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TaBLE 4.71.—Frequencies and Mode Shapes for a Completely Free Rectangular Plate; a/b=1.499;

v=1

waz'\/;rD ) W&, )
498.7. . ___ X1Y1+0.072X,Y;+0.024X,Y;
5257 _..._| Xa¥,—0.098X,Y,—0.011X,Y,
1208_ ... 0.085X,Y o+ XoY3—0.014X,Y,+0.039X,Y,
1212_____. X,Y1—0.026 X,Y;5
1434__ ... X3Y,—0.42X,Y,
1623.__.___ 0.55X:Y ¢+ XY+ 0.1X;Y,+0.025 XY, —0.020 XY,
2160..___. —0.074X,Y1+ X,Y,—0.10X,Y;
2611______ 0.012X,Y,+0.014X,Y;+ X,Y,—0.20X,Y,
2904 _____ —0.039X,Y,+0.20X,Y,+ X,Y,—0.03X,Y,— 0.019X,Y,+0.014X,Y,+ 0.0039X,Y,
3332.._.._. 0.026X.Y 1+ X,Y3—0.025X,Y;

TABLE 4.72.—Frequency Parameters wa®/p/D for a F-F-F-F Rectangular Plate; v=1§

[Values in parentheses are interpolated]

waty/p[D for values of n of—
& m
b
0 1 2 3 4 5 6
14 (1 DU A 5. 593 15. 418 - 30. 223 49. 965 74. 639
TR R ——— 7.374 (17. 61) 27. 032 (42. 25) 61. 628 (85. 56)
2 22. 373 (26. 52) 37. 585 (51.70) 70. 007 (91.78) (117. 29)
3 61. 673 (65. 17) (75. 05) 91. 963 (111. 58) 135. 794 (162. 56)
4 120. 903 (123. 34) (132. 94) (149. 57) 170. 974 (196. 56) (223. 50)
5 199. 860 (200. 70) (210. 02) (226. 41) 248. 876 274. 639 (303. 18)
6 298. 556 (298. 94) (307. 30) (324.72) (345. 96) (372. 88) 402. 968
24 (1 1 ISP RSSO 9. 944 27. 410 53.735 88. 826 132. 691
) P, 9. 905 22. 245 40. 339 66. 309 |. 100. 928 (144. 5)
2 22. 373 (30. 36) 46. 654 (68. 39) 97. 822 (133. 40) 177. 606
3 61. 673 (69. 56) 86. 028 111. 510 143. 532 182. 204 (226. 20)
4 120. 903 (127.7) (145. 2) (160. 5) 204. 804 (245. 9) 294, 258
5 199. 860 (205. 1) 222. 088 (250. 0) 283. 715 326. 580 (374. 8)
6 298. 556 (302.1) (320. 4) (347. 8) (382. 6) (425. 6) 476. 853

TABLE 4.73.—Variation in Edge Deflection of a  TaBLE 4.74—Variation in Edge Deflection of a
Mode Component Due to Change in the Other Mode Component Due to Change in afb; v=14

Component; v=214
a/b 1 24 ¥
n 1 2 3 4 5 ) [
Edge deflection__ . _._... 1. 81 1.72 1. 67

Edge defleetion___{1. 95 1. 81 |1. 71 |1. 66 {1. 62 |1. 60
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TABLE 4.61.—6 Frequency Parameters and Mode Shapes for a Completely Free Square Plate—Con.
i
\\\ ! y //
N ;L’I (¢) Fifth mode: W(Z, §)=Au(X1¥s— Xs¥) + Au(X:1Ys— X;Y1)
,’{\— 1 4 Ass(Xs V5~ XsYa) +An(X Vi — XY+ . . .
,/’ ! \\
’ : \,
Y e e emm——— e —— 0.225 0.343 0.360 0.390
No.terms._ . coeeomeaoo 3 3 10 3 10 10
(Lt § R 71.830 68.50 68.346 67.993 67.804 66.820
Amplitude coefficients:
At oo 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000
Ay e 00024 —. 01394 —. 01423 —. 0160 —. 01634 —. 02008
D T R 00216 —. 005895 —. 00511 —. 00707 | —. 00623 —. 008235
. 0% SN G S [P I © 00643 |ooooooeooooo . 00709 . 00826
. 10 S (SR M 111751 A ——— . 00470 . 005495
P S RN, FPS P 1[0[112) S . 000315 . 000322
Agge e e[ —.00838 |-ceceoooeo- —. 00367 —. 00419
. 7 PR I NS — —. 002713 |- —. 002934 —. 00333
A e e s A N s S| S e —: 000232 locseccncnons —. 000236 —. 000241
. A NS RA— 000415 |-ooooooooo- . 0000421 100043
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TaBLE 4.61.—6 Frequency Parameters and Mode Shapes for a Completely Free Square Plate—Con.
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(f) Sixth mode: W, §) =4AnX Y1+ 4i(X1 ¥+ X:71)

