of the square canti-

-
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F1gurE 4.39.—C-F-SS-F plate.

TABLE 4.45.—First Five Sets of Frequency Parameters, Nodal Lines, and Amplitude Coefficients for
a Square Cantilever Plate; v=0.3

Mode..____________ 1 2 3 4 5
O VP T ) S 3.494 8. 547 21. 44 27. 46 31.17
i . “
] - an e =y
Nodal lines.......__ / j.—--.—-‘ 5 { ; ﬁ---{.
/ 7 / =z | AL
Amplitude coeffi- A11= 1. 0000 Au— 1. 0000 Au'—‘ 0. 0054 Au= 0. 0090 A13= —0.1201
cients. A= —0. 0087 Au=-—0.0134 A= 0.2731 A= 1.0000 Au= 0.0627
A|5= -0. 0008 A“= —0. 0011 Au= 0- 0092 Als—': —0. 0120 A“-": 0. 0080
An"‘ 0 0026 An= 0. 1212 A’1= 1. 0000 Az|= —-0. 2866 A33= 1. 0000
A:3= '—0. 0050 Au'—'—‘ 0. 0044 Az;= 0. 0713 A”= 0. 1786 Au= —0. 0388
Ag=—0.0011 A= 0.0006 A= 0.0079 Agyp=0.0009 Ag=—0.0013
Ay= 0.0001 A= —0.0020 Ay=-—0.0118 Agy=—0. 0451 Asp= 0.0776
Ap=—0.0014 Ay=—0.0011 Aa-— 0. 0050 Apg= 0.0125 Au= 0.0086
A= —0.0006 Age=—0. 0006 =—0. 0003 Ag=—0.0023 A= 0.0024




[image: image7.jpg]RECTANGULAR PLATES 77

TABLE 4.46.—Eigenfunction Parameters for C-F and F-F Beams

m, n Qo an €m €y
) NI 0. 7340955 |._ . . __. 1.8751041 |__.______________.
I 1.01846644 | _____________.___ 4. 6940011 |____ . ___.___._.
T . 99922450 0. 98250222 7. 8547574 4. 7300408
R 1. 00003355 1. 00077731 10. 9955407 7. 8532046
2 . 99999855 . 99996645 14 1371684 10. 9956078
L 1.0 1. 00000145 2m—1)x/2 14. 1371655

These results are summarized
The mode shapes are given by

lever for v=0.3.
in table 4.45.

Wz, y)=g§1{Am,+Am,4§(1~2g)

+$Amn[coshf%y+cosf—zﬂ

—a, (sinh f7’;3-/+sin e_z_y>]} [cosh %

EmZ <2 €T . €nT
—cos—~—an sth—-sm—a—> (4.56)
. where the values of A,, are given in table
4.45 and those of a and ¢ are given in table
4.46. _

In references 4.65 to 4.68, Reissner’s varia-
tional principle (ref. 4.69) is modified and
applied to the square plate. Asin the Rayleigh-
Ritz method, generalized force boundary con-
ditions may or not be satisfied here. In reference
4.66, moment boundary conditions were satis-
fied at discrete points and four degrees of
satisfaction of shear boundary conditions were
considered ; the best results were obtained when
the transverse shear conditions on the free
edges were ignored. Theoretical frequencies
for the first three modes, along with experi-
mental data from reference 4.66, are presented
in table 4.47. Mode shapes corresponding to
these frequencies are shown in figure 4.41.

Electrical analogies were developed in ref-
erence 4.70 for solution of the problem on a
passive element analog computer. Five sets of
frequencies and mode shapes for a square are
given. In reference 4.71, simple difference and
higher order difference equations were written
and solved by means of electronic, analog
computer for the first six frequencies of a

TaBLE 4.47.—Frequency Parameters wa?y/p/D
Jor a Square Cantilever Plate

wa?vp/D for mode—
Type of data
1 2 3
Theoretical .. ___________ 3. 44 8. 21 21. 09
Experimental . __________ 3.33 8.17 19. 97
.y
2]
7
/]
Y
b 7 X
4 I
A —
7] b/2
/ |
/]
X

Fioure 4.40.—C-F-F-F plate.

square. The problem is also discussed in
references 4.48 and 4.72.

Barton (refs. 4.73 and 4.74) extended the
Rayleigh-Ritz analysis of reference 4.47 to
obtain results for the nonsquare cantilever.
Five sets of mode shapes and frequencies for
a/b=%, 2, and 5 are reproduced as table 4.48.
The amplitude coefficients A4,,, refer to equation
(4.56). These frequencies are approximately
plotted as solid lines in figure 4.42.

Bazley, Fox, and Stadter (ref. 4.75) used a
method developed in reference 4.61 to compute
frequency lower bounds for the first 10 symmet-
ric modes. They also obtained accurate upper
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TABLE 4.48.—Frequency Parameters, Mode Shapes and Amplitude Coefficients of Rectangular
Cantilever Plates; v=0.3