+ ApXa Vst Ais(X1 Y5+ X Y1) + Au(Xa Vs + XY +

~ Pia

vy f

B e 0.225 0.343 0.360 0.390

No. terms ... o - 6 6 15 6 15 15

W VoD 77.881 77.730 77.380 77.683 77.309 77.162

Amplitude coefficients
Ay —0. 0746 —0. 06456 | —0. 0641 —0. 0631 —0. 0627 —0. 06035
Al e 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000
D TR . 171 . 1295 . 1252 1227 . 1184 . 10562
A5 s . 0431 . 05066 . 0489 0518 . 0500 . 05194
P S —. 0084 —. 00480 | —. 00347 —. 00419 | —. 00285 —. 00172
Ags e 00546 . 00814 . 00645 00856 . 00684 . 00755
. SIS U SIS —. 01286 |- —. 01321 —. 01384
Ay el —. 001936 |- oo —. 00229 —. 00295
Aoy S A S e —. 00290 licsscssoese —. 003052 —. 00334
AR | S G i i .00139 oo . 00146 . 001575
Ao | i i B S .00515 |- . 00531 . 00560
. OSSR, SUUUOIIIR I AN .00184 |o._ooo___ . 002046 . 00242
Y. V7 mmmm o mmm | o mmmmmmmm | me oo SO00150  Jussomsammms . 00158 . 001724
A e s | E e S [ S5 e s i —. 000766 |. - —. 000798 —. 000858
Ao e i | A S [ S s .000448 | ___________ . 000466 . 000497

-
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TaBLE 4.62.—Doubly Symmetric and Doubly Antisymmetric Frequencies and Mode Shapes for a
Completely Free Square Plate; v=0.225

Nodal pattern w?atp/16D Wz, y)

Doubly antisymmetric modes

U S— 12.43—18.0 5 | X;¥;+0.0394(X,Ys+ X,¥1) — 0.0040X,;¥;—0. 0034(X, Y5+ XsY1)
+0.0011(X, Y+ X;5¥3) —0.0019X,Y 2
KT A
LN 1 4
% I 47 .
R A 316.1—270 & | (X1¥3—X3¥3)+0. 0002(X,Y;— X;¥1) +0.0033(XsYs— X¥3)
Il, \\
’ N
.
7 N
f’l é \\!
RS - 378—57 v | —0.075X,Y1+(Xi¥3+ Xa¥1) +0.173X,¥3+0.045(X; Y+ Xs¥y)
! —0.015(X,Y s+ X5¥3) —0.029 XY
\\ t ,l
LN 2
) T .;
[ "
R - 1554 0.009X,Y;—0.075(X1Y3+ XaYy) + X3 ¥3— 0.057(X, Vs + Xs¥7)
P +0.121(X Y5+ X;¥3) —0.007X,Ys
B R - -
- 1 (]

2713 X, Y5— XYy
2945 XY+ XY
5570 XY XY,
L 6303 XYt XYy
N\ 1 /A
U NL” )
oL T
1 ]
]
] _:_T 13674 X:Ys
H— -4
[ | ] )
r—t=i~r1 -
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TABLE 4.62.—Doubly Symmetric and Doubly  Antisymmetric Frequencies and Mode Shapes for a
{ Completely Free Square Plate; v=0.225—Continued

Nodal pattern wlatp/16D Wz, 9)

Doubly symmetric modes

N /
N ’
N
“/ 26. 40 (XoY:— X3Y o) —0.0129(X Y1 — X(Y)) — 0.0045(X,Y,— X,Y>5)
7N\
/ \
7/ \
’,/ \\ -
{ Y 35.73+20.8 oy | (Xo¥a— Xs¥1)—0.0238X,Y5+0.0130(Xo¥+ X,¥) +0.0026
\\ / (X1Y4+X4Y2) +0.0016X,Y,
\_,/
\ H
N ,,_ '
‘l l 266. 0—274 ov 0.0122(X,Y,+ X,Y,) + X, Y;—0.0188(X Y+ X,Y,) +0.0880
] \ (X2Y4+ X4Yz) — 0.0044X4Y4
b o o S
14 \
1 [}
\’ \\/ / ,
Vd AN ‘ )
NG 886 Xo¥i—X.Y, . 3
\// N/
7/ \\J/\\
- ‘,’-—
v > s
N 941 XY+ XY,
PR AN
Ne
AN
N -

1702 XY+ XY,
’( )‘ 2020 XY+ XJYs
NV //
» \\ // l‘
L — i_..;..-,;-
H—F~—1
i 5480 XY
b 11 e
R
b — e aj s
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TaBLE 4.62.—Doubly Symmetric and Doubly Antisymmetric Frequencies and Mode Shapes for a
Completely Free Square Plate; v=0.226—Continued

Nodal pattern w?atp/16D Wz, 7)

Doubly symmetric modes—Continued

rd
NN 5500 Xo¥s— Xo¥o

\
Yt 5640 XoYs+ Xo¥o

Y 7310 XY~ XY

7840 X, Y+ XoYs

N""7"/
N\ 7
VSN LT 13 840 X Yo— XoYi

’
(el ) 15120 X Yot XY,

28 740 XY,
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TABLE 4.63. —Symmetrw—Antzswnmemc Frequencies and Mode Shapes for a Completely Free Square

Plate; v =0.225
. W, y) . -
wlatp ’ W, p—-Wy,2)
16D nodal pattern
Mode shape Nodal pattern
H Y Y
B Pty /, //,
80.8—73 6vo oo __. X,Y,—0.0682X,Y,+0.0760X, Y, { i /
+0.0260.X,Y,+0.0073X5¥,— 0.0027 X, ¥, } VA
—0.0112X5Y,+0.0030X;Y, I S el
] /
1 4 T T
b TN
2371 . 0.0678X,Y;+ X:¥o—0.0150X,Y, T AN
+0.0355X,Y,+0.0000 XY o+ 0.0100.X5Y, R T NS )
—0.0007 X;Y,-+0.0016 XY, R RANIR
L1 i -
) \(\\..{-—} - ..Jl’_”;/
T46 . —0.0700X,Y,+0.0214X;Y o+ X3V VL ] iy
—0.1260X,Y,—0.0038 XY, +0.1234 X,Y, o ; 7~
—0.0095 X5¥3—0.0100 X,¥, L/ _ L.\ Xy gan g
7 i \ / e 7’
1) a ]
i 1
-.—_.-g...._ ’/ \‘ \ /’
| | K>
s sonia SR ¢ \_,/// ~4
2 ) PO XiY, ____%..____ Y
1 >\ { /‘
- suiuinl Autete AR
R N
= } : ! i /«>/ \\\ /'
2497 .. XY, RRER DANIaN
' 1 | ' ' I \\ (I \<1,
1 | = : : AN
|} | 7 )
Mo ep s o Ll d Pd
H ] 1
3240 ... XY, AR B r~ 0
PR N | Y ) rm
t [] ] ,/ \’ )
CR | ey
HIRE LT T/
e 2N
3927 ____..l.... XsYs i I %S
R B DA
HIH AN W,
——— L e o] —~ T TS
s s I TRV RN
6036 ... X,Y, ._.._t___.. R N
TR iy S
oy — AN T A
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TABLE 4.63.—Symmetric-Antisymmetric Frequencies and Mode Shapes for a Completely Free Square
Plate; v = 0.225—Contineud

W(z, 9
0204[) W(E: y)’—W(E E)
16D nodal pattern
Mode shape Nodal pattern

LA 1 LANNPUNRR ¥ ”\_’i —,
P T T e

[ /1_,’,~-l// /

T Y e,
9030 _________._ XsYl +—1— -:— -I--} ,"/’,—‘;4""
_! _: 1 J } ’// ,,J,_’
R D O

F X == LT N N
_I __l.._f_ I,f\\\ /’,‘

I - P
10380..__________. XY RN N \\3
Py ’

o t"“"f""‘rJ N2

g i

L S R s 7 77 A

Lo e B ’}' e ’//:
1) ) I —— XsYe H— o = b — ] y 4=00 )7
' 1-1—}—‘}-" r 2 31
- 1= b

~t—t—te 220l Ay

TaBLE 4.64.—Frequency Parameters wa?y/p/D for F~F-F-F Square Plate; v=1/6

[Table is symmetric; values in parentheses are interpolated]

wa3+/p/D for values of n of—

m
0 1 2 3 4 5 6

SRS D) RS S ———— 22. 373 61. 673 120. 903 199. 860 298. 556

len smemmmee somena 14. 920 37. 284 75. 948 134. 107 214. 138 (292. 4)
(309. 06)

S 67. 591 110. 599 169. 998 248. 064 345. 669

R 159. 324 222. 700 302. 831 (399.2)
(396. 8)

[ S 290. 427 373. 952 474. 596

5 U 460. 964 (562. 6)
(565. 5)

¢ 670. 958

" For modes symmetric with respect to Z=0
(fig. 4.51) and antisymmetric about ¥=0 (asym-
metric with respect to the diagonals):

n—-1

3 tn(®)(—1) 7 sinnmn+lon)

10y ¢

WETD=_

== m-Z} Brom(n)(—1)"*cos mmt  (4.69)

&y v

The first four of these frequencies and the
amplitude parameters are listed in table 4.66
(ref. 4.113).

The four nodal patterns corresponding to
table 4.66 are shown in figure 4.52; also shown.”
are interesting patterns which arise by taking
the linear combinations:

Wz, ?))-KW(T/, z)

-
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wa?,/p7D=35.1564 wa2./p/D=105.4632
- wa?/p7D=61.093! wa?./p7D=131.4695
Y 14 L § 1 ¥ | 1
7] ] 73 [T
~ 1 i ‘ / ! b}
: | I I
"x ——*———-—l——- e e e m— cme - amo s o ————r—- ‘- 1 1 --lq
= N N
H \ I R i P 131
- (I-1) (II-1) (Im-1) (DL-1)
-
11 ’I \ /1 1 7 | H
= ! ,”—-‘“"""15 SN S /" = 'l : = 1
) [ N | N CVI I Y
- —— - S ~——" T ? /’ -’ Q ‘- o/ .
I, y - .l. L 9 - = / l'l \ ,’ ,/ \ l'
! [ X ! A S A H&
! 1 C —- C 2T N Py ,
(I-2) (II-2) (Im-2) (I™L-2)
4 ] 4 A X 7 \ A
e A 7 57
-/ s1g 10 ] A S NEPRFARN [
B - N -~e s .- ,1° = o
P | N N s . 1 1
/ g 1 | i TR0 P~ ’ / " 9 S’ - I
/ /e X / e N ¢ 5 Nk
/ ] X —~ |~ / U et L | el
S V4 - o -——
/ ! d e { 1’ i/
" (1-3) (I-3) (II-3) (IZ-3)
&
/i // 7 A v’I o i /7 /’ \ N /"
— 7 v / \<’ / s ; X
Tl T g ! 27N\ - ~
" / \ VR ! ’ / 27
X ,/ o \v/ ; =4 // " \\\ ,/ r—
e & PN / /et A /
/ ’ = ’ { V2 N
ke 1 k V4 i [\ k A N2
> (1-4) (I-4) (I-4) (- 4)