First mode Fourth mode
alb____.._. 1/2 2 5 afb.___.__ 1/2 2 5
Mode l\ggde
shape shape
wayp/D._} 3.508 3.472 3.450 walvp/D___| 10.26 94.49 563.9
Ay . 1. 0000 1. 0000 1. 0000 Ay 0. 0155 0. 0034 0. 0006
A snm.m —. 0151 | —. 0027 | —. 0004 Ao __ 1. 06000 1. 0000 1. 0000
Ao —. 0028 | —. 0002 . 0000 . = B ST R———— —. 0357 | —.0031 | —. 0004
Apyooo . —~.0011 | —.0040 | —. 0048 Agyoooo . 0459 | —. 0389 | —. 0065 1777
Ap. o __ —.0040 | —. 0032 | —.0008 | / b Ao . . 1120 . 2359 . 2469 A
Agse o ___ —.0023 | —.0004 | —. 0001 Agse oo . 0088 . 0009 . 0001  R—
| — .0001 | —.0003 | —.0010 Appooooo —. 0091 . 1025 . 0104
Ao —.0005 | —.0015 | —. 0005 Ao . 0020 . 0351 . 0381
p —. 0008 | ~.0003 | —. 0001 A . __ --. 0018 | —.0003 | --. 0002
Second mode Filh-made
albo .. ___ 1/2 2 5
afb_____.__ 1/2 2 5 Mode
Mode S shape
shape wavVp/D._.| 24.85 48.71 105.9
waVp/D.__| 5.372 14.93 34.73. i
Ao —0.0529 |(—0.2053 |—0.2639
Ao 1. 0000 1. 0000 1. 0000 Ay —.1989 . 0128 . 0016 s
Ao e —. 0509 [ —.0027 | —. 0004 Ao . 0448 . 0017 . 0002 | -
P T — —. 0056 | —. 0001 . 0000 4 Asa . 1. 0000 1. 0000 1. 0000 a H
CAme . .0436 | .2040 | .2555 | 7 A —.1069 | —. 0168 | —.0028 | 4---i
Aspee-__| .0045| .o0011] .o0001 | 7 A oo .0000 | —.0005 | —.0001 | 4 %
Agge oo . 0007 . 0002 . 0000 Asge oo . 0261 . 2222 . 3893 *
Ay —. 0012 . 0059 . 0215 . Py . 0001 . 0048 . 0004
Age .. —. 0014 [ —. 0005 | —. 0001 Agge oo . 0040 . 0012 . 0002
Aggeee -.0010 { —. 0002 . 0000 :

Third mode bounds by the Rayleigh-Ritz method by taking
the first 50 admiscible products of beam func-
tions. Double-precision arithmetic (16 signifi-

afbo____._ 1/2 2 5 cant figures) was used in the computations
Mode . .
shape where necessary. Results are listed in table
waVp/D.._| 21.96 21.61 21.52 4.49 for seven a/b ratios. Sigillito (ref. 4.76)
showed that even more precise upper bounds
Ay 0.0008 | 0.0042 | 0.0048 can be obtained with the Rayleigh-Ritz pro-
Ao —.0465 | .0346 | .0054 cedure by using deflection functions which are
315 ------- . 0(7)25 0027 | L0008 | 47 products of beam functions and Legendre
A:;’T """ 1 823(1) L gggg L 8823 2 { functions. Results obtained using 30 admis-
As | 0196 | .o0024| o005 24— sible functions constructed in this manner are
Y —. 0011 | —. 0058 | —. 0068 . also listed in table 4.49. All values in table
. P .0001 | .0010 | —. 0007 4.49 are for »=0.3.
Asgooeeoen - 0024 | —. 0003 | —. 0001 Gontkevich (ref. 4.55) used Southwell’s
method to get lower bounds of frequency param-
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Ficure 4.41.—Theoretical and experimental mode shapes for a square cantilever plate.
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Ficure 4.42.—Frequency parameter wa?yp/D for a
rectangular cantilever plate; »=0.3. (After ref. 4.73)

.5=2.76 inches, and A=0.053 inch.

eters for the first five modes. These are sum-
marized in table 4.50 for »=0.3. The mode
numbers agree with those of table 4.48.

Claassen and Thorne (refs. 4.63 and 4.77)
used the series method described in the discus-
sion of the C-C-C-C plate (sec. 4.3.1) to obtain
precise frequencies for small variations in ajf
ratio. Figure 4.43 gives the lowest five sym-
metric frequencies and the lowest four antisym-
metric frequencies as functions of a/b, with
a<b. TFigure 4.44 shows the variation with b/a
for a>b.” Poisson’s ratio »=0.3 was used.

Detailed tabular data for the above curves
are given in tables 4.51 and 4.52. Additional
frequencies in the vicinity of ““transition points”
(see discussion of the C-C-C-C plate, sec.
4.3.1) and the detailed coordinates of nodal lines
are given in reference 4.63.

Martin (ref. 4.78) devised a variational pro-
cedure similar to the Rayleigh-Ritz method and
used it to compute the frequencies of a mild
steel plate of dimensions a=5.12 inches,
These are
compared with experimental data found by
Grinsted (ref. 4.79) in table 4.53. The upper
values are taken from reference 4.78 and the
lower, from reference 4.79, and the percent dif-
ference is given. The indicators m and n cor-
respond to the number of nodal lines running
“parallel” to the y- and z-axes, respectively;
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TaBLE 4.49.—Bounds on Frequency Parameter wa?y/p/D for Symmetric Modes of a Rectangular
Cantilever Plate; v=0.3

weVp/D
Mode Upper bounds ‘ Upper bounds
Lower : Lower
bounds bounds
Ref. 4.75 Ref. 4.76 l Ref. 4.75 ( Ref. 4.76

a/b=0.125 a/b=0.250
) PRI 3. 4926 3. 5134 3. 5113 - 3.4835 | 3. 5094 3. 5059
P 3. 9425 4. 0448 4. 0406 5. 25659 5.5171 5. 5141
N 5. 3402 5. 6095 5. 6076 10. 583 11. 313 11. 318
- S 7. 6439 8. 2204 8 2204 20. 106 21. 465 21. 455
S e v _w _n 11. 050 11. 995 11. 996 21. 900 22. 309 22, 308
[ T, 15. 576 17. 008 17. 018 24. 040 24. 857 24. 816
[ 20. 827 21. 977 . 21. 955 30. 755 32. 500 32. 489
- 21. 869 22. 618 22. 606 35. 142 37. 669 37. 890
| ——— 22. 381 23. 431 23. 599 41. 738 44, 481 44. 520
100 .. 24. 067 24. 909 24. 901 53. 987 58. 218 60. 738