F1Gure 4.52.—Superposition of mode shapes for a completely free square plate; »=0.3. (After ref. 4.113)




[image: image10.jpg]104 , VIBRATION OF PLATES

TABLE 4.65.—Frequency Parameters and Mode Shapes for a Completely Free Square Plate; v=0.3

Nodal pattern wa?y p/D n an An "
Modes symmetric about’coordinate axes, symmetric about diagonals
P 0 8 51935 | oo
2N 2 »1. 00000 2. 54147 1. 24132
{ ) 24. 2702 4 . 04225 4. 29641 3. 67990
N 6 . 01173 6. 20154 5. 79145
N7 8 . 00494 8. 15225 7. 84480
— ()} SO ST 7.7 N U
S 2 1. 0000 3. 23309 »1. 56615%
‘; v 63. 6870 { 4 . 03422 4.73844 3. 08985
P - 6 . 01065 6. 51558 5. 43573
vl 8 . 00473 8. 39362 7. 58598
——— 0 —8. 81714 | oo mae
XN 2 1. 00000 | 4. 05046 2. 899351
NN 122. 4449 4 —1. 19356 5. 32975 1. 89572
- /"; 6 —. 08213 6. 95746 4. 85734
NS 8 —. 02402 8. 74107 7. 18288
S 0 Y - I, S——
N 2 1. 00000 4. 59037 3. 615451
R 168. 4888 4 . 44885 5. 75078 1. 035134
N, 6 . 03590 7. 28502 4. 35069
s L 8 . 01347 9. 00397 6. 8544
0 —8.90424 | ____ =t
7 "\ZC 5 2 1. 00000 5. 86426 5. 137074
</ ‘:X 299. 9325 4 —. 59521 6. 81099 3. 793351
Y 6 —1. 39192 8. 14998 2. 36864
N <2 8 —. 13703 9. 71543 5. 79745
L Y

s i=+/1.

Detailed mode shapes showing contour lines
for 16 of the modes described in the foregoing
paragraphs are shown in figure 4.53 (ref. 4.113).

Grauers (ref. 4.114) in an early work also
attempted to solve the problem using solutions
to the differential equation but obtained in-
accurate results.

Upper and lower bounds for the fundamental
frequency were obtained in references 4.115
and 4.116 and were improved to extreme
accuracy in reference 4.117. For »=0.225,
these bounds are

14.1028< wa?y/p/D< 14.1165

Bazley, Fox, and Stadter (ref. 4.118) used
a method developed in reference 4.59 to com-
pute lower bounds for the first 10 frequencies
of the following symmetry class of a square:

Taking & coordinate system as in figure 4.51,
the modes are antisymmetric with respect to
both % and § and are unaltered by interchange
of 7 and § (symmetric about the diagonals).
Five nodal patterns of this type are shown
in the third part of table 4.65. They also
obtained extremely accurate upper bounds by
the Rayleigh-Ritz method, using the first 50
admissible products of free-free beam functions.
Double precision arithmetic was used in the
computations where necessary. Results are
listed in table 4.67 for »=0.225 and »=0.3.
Herein results from the Rayleigh-Ritz pro-
cedure are given; both 25 and 50 admissi- .
ble functions are used to show the rate of
convergence.

Sigillito (ref. 4.76) showed that more precise
upper bounds can be obtained with the Ray-

]
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TaBLE 4.65.— Frequency Parameters and Mode Shapes for a Completely Free Square Plate; v=0.3—Con.

Nodal pattern watyp/D

Modes symmetric about coordinate axes, antisymmetric about diagonals

19. 5961

V4
< 65. 3680

117. 1093

161. 5049

293. 7190

n an An AL

0 —19.46060 | . __ . |eeeeeeeoo
I 2 1. 00000 2. 44653 1. 41933

4 . 00264 4. 24093 3.74359

6 —. 00487 6. 16324 5. 83219

8 —. 00290 8.12315 7.87493

0 3.93698 ..o |ecmcmeeaoean

2 1. 00000 3. 25932 81. 619262
< 4 —. 09935 4.75638 3. 06216

6 —. 01507 6. 52864 5. 42004

8 —. 00451 8.40376 7.57475

0 3. 84828 | - o pmm s | s s s

2 1. 00000 3. 98317 2. 804587

4 —. 48091 5.27879 2. 03331

6 —. 02845 6. 91850 4. 91267

8 —. 00453 8.71009 7.22041

0 —. 02833 | feemeeeme e
J 2 1. 00000 4. 51264 3. 516231

4 —. 24428 5. 68893 . 603221

6 —. 01363 7.23629 - 4. 43127

8 —. 00297 8. 96459 6.90189

0 579854 levevunnnmmnns [ossmmsms s o

2 1. 00000 5.81033 5.075437
{ 4 . 66331 6.76461 3.70044:

6 —. 61699 8.10925 2. 49801

8 —. 05732 9. 68297 5.85150

* i=v-1.

leigh-Ritz procedure by using Legendre func-
tions rather than beam functions. Results
from this approach are also listed in table 4.67.