a/b=0.500 a/b=1.000
) S 3. 4608 3. 5001 3. 4944 3. 4305 3. 4823 3. 4729
b T 9. 7605 10. 210 10. 208 20. 874 21. 367 21. 304
[ 21. 529 21..891 21. 848 26. 501 27. 278 271291
4 .. 29. 927 31. 522 31. 491 51. 502 54. 301 54. 262
[ T 32. 906 34. 160 34. 180 60. 249 61. 450 61. 276
[ . 55. 061 58. 195 58 184 92. 143 97. 321 97. 208
T e eeeeeaam 60. 256 61. 560 61. 440 115. 68 119. 51 119. 24
8ciivcmniminnn 68. 202 71. 346 71. 217 121. 11 124, 63 : 125. 14

R | ST L 74. 355 - 77. 717 78 936 143. 98 150. 24 - 156. 67

100 ______ 93. 740 99. 722 99. 925 149. 47 158. 25- 161. 13

a/b=2.000 a/b=4.000
) 3. 3856 3. 4575 3. 4415 3. 3306 3. 4332 3. 4131
SR 21. 062 21. 550 21. 447 20. 822 21. 475 21. 340
K S 58. 946 60. 477 60. 191 58. 356 60. 292 59. 937
[ 91. 165 93. 390 94. 245 114. 57 118. 59 117. 98
L S ———— 115. 77 119. 00 118. 67 189. 63 196. 62 195. 80
S 122, 53 127. 22 128 44 283. 02 293. 96 293. 03
[ S 170. 71 179. 29 181. 56 354. 30 361. 12 364 43
- S 193. 19 198 94 198 20 384. 46 394. 02 400. 44
L 234. 60 294. 00 252. 59 401. 04 415. 19 416. 66
10 _._ 287. 76 297. 09 296. 00 443. 26 459. 58 520. 04

a/b=8.000
) SN 3. 3025 3. 4297 3. 3885
PSR 20. 683 21. 481 21. 220
S 57. 940 60. 208 59. 472
z S 113. 67 118 20 116. 79
L S 188. 20 195. 83 193 60
[ 281. 60 293. 22 290. 08
T e 393. 91 410. 42 406. 38
- S 525, 11 547. 45 542. 54
L 675. 15 704. 29 698. 58
8 | 842. 90 880. 88 874. 46
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TABLE 4.50.—Lower Bounds of wa%/p/D for  thus, n must be even for symmetric modes and

Rectangular Cantilever Plates; v=0.3 odd for antisymmetric modes.
Forsyth and Warburton (ref. 4.80) used the
Lower bounds of wa*y/p/D for values of Rayleigh-Ritz method with a deflection func-
Med a/b of— tion having two terms involving the products of
ode ~beam functions to obtain the frequencies of a
0.5 1.0 2.0 50  rectangular steel plate having a=16 inches,
b=7.5 inches, and A=0.282 inch and compared
s S 3.35407 | 3.35407 | 3.35407 | 3.35407  them with experimental results. These results
2o 46490 | 7.2505 | 13.3064 | 32.3660  gre listed in table 4.54.
Beoneeo 210195 | 210195 ) 21. 0195 21 D Much experimental information is available
4 __.__ 9. 0096 25. 151 86. 402 534. 55 < .
5. 23. 110 28, 546 43, 977 98, 836 on this problem. Dalley and Ripperger (refs.
4.81 and 4.82) gave results determined from
8.0 80
f. p
6.0} ‘: A 60 - /
Symmetric . . » Anti-Symmetric s
A 40 - A 40 e
”2 j’ * ’2 ". oL, '3
PR vT b’ < 13|
2 C l" o . .r&- 2 o , L)
.‘ . . : . . . . . * : . e ® * ° ¢ -
0] 0
0] 0.2 04 0.6 08 1.0 0 0.2 04 06 0.8 1.0
a/’b o a/b

FiGure 4.43.—Frequency parameter \/x*=wa?yp/D (x*) for a rectangular cantilever plate; »=0.3.
(After ref. 4.77)

80 8.0
»-%. J . 4
6.0 6.0 - s
Symmetric ,(a Anti-Symmetric g .
X 40 |- A 40 :
n2 : w2 :
.;0" e P ° e . ° .
20 Paam ot WP 2.0 . | .
0 A .l E ° : : . [3 . * o) 2 E 4 : % - p o ® M
0] 0.2 04 (0X ) 0.8 1.0 0] 0.2 04 06 0.8 1.0
b/a bla

Ficure 4.44.—Frequency parameter A /x?==wb3¥y/p/D(x3) for a rectangular cantilever plate; »=0.3.
(After ref. 4.77)

4
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TAsBLE 4.51.—Frequency Parameters A= wa%y/p/D
and \*=wb®+/p/D for Symmetric Modes of a
Rectangular Cantilever Plate; v= 0.3

TABLE 4.52.—Frequency Parameters A= wa%/p/D
and \*=wb?/p/D for Antisymmetric Modes of

a Rectangular Cantilever Plate; v=0.3

A and A¥ for mode—

X and A* for mode—

Aspect
ratio . Aspect ratio
1 2 3 1 4 l 5 1 1 2 3 i 4
a/b A afb A
1.00.__.... 3.472 | 21.29 | 27.2 54.3 61.3 100 _.__ 8. 55 311 64. 2 711
0.95. ... ... 3.474 | 21.13 | 25.3 5.8 | 61.2 095.____..___. 8. 23 30.3 58. 6 69.8
0:90. oo v 3.476 | 20.74 | 23.7 | 49.2 61.2 09000 o 7.92 29. 5 53. 2 68. 7
0.85.___.__ 3.477 19.85 | 22.7 | 46.9 | 61. 1 0.85. .. 7. 60 28. 7 48. 0 67.7
0.80______._ 3. 479 18.49 | 22.2 | 445 | 61.1 0.80.__________ 7.27 28.0 43.0 66. 6
0.75____... 3. 481 16.98 | 22.1 42.1 61. 0 0.75 ... 6. 96 27.2 38.5 64 1
0.70..._.__ 3. 484 15.48 1 22.0 | 40.0 | 60.3 0.70_ _.________ 6. 63 26. 5 341 59. 8
0.65._.____ 3. 486 1406 | 21.9 379 | 540 065 . ..______ 6. 32 25.7 30.3 55. 4
0.60_.._... 3. 488 12. 68 | 21.9 35.7 | 46.7 060:cccccne. - 6. 00 24 4 27. 2 51.1
0.55_____._ 3. 491 11.41 | 21.9 33.7 40.1 0.55_ .. ____. 5. 68 22.0 25. 6 47. 1
0.50._____. 3. 493 10.22 | 21. 9 3.5 [ 341 0.50___________ 5. 38 19.0 24. 8 43. 2
0.45._____. 3. 496 9.13 | 21.8 | 27.6 | 30.7 045 ... . 5. 07 16. 4 24.1 39.6
0.40______. 3. 498 811|215 | 220 | 288 0.40___________ 479 13. 8 23. 6 346
0. 35 www s 3. 501 7.18 | 18. 3 219 | 27.2 [0 Jo T — 4. 51 11. 5 23. 1 27.7
0.30__._.__ 3. 503 6.32 | 1452 | 21.4 | 25. 8 030 ____.____ 4. 26 9. 62 21.0 1y 23.2
0.25______. 3. 506 557 | 11.31.}-15.3 | ___.. 0.25. . _____. 4. 04 7.91 15.8 [_oa--.
0.20.__.___. 3. 508 4 .85 865 |.oo oo 020 ______.__ 3. 85 6. 42 11.58 |
0.15_______ 3. 511 428! 6.5 | .. |oaoo-- 0.15. . 3.70 SO0 N ST | S—
{10 1+ S PRI SN NI IO PN 175 {1 [——— 3: 08 |evesucsfisommmmnl o sameas
0; 08 s s el svnmene losmmms 5l e St mele nEe mmm ek 0.05. e e e
0.00_...... 3.5160 | __ .l - O e e e o
b/a A* bla A¥
.00 ____ 3.472 [ 21,29 27.2 54.3 [ 613 1.00. ... 8. 55 311 64. 2 7L 1
0.95._____. 3.132 19.30 ;1 26.6 | 51.5 | 55.5 095 ... 8 01 28.8 62. 3 66. 6
0.90.______ 2. 809 17.36 | 26. 1 48.3 | 50.4 090 . ____.__ 7. 49 26. 6 57.9 64. 8
0.85.__._.. 2. 504 15.51 | 25.6 | 43.8 | 47.0 OBS: commasmmme 6. 98 24.6 52. 8 64. 2
0.80__.____ 2. 217 13.75 | 25.2 | 39.0 | 44.3 0.80. ... 6. 47 22. 5 47.9 63. 7
(0 —— 1. 946 12.09 1 24.7 | 343 | 41.8 0.75 .. 5. 99 20. 6 43.0 63. 2
0.70 ... ... 1. 694 10.53 | 242 | 30.0 | 39.6 0.70. .. 5. 51 18.8 38.6 62. 5
0.65...___. 1. 459 9.08123.5 |26.3 |37.3 0.65. ... 5. 04 17.0 34. 3 58. 7
0.60_____.. 1. 242 7.73121.4 | 243 35.2 060._________. 4. 59 15.3 30. 4 51.7
0.55___.__. 1. 042 6.49 | 18.2 | 23.7 33.2 05555 e mmm anen 4. 15 13. 7 26. 6 44. 7
LU | — . 861 5.37 1 15.03 | 23.3 | 29.6 0.50 ... _._.__ 371 12.1 23.2 38.3
0.45_______ . 696 434 112,18 | 22.7 | 24.5 045 ... 3.29 10. 7 19.9 32. 5
0.40____._. . 549 3. 42 9.61 | 18.9 | 23.0 040 _________ 2. 87 9. 21 17.0 27.0
0.35._..___. . 419 2. 63 7.35 | 14.47 | 22.5 0.35. . 2. 48 7. 86 14 2 22. 3
0.30._._.___ . 307 1. 92 5.39 | 10.63 | 17. 6 ok 2. 09 6. 56 1.7 18. 0
(U 1 R . 213 1.33| 3.73 7.36 | 12.20 025 ... 1. 72 5.34 9. 36 14 05
0.20.0cvuss . 135 .85 | 2.39 4701 7.79 020 ___..... 1. 35 416 7.19 10. 60
0.15_._____ . 076 47 1.34| 264 436 0.15. . ._... . 997 3. 06 5. 20 7. 52
0.10____.__. . 034 21 59 1.16 1. 92 010 .. .. _._. . 66 1. 99 3. 36 478
0.05_______ . 008 05 15 29 . 47 0.05. . ... .33 .98 1. 64 2. 30
0. 00 e . 000 00 .00 00 .00 000w ceeannis- 00 .00 . 00 . 00
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TaBLE 4.53.—Theoretical and Ezxperimental Frequencies (cps) for a Mild Steel Cantilever Plate;
a=5.12 inches, b=2.76 inches, and h=0.053 inch