Waller (ref. 4.119) obtained experimental
frequencies and mode shapes for square brass
plates (v=%). Consider the mode shapes as
being approximated by free membrane mode
shapes; for example,

W(z, J)=cos — i cosm + cosn:x cos —"—%r-y
(4.70)

in terms of figure 4.51. Theratio of fre-

quencies relative to the fundamental are given

in table 4.68 for various m/n ratios. The plus

or minus signs after m/n in the table correspond
308-337 0—T70——8

to plus or minus signs in equation (4.70).
Values given above the main diagonal of the
array are for the minus sign, and values below
the diagonal are for the plus sign. Numbers on
the diagonal of the table are then for m=n.
In reference 4.79 are plotted the experimental
frequency ratios of reference 4.119. This plot
is reproduced as figure 4.54. Experimentally
observed mode shapes corresponding to many
of these frequencies are shown in figure 4.55
(ref. 4.119). Other experimental results for
the square are given in references 4.110,
4.113, 4.120, and 4.121.

Waller (ref. 4.122) observed the transition
points in sudden nodal pattern change in the
fundamental mode as a/b varies for the com-
pletely free plate. This had been observed
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TaBLE 4.65.— Frequency Parameters and Mode Shapes for a Completely Free Square Plate; v=0.8—
Concluded
Nodal pattern watp/D n an An A
Modes antisymmetric about coordinate axes, symmetric about diagonals
) 1 1. 00000 1. 53788 » 0. 060422¢
i 3 . 00766 3. 21949 2. 76314
—————— . 472
1 13. 4728 5 . 00100 5. 13469 4. 86158
! 7 . 00041 7. 09684 6. 90181
4 T N\
L/ AN 1 1. 00000 2. 97685 2. 619474
B 3 . 23339 4. 10632 1. 06694
| 77. 5897 5 . 00888 5. 73251 4. 13985
N b 7 . 00178 7. 54066 6. 41392
~‘~-ir-",1 1 1. 00000 4. 10247 3. 851014
i 1] 156, 2387 3 —4. 56065 4. 98299 2. 61348;
FoT " 5 —. 05491 6. 38986 3. 02815
J{,_.:_\“- 7 —. 01457 8. 05176 5. 75931
1 1. 00000 4. 76468 4. 54996i
3 —. 07613 5. 54095 3. 56400:
214. 1914
14.191 5 . 17938 6. 83389 | 1. 81600
7 . 01181 8. 40846 5. 22474
1 1. 00000 5. 61744 5. 43655
3 —6. 10581 6. 28933 4. 64281:
1. 572
S0L bE24 5 —2.80175 7. 45357 2. 357054
7 —. 12231 8. 91940 4. 29469
Modes antisymmetric about coordinate axes and diagonals
N V7 1 1. 00000 2. 83585 * 2. 45805¢
| —
i o 3 . 12827 4. 00525 1. 39928
SN 5 —~. 00557 5. 66057 4. 23769
_n 7 —. 00101 7. 48612 6. 47750
i
Nt 1 1. 00000 4. 31266 4. 07419¢
V&2 3 2. 68336 5. 15742 2. 932413
S B S 3 3 A 1
TN 176064 1y ¢ —. 13566 6. 52679 2. 72047
oS\ 7 —. 02103 8. 16082 5. 60366
D% 1 1. 00000 4. 66215 4. 44248;
PN . 3 . 15411 5. 45304 3. 425734
Wi : 5 —. 13841 6. 76282 2. 06503
X 7 —. 01080 8. 35079 5. 31642
L. 4
a7 1 1. 00000 5. 55717 5. 374214
NN oos opa7 | 3| 1275527 6. 23555 4. 56970
HEA 5| —346. 402 7. 40825 2. 209554
r/’ A0 7 —-20. 133 8. 88156 4. 37240
Pl N
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TABLE 4.66.—Frequencies and Amplitude Parameters for a Completely Free | Square Plate; v=0.3;
Modes Symmetric to T=0; antisymmetric to T=0; i=+—
wazm n an An e m Bm Am X:
b2 - 1 1) 1 (S —— 1 —1. 00000 2.12746 | 1. 589377 0 —0.18568 | ceciccccn]ammee e
3 . 01182 3.53922 | 2.33964 2 . 29218 2.74337 | 0.68841
5 . 00430 5.34098 | 4. 63399 4 . 01218 4.41884 | 3.53184
7 . 00183 7.24749 | 6.74343 6 . 00321 6. 28698 | 5.69859
8 . 00133 8.21743 | 7.77650
61.0932_ _ e 1 1. 00000 2. 68145 | 2.27819 0 —7.62932 | el
3 —. 86028 3.89746 | 1.67626 2 — . 56588 3.19221 | 1.47992:¢
5 —. 04348 5. 58482 | 4.33703 4 —. 01392 4.71065 | 3.13207
7 —. 00974 7.42901 | 6. 54292 6 —. 01076 6.49540 | 5.45984
8 —. 00595 8. 37796 | 7.60328
105.4634. - _ oo -- 1 1. 00000 3.41843 | 3.112182 0 14106 oo m
3 —1.43311 4.43685 | 1.29834: 2 —3.03882 3.83219 | 2. 585671
5 —. 07788 5.97375 | 3.78343 4 —. 01973 5.16582 | 2. 30528
7 —. 02391 7.72565 | 6. 18986 6 —. 02166 6. 83269 | 5.03133
8 —. 01136 8.64209 | 7.30167
1314697 -~ ssoescocnw 1 1. 00000 3.78427 | 3. 510087 0 —.07630 |-
3 . 09333 3.72448 | 2.07863¢ 2 —. 07815 4.16181 | 3.05298¢
5 . 00250 6.19037 | 3.41750 4 . 17972 5.41486 | 1.63687¢
7 . 00245 7.89434 | 5.97322 6 . 01323 7.02287 | 4.76227
8 . 00382 8.79322 | 7.11894