Frequency, cps, for values of m of—
n Type
0 1 2 3 4 5
0 Theoretical ..o ... 69. 5 ... 436 1,220 | . .2, 390 3, 940 5, 900
Experimental ____________________ 64 405 1,120 2, 233 3,736 5,573
Percent difference._. __ ... __.______ 86 7.7 89 7.0 55 5.9
1 Theoretical . .. __ . ___.___ 276 905 1, 743 2,970 4,530 {_____..___
Experimental_____________________ 260 |..ceccinon 1, 676 2, 804 4. 335 |eroenonean
Percent difference. . ... ____._____ 6.2 ! ... 4.0 59 4.5 |. - snwsns s
2 Theoretical ... ... . ___._ 1, 610 2, 260 3, 280 4, 660 6, 350 8, 350
Experimental..qcosammsonmemmsmmse 1,606 |.___._._.._ 3, 160 4, 428 6, 009 7, 859
Percent difference_________________ 0. 2 s 3.8 5.3 5.7 5.9
3 Theoretical oo oo oo~ 4, 250 4, 810 5, 950 7, 450 9, 200 11, 280
Experimental ... ____________ 4, 235 4,773 5,739 7,069 | |-
Percent difference.._ .. .. ______ 0.4 0.8 3.7 5.4 |
4 Theoretical . .. oo ____ 8, 260 8, 870 9, 750 10, 620 13, 150 15, 300
Experimental ... .. __________. 8,238 8, 685 9,651 ||
Percent difference._ ... __.____ 0.3 2.1 b 1R 1 I U R [

TaBLeE 4.54.—Theoretical and Ezperimental
Cyclic Frequencies for a Rectangular Canti-

TABLE 4.55.—Ezperimentally Determined Fre-
quency Parameters wa/p/D for a Rectangular

lever Steel Plate Having a/b=2.13 © Cantilever Aluminum Plate o
Frequency, cps, for watyp/D for mode—
-~ values of n of— afb
m Type
1 2 3 4 5
1 2 3
i Yoo 3.34 | 5381031 |_______|._____
1 | Theoretical ... P 37.7 ) 169.8 1166 3 __________ 3.37 | 826 !20.55|27.15 | 29.75
Experimental._____ " 35.6 162 1115 2 3.36 | 14.43 1 20.86 |__.____|_____
2 | Theoretical...._.__ t236.3 542. 9 1563 5 3.32 | 20.84 132,40 |_______|_____
Experimental______ I 219 529 1451
3 | Theoretical __..__. | 662.3 | 1030.5 2149
Experimental..... ; 618 996 1996 Plunkett and Wilson (refs. 4.84 and 4.85)
4 | Theoretical________ 1 1298 s cmeeeloce o o . s
Experimental..__.| 1216 || ..___ measured the frequencies of steel plates with
| a=>5.00 inches, A=0.100 inch, and a/6=2.00,
2.50, 3.33, and 5.00. Results are listed in
aluminum plates as listed in table 4.55. The table 4.56. The significance of m and n is the

same as it is in table 4.53.
Craig, Plass, and Caughfield (ref. 4.86) ex-
perimentally obtained the first four frequencies

foregoing results are also shown as circles in
figure 4.42. Photographs showing nodal lines
formed by the soap powder used in the experi-

ment are shown for a square plate in figure
4.45.

Heiba (ref. 4.83) tested a series of ¥%-inch-
thick mild steel plates of width =10 inches
and ¢/b=1.0, 0.8, 0.6, and 0.4, and obtained the
frequencies and nodal patterns shown in
figure 4.46.

and mode shapes of a 6061-T6 aluminum
cantilever plate 7.5 inches by 7.5 inches by
0.125 inch. Frequencies and corresponding
frequency parameters are listed in table 4.57.
Mode shapes are also given in reference 4.86
but are inaccurate, apparently because of the
influence of the shaker position. Neverthe-
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Fioune 4.45.—Photographs of nodsl patterss on & square cantlever plate. (From rel. 451)
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FiGure 4.46.—Experimentally determined cyclic frequencies and nodal patterns for rectangular cantilever plates.

(a) a/b=1.0.

@) a/b=0.8.

(¢) a/b=0.6.

(d) a/b=0.4.
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TABLE 4.56—Ezperimental Values of wa®/p/D
for a Rectangular Cantilever Steel Plate

wa*y/p/D for values of afb of—
n/m
2.00 2.50 | 3.33 -5.00
0/0..o-_. 3.50 3. 50 3. 50 3. 45
(17 S 21.7 21. 6 21.5 21.1
0/2. ... 60. 5 60. 4 59. 8 59.3
({75 Fp———— 118. 7 117. 5 116. 5 115. 2
0/4 ____.____ 196.0 . .___. 195. 0 "190.0
0/5. . 292.0 s o|ewssesos 281.0
0o 14.5 17. 3 22.5 32.0
b § ) 48.1 54. 8 69. 6 98. 0
| § - I 92.3 101. 5 125.0 169. 0
| U F, 1564: 0 |lassoesas 187. 0 248. 0
Yoo 2280 ||
1/5. - 319-324 | |-
24 [ — 92. 8 139.1 246.0 |.__._...
bY: S 1251 oo
22 . 1760 oo
2/ 244.0 | |eeemeiilee s
k7| I 246.0 | |eaolecoeaaao
K7 P g ) S PR | B I
/2. ARt Ry Y O J R ———

less, figure 4.47 showing the nodal lines is
reproduced, partly as an estimate of accuracy
for further results on parallelogram and tri-
angular plates. . .

Gustafson, Stokey, and Zorowski (ref. 4.87)
experimentally determined the first five fre-
quencies of a square steel plate having dimen-
sions 10 inches by 10 inches by 0.0627 inch
and the following material properties:

Modulus of elasticity in z-direction: 29.3 X
108 psi

Modulus of elasticity in y-direction: 31.5X
10° psi

Weight density: 0.282 16/in.?

Poisson’s ratio (assumed): 0.29

Frequency parameters wa%/p/D are listed in
table 4.58. The arithmetic mean of the two
moduli given above was used as E in the
flexural rigidity D.

Grinsted (ref. 4.79) obtained considerable ex-
perimental data. Frequencies and nodal patterns

TaBLE 4.57.—Ezperimentally Determined Fre-
quency Parameters and Cyclic Frequencies for
a C-F-F-F Square Plate

woae | 1| 2 | o | s
Frequency, cps_. 71. 9 175 437 552
watyp/D- oo 3.34 823 | 20.56 | 25.97

TaBLE 4.58.—Ezperimentally Determined Fre-

quency Parameters for a Square Cantilever
Plate

o [ [ e

wa*Vp/Dow oo 3.35 | 853 | 20.90 | 26.72 | 30. 61

for a mild steel plate having a/b=1.86 are shown
in figure 4.48. ’

Walton (ref. 4.88) used the method developed
by Houbolt (ref. 4.89) to determine the first
five frequencies for the cantilevered dduare.
This method is a numerical development of
the Rayleigh-Ritz method in which deriva-
tives are replaced by finite differences and
area integrals are replaced by double summa-
tions. In table 4.59 are given the first five
cyclic frequencies for an aluminum-alloy plate
as determined: (1) Experimentally, (2) by the
method of reference 4.89, using 30 internal
grid points in the finite-difference mesh, and
(3) by using Warburton’s formula (eq. (4.16)).
No plate dimensions are given in reference 4.88.

TaBLE 4.59.— Theoretical and Ezperimental
Cyclic Frequencies for a Square Aluminum-
Alloy Cantilever Plate; v=0.28

Frequency, cps
Mode
Experimental | Method of Eq. (4.16)
ref. 4.89
) 23 21 21
2 48 50 56
b S, 118 121 132
4_ ... 162 163 171
Ble s 173 177 190
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For a comparison of frequencies of a rectan-
gular cantilever plate in air, water, or vacuum,
see the chapter entitled “Other Considerations’
(ch. 12).

The problem was also discussed in references
4.90 to 4.94.

4.3.13 SS-SS-F-F

The only specific result directly available for
the problem of the SS-SS-F-F plate (fig. 4.49)
is the approximate formula, equation (4.16).
For more information on this problem, see the
discussion of the doubly antisymmetric modes
of a completely free rectangular plate (sec.
4.3.15). Straight node lines of antisymmetry
duplicate SS boundary conditions.

4314 SSF-F-F

The only specific result directly available for
the problem of the SS-F-F-F plate (fig. 4.50)
is the approximate formula, equation (4.16).

4.3.15 F-F-F-F

The problem of the completely free plate (fig.
4.51) has a rich history. The first significant
work examining nodal patterns on rectangular
plates of any kind was produced by Chladni
in 1787 (ref. 4.95) for completely free bound-
aries and extended in references 4.96 to 4.98.
Other early experimental work on this problem
was performed by Strehlke (refs. 4.99 to
4.103), Konig (ref. 4.104), and Tanaka (ref.
4.105). Wheatstone (ref. 4.106) in 1833 made
an attempt to explain the Chladni patterns
in terms of the modes of F~F beams, and these
geometrical studies were extended by Rayleigh
(vef. 4.107).

Ritz (ref. 4.108) in 1909 used the problem
to demonstrate his famous method for ex-

tending the Rayleigh principle for obtaining -

upper bounds on vibration frequencies. This
innovation resulted in several following papers
(e.g., refs. 4.109 to 4.112) which used the
method to solve the problem in great detail.

Lemke (ref. 4.110) computed frequencies
and mode shapes for the six modes of a square.
Functions of the type

WE, =21 A4mXE)Y(7) (4.57)

were used, where X,(Z) and Y.(y) are the F-F
beam functions expressed in terms of a nor-
malized (i.e., z=2z/a, where a=1) zy coordi-
nate system having the origin at the plate
center (fig. 4.51); that is,

X.(F)= cosh k,, cos k,Z+cos k., cosh k% h
+cosh? k,+cos?k,,
(meven)
\
X, (E)=sinh km si‘n Ic,,.5:'+sir.1 knsinh k,Z
+sinh? k,,—sin?k,,
(modd) J
(4.58)

The function Y,(y) is obtained from equations
(4.58) by replacing z by y and m by n. The
values k,, are the roots of the equations

{(m even)
(m odd) } »(4.59)

tan k,-+tanh k,=0
tan k,,—tanh k,=0

and are listed in table 4.60.

Results were obtained in reference 4.110 by
using six or more terms of equation (4.57)
and four different values of Poisson’s ratio.
These data are given in table 4.61.

Ritz (ref. 4.108) himself computed many
more frequencies for the square. Table 4.62
lists frequency parameters, nodal patterns,
and the approximate mode shapes used, again
in terms of equations (4.57) and (4.58). All the
nodal patterns in table 4.62 are either doubly
symmetric or doubly antisymmetric about the
bisectors of the square =0, 3=0.