theoretically for other boundary conditions
(see secs. 4.3.1 and 4.3.12). In figures 4.56(a)
and 4.56(b) are shown the nodal patterns of
two brass plates having the same width, but
the length in figure 4.56(a) is slightly greater.
The a/b ratio is approximately 1.93. The cyclic
frequencies in figures 4.56(a) and 4.56(b) were
548.8 and 558 cps, respectively. It was found
that by gradually filing down the longer side
the nodal patterns in figures 4.56(c), 4.56(d),
and 4.56(¢) could be produced. It is esti-
mated that the transition between figures
4.56(b) and 4.56(f) occurs at a/b=3.9.

Pavlik (refs. 4.111 and 4.112) extended Ritz’
work to nonsquare rectangular plates. Fre-
quencies and mode shapes for three aspect
ratios are presented in tables 4.69 to 4.71 for
»=0.25. The functions X, and Y, are as
defined previously in equation (4.58).

In reference 4.13, extensive results are
obtained for a/b=% and % and »=%. These
are listed in table 4.72. Values in parentheses
are interpolated.

Mode shapes in the form W,, (&, y)=Xn(@)
Y.(%) corresponding to wn, were found in ref-
erence 4.13. The shape of the components

X.(@) and Y,(#) are shown in figure 4.57 for
a/b=1.0. The curves of figure 4.57 do change
slightly between the different modes and with
varying a/b ratio. Thirty-six precise sets of
curves for Wn.(Z, 7) are plotted in reference
4.13, but is is not felt that the variations are
sufficient to justify their detailed repetition here.
An estimate of this variation can be obtained by
Jooking at the edges where the variation is
usually the greatest. One of the mode compo-
nents having relatively large change in shape
due to change in the other component or
a/b is Xy(F). Deflection values to be used at
z/a=0.5 in figure 4.57 for varying values of
Y,(7) are given in table 4.73 for a/b=1.0.
Increasing » also increases the magnitude of
the negative curvature in the range
0.3<z/a<0.5.

Variation in edge deflection of X,(z) with
a/b ratio is shown in table 4.74 for Y.(¥).

Accurate upper and lower bounds for the
doubly antisymmetric modes of a rectangle
(see discussion earlier in this section) are re-
ported in reference 4.118. These results are
given in table 4.75 for »=0.3. Upper bounds
from reference-4.78 for doubly antisymmetric
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TABLE 4.67.—Bounds on Frequency Parameters
wal/p/D for Modes of a Completely Free
Square Plate Which Are Antisymmetric About
the Coordinate Azes and Symmetric About the
Diagonals

4 f
z/ )/ 7/;/ / wel?
90
=t
0_"‘,4/ / / / Mode Upper bounds
= A / ) Lower
- 80 bounds
3 // / / / 25 termss 50 terms | 50 terms
2 il / ) A (ref. 4.118)|(ref. 4.118)| (ref. 4.76)
2 70 g , /&
o
S / / / // »=0.225
AN AL
£ 60 m=9x ( r
s / [/ S 13.851 | 14119 | 14118 14. 111
2 50 / > 76.245 | 77.621 | T7.576 |  T7.154
2l / / Beeoees 15154 | 156.41 | 156.36 156. 26
s e 4o . 210.90 | 214.79 | 214.67 214. 29
§ 40 ) 2 [ P 293. 27 302. 49 302. 24 301. 94
k: 4% 6omenee- 421.26 | 430.94 | 430.76 | 430.03
i/ / 74 i S 438.47 | 456.82 | 456.37 456. 05
30 ' - S 504. 41 519. 43 519. 03 518. 40
m=6| '/1/ / V ! . 654. 62 683. 94 682. 76 682. 03
o / B ( I— 710. 70 727. 35 726. 97 725. 85
20 |esx 7 ,
! /
m=4 V=O.300
10 o= ,
o ey
ou/: jm=0 } B 13. 201 13.474 |  13.473 13. 464
O | 2 3 4 5 6 7 8 9 10 1l 12 13 2eeo--| 75.735 77. 430 77. 354 76. 904
Number of Nodal Lines,n S| 147,71 153. 13 153. 07 152. 80
: S 209. 46 214. 85 214. 62 213. 94
F1GURE 4.54.—Ezxperimentally determined frequency S 288.72 299. 31 299. 05 298. 51
ratios for a completely free square plate; »r=%. 6 - 416. 00 430. 68 430. 33 428. 96
(After ref. 4.79) i S 432. 13 451. 06 450. 71 450. 19
8- 498. 77 516. 68 516. 19 515. 01
¢ P 645. 60 677. 35 676. 35 675. 27
modes for b/a=4.0 are given in table 4.76  10------ 701.20 | 727.79 ) 727.08 o 02

for »=0.3.

Waller (ref. 4.123) measured experimental
frequencies and mode shapes for brass plates
having several aspect ratios. Relative frequen-
cies for three aspect ratios are given in table
4.77. The letter m indicates the number of
nodal lines approximately parallel to the y-
axis (or width), and, similarly, n indicates
those for the z axis.

Nodal patterns (ref. 4.123) are shown in figure
4.58 for a/b=4.0,2.0, 1.5, and 1.09. Other ex-
perimental results for free rectangular plates
are given in references 4.111 and 4.112. Other
approximate analytical results for the problem
are in references 4.109, 4.114, and 4.124 to
4.126.
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F1GuRE 4.55.—Experimentally determined mode shapes for a completely free square plate. (From

ref. 4.119)
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FiGure 4.56.—Nodal patterns in the vicinity of a
transition point for a completely free rectangular

plate. (After ref. 4.122)
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TaBLE 4.68.—Ezperimentally Determined Relative Frequencies for a Completely Free Square Brass

Plate; v=%
Relative frequency for values of m/n minus—
min
+

0 1 2 3 4 5 6 7 8 9 10 11 12 (13 | 14
O . 1.52 5.10 9.14 | 15.8 { 23.0 | 32.5 | 43 55.2 | 70 84 101 (119 (141
) S 1 2.71 5.30 | 10.3 15.8 1 23.9 | 32.2 | 43 55.8 | T1 86.1 {102 j121 |___
2. __ 1.94 2.71 4.81 8.52 | 12.4 19.0 1 26.4 | 34 46.6 | 59 73 89 105 (124 |__.
3. 5.10 6. 00 8.52 | 11.8 16. 6 22.6 | 30.0 | 39.5 | 50.5 | 63.4'| 77.5 | 92.4 [110 |128 o
4. ____ 9.9 10. 3 13.2 16.6 21.5 28.7 | 35.5 {45.4 | 55.9 | 69.7 | 82.9 | 99 116 |132 |__.
5..__. 15.8 16. 6 19.0 23.3 28.7 35 43 52.1 | 64.5 | 75.9 | 90 106 122 1136 |.__
6_____ 23.8 23.9 27.1 30.0 35.9 43 51 61.7 | 73 84 99 115 130 [-.__|-__
T 32.5 32.4 34.0 39.8 45.4 53 61.7 | 70.3 | 84 93 108 124 S R P
- 43.0 43.0 | 46.6 50.5 57.2 64.5 | 73 84 94. 4 {106 120 136 ST (S
9__._._ 55.2 55.8 59 63.4 69.7 76.2 | 84 93.2 (106 120 133 |.__.___ STy S T
10..__| 70.0 71.0 73 77.5 82.9 90 99 108 120 133 ... JER R N
11.._._| 84.0 86.1 89 92. 4 99 106 115 124 136 | _|____. R R
12____|101 102 105 110. 116 122 130 e RO NN
13__._[119 121 124 128 132 136 DL 7 S R I SN I S PR I
I e L N (RPN USRI AU NSRRI N ISR NN NN NSO A PSR IR S

Xo{X)v/a or
Y3{¥)v/b }
X{dX)v/a or } ﬁ;}ﬁ ov}
15k Ya§)/o
1.0}
0S5
o) 1 L 1 04, L X5
0l 02 03 0s P
-05
_|O -
SE Xs(X)/0 or
str X,(%)
Ys(¥)v/b } y:((;)ﬁ or }

Ficure 4.57.——Modé shape components X,(Z)va or
Y.()vb for a F-F-F-F rectangular plate of dimen-
sions a and b. (After ref. 4.13)
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TaBLE 4.71.—Frequencies and Mode Shapes for a Completely Free Rectangular Plate; a/b=1.499;

y=1
“’az'\/;/_D. X W(Ey E)
498.7. . ___ X1Y1+0.072X,Y+0.024X,Y;
525.7 —..__| X2¥,—0.098X,Y;—0.011X,Y,
1208_ ... .. 0.085X,;Y o+ Xo¥3—0.014X,Y,+0.039XY,
1212 .. ... X,¥1—0.026 X,Y;
1434 __ .. __ X:Y,—0.42X,Y,
1623..____ 0.55X:Y ¢+ X1Y,+0.1X;Y,+0.025 XY, —0.020 XY,
2160..___. —0.074X,Y1+ X,Y,—0.10X,Y;
2611______ 0.012X,Y,+0.014X,Y;+ X,Y,—0.20X,Y,
2904 _____ —0.039X,Y,+0.20X,Y,+ X,Y,—0.03X,Y,— 0.019X,Y,+0.014X,Y,+ 0.0039X,Y,
3332.__._. 0.026X.Y 1+ X,Y3—0.025X,Y;

TABLE 4.72.—Frequency Parameters wa®/p/D for a F-F-F-F Rectangular Plate; v=1§

[Values in parentheses are interpolated]