Frequencies and mode shapes are computed
for »=0.225, using the number of terms listed
for W(z,y). Small variations in » from the

TaABLE 4.60.—FEigenvalues of a F-F Beam

m Em I m km

i
[ 0 ) P 0
2 e 2.36502 || 3. __.___ 3. 92660
" - 5.49780 || 5o cooo-- 7. 06858
[ S 8.63938 || 7o 10. 21017
8 11.78096 || 9. _____.. 13. 35175
100 .. ___. 14. 92255 (| Mmoo _____ @2m—1)x/4
Mo @2m—1)=/4
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value of 0.225 can be taken into account by
the terms é», where given. It must.be re-
membered that these are upper bounds on the
exact frequencies and that the higher frequen-
cies and mode shapes may be quite inaccurate.
In reference 4.108 frequencies and mode shapes
are also listed for modes symmetric about one
axis and antisymmetric about the other. Some
interesting superpositions of these modes are
also presented. These are given in table 4.63.

Odman (ref. 4.13) used a variation of the
Galerkin method to obtain extensive results

for -this problem. Unfortunately, his results -

for the cases when nodal lines lie in only one
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F1GURE 4.47.—Experimentally determined nodal pat-
terns for the first four modes of a C-F-F-F square
plate; material, 6061-T6 aluminum X-inch thick.
(a) Experimental node lmes and data points.
(6) Mode 1; fi=71.9 cps. (c) Mode 2; f:=175 cps.
(d) Mode 3; f3=437 cps. (¢) Mode 4; f;=2552 cps.

direction are those of a F-F beam and do
not consider anticlastic bending effects. The
numerical error in these frequencies is not large,
however. Results for wn,, (m, n=0, 1, .
6) are given in table 4.64, where m and n
denote the number of nodal lines approxi-
mately parallel to the y- and z-directions,
respectively. The cases when m=0or n=0 are
then the beam modes just described. Values in
parentheses were obtained by interpolation.
Poisson’s ratio is 1/6.

Iguchi (ref. 4.113) used the series method to

solve the problem. He formulated the problem
for the general rectangle with solutions to
equation (1.4) in the form

Wz, y)= uZ:_:,] X, cos nw[(%)-}— ?7]
+i Y, cos mw[(%)-{-{l (4.60)

m=0

308-337 O—T70——7

in terms of figure 4.51, where =% /a, =9/b, and

-

cosh m\q.¢ cosh m\%,E

. m
sinh = )\Z,.

Xo=A4a +A4;
sinhT )\,,.
sinh #N\anf | A smh TN

coshx, )\:,,

+ A*#

cosh X 3 =Nan

\ (4.61)

cosh mh\gn cosh 3,7

Ym=Bm

+B3
sinh g Nom sinh g e

4B sinh mh\gn1 4B sinh 7\ }nn
cosh 1—2" Nn

T
cosh 3 Nom
with

Nany AN, =~/a2ni4p

(_wa’ p, _2) .
—2\ND' 75/ |

, (4.62)
Asm, )\am Vﬁzmzi# -
bz
] P' =‘-"_ \/D’ ﬂ_—
The boundary conditions are
*W W -
S T =0 (on x=ig) (4.63(a))
W W — b
SiraE—0  (on7=x;) 630b)
W
(on?:ig) @)
= b
(0ny=;§;§) (4.63(d))
abj?i——O (at the corners) (4.63(e))
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FIGURE 4.48. —Experimental frequencles and nodal patterns for a rectangular cantllever
plate; a/b=1.86. (After ref. 4.79)
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F1GURE 4.49.—SS-SS-F-F plate. FicURE 4.50.—SS-F-F-F plate.
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The last of these is identically satisfied by
equation (4.60). Applying equations (4.63(c))
and (4.63(d)) gives

Xn=anuan(£)+a:van(£) 3
Ym= bmuﬂm( "7) g b:lvﬁm( ")

e (£)= L (N —voin?) 25 Thank
xan . T
sinh 5 )a,,
cosh w\X. &

—:7 (N2 —yoln?)

5 E *
sinh 5 p N

e £) = (N —ven?) S ek St s

cosh = k.m

inh 7Az,
—F()\:',‘f,——vfn"’)sm whané

cosh g XE

cosh mhgmn

uam(n)—— ~ (N —vB'm’)

c T
sinh 5 Nom
cosh 7\ 57

(k —vB*m?)
sinhg)\’sm r

TR,

sinh mAgnn

vﬁm(n)=k—§; (A=)

cosh g Nem

sinh 7\ 5.7

1
— - (N m?)
m

coshg Nim

f‘
cosh ry/ut _ cosh wyut 1
sinh 125\/; sin gﬁ J

\

r 3
coshmyu*n _ cosm/u*n
sinhEJ;F sin EJ,F )

uao(f)':\/l_l

uaO( 7’) — VP

sinh 7/p*s 1) sin r\/_;
Lcosh J— cos —-r

2g0(n) =vp*

o

(4.64)

where a,, a., bs, and b, are undetermined
constants.

Applying equations (4.63(a)) and (4.63(b))
results in an infinite characteristic determinant

y

a/2

o
x|

b/2

FiGURE 4.51.—F-F-F-F plate.

for the frequencies. When the determinant is
truncated to a finite order of terms, the eigen-
values are found to converge rapidly with in-
creasing order of determinant. Frequencies,
nodal patterns, and numerical constants for
mode shapes are given in table 4.65 (from ref.
4.113) for the case of the square having »=0.3.
For modes having symmetry about both co-
ordinate axes and both diagonals, the mode
shapes are

W, J)=adua(e) +re(n)] - oo
+"=§. (—1)*2 a,[u,(£) cos nay
o +%a(n) cos nrt] (4.65)

For mode shapes symmetric about the co-
ordinate axes and antisymmetric about the
diagonals:
W@, y)=ada(£) —uoe(n)]

+ 2= = 1)™"2 ata[Ua(£) cOS marn

n=24,
—t(q) cos nat] (4.66)
For mode shapes antisymmetric about the
coordinate axes and symmetric about the
diagonals:

WET)=

3 a1 [n(@sin nan
o +0a(n) sin nr]

For mode shapes antisymmetric about the
coordinate axes and the diagonals:

n—l

WE D= 5 al—1) " [oi(f)sinne
—va(n) sin nxf]  (4.68)
where u,; and v, are given in equation (4.6‘%)

and a., An )\:, and so forth are given 1In
table 4.65.

(4.67)
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TaBLE 4.61.—6 Frequency Parameters and Mode Shapes for a Completely Free Square Plate

- v - e

—-—-!—-——

(a) Firstmode: WE, ) =4uXi Y1+ Ap(X Y3+ X3Y) + 45X Ys

! A (X Vst X5 YD) 4 A (X Vs+ X5 V) + AsXs Vst - - -
;
1
I 0.225 0.343 0.360 0.390
No.terms.____ oo 6 6 15 6 15 15
wVp/Doo. 14.14 13.10 13.086 12.94 12.927 12.64
Amplitude coefficients:
A el 1. 0000 1. 0000 . 0000 1. 0000 1. 0000 . 6000
Afse 0378 0328 . 0325 0320 . 0318 . 0306
Agie e —. 00435 | —. 00541 . 0050 —. 00555 | —. 00514 . 00537
Agg e —. 0034 —. 00265 . 00257 —. 00255 | —. 00246 . 002285
Ao oo 00118 00139 . 00121 00141 | . 001235 . 001276
A o e —. 00045 | —. 000474 . 000365 —. 00048 | —. 000366 . 000370
O RN [ L000418 oo oo . 000382 . 000328
Agre e e .000431 |- oo —. 000440 . 000456
Agre e .000148 | ____.___ . 000149 . 009450
Amre e . 0000703 |____._______ —. 0000701 . 000070
S AN A . 0000767 |- oo —--00080638 . 0000413
Agge oo e .000196 |- —_ooo_____. . 000201 . 0002086
PSS S NON . 0000720 |___________._ —. 0000727 . 0000733
U SO H . 0000382 |_ o _____.. . 0000382 . 00003805
O F R R .000023 oo —. 0000230 . 0000228
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TABLE 4.61.—6 Frequency Parameters and Mode Shapes for a Completely Free Square Plate—Con.

N\, 7/ {
\\ //
’
N7 (b) Second mode: W (Z, §)=An(Xo¥:—X:¥0) +Au(Xo¥i— X¥o)
7 b N +A42(XoY i — X, Y1) + Aos(XoYs— XoVo) + Asn(XoVs— XeV2) + . . .
V4 S
/’ N

Vs e e 0.225 0.343 0.360 0.390

No.terms.___ . ____________ 3 4 11 4 11 11

wa’\/p/_D- T S 20. 49 19. 306 19. 231 19. 129 19. 045 18. 707

Amplitude coefficients:
. 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000
Ao .. —. 131 —. 0204 —. 02042 —. 02142 | —. 02146 —. 023312
Al ses st s it S —. 0043 —. 00643 | —. 006105 —. 00675 | —. 00642 —. 006976
Ao - oo e 00522 . 00518 00549 . 00545 . 005927
Agde o oo e L00207  fo L ___ . 00217 . 00235
Agge oo e e .000098 ... ..__. . 0001006 . 000105
B | S R —. 002042 |___________. —. 00215 --. 002337
A 5 S 542550 i i m i it | it i -—. 000929 |.______._... —. 000975 —. 001054
Agge e —. 0000613 |________.___. —. 0000631 | —. 0000658
Agse oo . 0000080 |.___._______ . 0000083 . 0000087
A010 o o e o e .001008 | ... .. . 00106 . 001154

e ——
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TABLE 4.61.—6 Frequency Parameters and Mode Shapes for a Completely Free Square Plate—Con.

P e
’ \
\
( i (¢) Third mode: W (%, ) =Aw(XoY:+ X2Vo) +42X,Y:
o ,I, +Au(X oY+ XY o) + A2 (XY i+ X Y2) +AuX Y+ . . .

e e e 0.225 0.343 0.360 0.390
No. terms._._____.....___.. 5 6 15 6 15 15
woVp/Doo oo 23.97 24.64 24.58 24.73 24.66 24.80
Amplitude coefficients:

Ao 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000

Aspe e —. 0236 —. 0447 | —.0449 —.0484 | —.0488 —. 0563

Aohe e 00132 02011 . 0202 02115 . 0213 . 02324

Ao 0022 00384 . 00363 . 00409 . 00385 . 00426

Abhe oo 00166 00282 . 00252 00302 . 00271 . 00306

O A —.00503 | —. 00505 —.00529 | —.00531 | —. 00580

Asge oo e —.00194 |._______.... —.00206 | —.00229

A8 oo .00199 | ... . 00209 . 00228

P AU RO —. 000822 |- __.... —. 000884 | —. 000994

PR A E . 000987 | ... . 00105 . 001166

S TR R —. 000976 |___________. =:-00103 | ~—.001121

O A E .000293 |________.__. . 000316 . 000353

PN A R . 000355 |_________._.. . 000382 . 0004303

S A R —. 000138 |_____.___._. —.000146 | —. 000163

S N RO . 000069 |________.___ . 000073 . 000081