. waty/p[D for values of n of—
m
b
0 1 2 3 4 5 6
14 0 oo i) i s i 5. 593 15. 418 - 30. 223 49. 965 74. 639
) I P, 7.374 (17. 61) 27. 032 (42. 25) 61. 628 (85. 56)
2 22. 373 (26. 52) 37. 585 (51.70) 70. 007 (91.78) (117. 29)
3 61. 673 (65. 17) (75. 05) 91. 963 (111. 58) 135. 794 (162. 56)
4 120. 903 (123. 34) (132. 94) (149. 57) 170. 974 (196. 56) (223. 50)
5 199. 860 (200. 70) (210. 02) (226. 41) 248. 876 274. 639 (303. 18)
6 298. 556 (298. 94) (307. 30) (324.72) (345. 96) (372. 88) 402. 968
24 (1 1 ISP SO 9. 944 27. 410 53.735 88. 826 132. 691
T 9. 905 22. 245 40. 339 66. 309 |. 100. 928 (144. 5)
2 22. 373 (30. 36) 46. 654 (68. 39) 97. 822 (133. 40) 177. 606
3 61. 673 (69. 56) 86. 028 111. 510 143. 532 182. 204 (226. 20)
4 120. 903 (127.7) (145. 2) (160. 5) 204. 804 (245. 9) 294, 258
5 199. 860 (205. 1) 222. 088 (250. 0) 283. 715 326. 580 (374. 8)
6 298. 556 (302.1) (320. 4) (347. 8) (382. 6) (425. 6) 476. 853

TABLE 4.73.—Variation in Edge Deflection of a  TaBLE 4.74—Variation in Edge Deflection of a
Mode Component Due to Change in the Other Mode Component Due to Change in afb; v=14

Component; v=14
afb 1 24 24
n 1 2 3 4 5 ) 6
Edge deflection__ . __... 1. 81 1.72 1. 67

Edge defleetion___{1. 95 |1. 81 |1. 71 |1. 66 {1. 62 |1. 60
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TaBLE 4.75—Bounds on Frequency Parameters wa’+/ o/D for the Doubly Antisymmetric Modes of a
Completely Free Rectangular Plate; v=0.3

wa? -\/_;;71-)
Mode Lower bound| Upper bound| Lower bound | Upper bound Lower bound | Upper bound
bla=1.00 bla=1.25 bla=1.50
: s S S 13. 092 13. 474 10. 479 10. 761 8. 6667 8. 9351
DL e e i ot 66. 508 69. 576 48. 352 50. 487 36. 651 38. 294
. . 75. 146 77. 411 67. 665 69. 746 64. 844 66. 965
- SR 145. 57 153. 12 117. 68 124. 15 94, 147 98. 648
B o RS 196. 46 205. 17 132. 77 138. 41 103. 32 108. 18
O e i e 207. 87 214. 81 197. 36 205. 77 166. 83 176. 56
e 277.72 292. 37 208. 75 220. 03 184, 44 193. 73
- SRS 285. 47 299. 27 249. 46 262. 66 198. 62 205. 35
U 393. 93 420. 99 264. 27 277. 23 234. 75 244 80
10 im it S A SRS 410. 74 430. 66 339. 96 358. 87 261. 14 275. 96
bla=2.00 b/a=4.00 b/a=8.00

) D 6. 4563 6. 6464 3. 1463 3.2604 1. 5330 1. 6158
D oo i o it i 24. 417 25. 455 10. 284 10. 728 4. 7291 4. 9941
S 56. 151 59. 051 19. 809 20. 821 8. 2053 8. 7915
. N SRS S S 63. 726 65. 392 32. 952 34. 783 12. 436 13 237
L S 85. 647 89, 263 49, 920 53. 194 17. 323 18. 514
& SO 107. 66 113. 81 60. 830 62. 394 23. 095 24. 766
(P 125. 15 131. 73 67. 133 69. 099 29. 845 32. 089
8. i 174. 88 186. 73 71. 408 76. 824 37. 617 40. 542
D e o i o 178. 26 190. 04 78. 658 82. 051 . 46.410 50. 150
10 e 195. 26 202. 79 94. 076 99. 2901 56. 017 60. 602

TABLE 4.76.—Frequencies for Doubly Antisymmetric Modes of a Completely Free Rectangular Plate;

bla= 4.0; v=0.8
Mode 1 ‘ 2 3 4 5 6 ‘ 7 8 9 ‘ 10
watyp/D_ ... 3.2597 | 10. 711 | 20. 749 | 34.622 | 53. 092 | 64. 080 | 71. 048 77.232 | 84. 532 | 102. 87

4.4 ELASTIC, DISCONTINUOUS, AND POINT

SUPPORTS

4.4.1 Elastic Edge Supports

Consider first the rectangular plate simply
supported (SS) along the sides =0 and z=q
and elastically restrained (ES) against both
translation and rotation along the other sides
The solution- equa-
tion (eq. (1.37)) satisfies the boundary condi-

as shown in figure 4.59.

tions along z=0 and z=a.

boundary conditions are

oW h
Mz, O)=—K’b_y (x,0)

Mv(z} b)=K2

w

V”(Z, 0)=K3W(xy 0)
V,(z, b)=—K,W(z, b)

The remaining

(4.71)

7
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FIGURE 4.58.—Experimentally observed nodal patterns for
completely free rectangular brass plates. (a) afb=4. {(b)
a/b=2. (c) a/b=1.5. (d) a/b=1.09. (From ref. 4.123)
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TABLE 4.61.—6 Frequency Parameters and Mode Shapes for a Completely Free Square Plate—Con.

{
] ]
§ ]
=3 -s‘ - as vl ameen o
" { (d) Fourth mode: W(Z, §)=A0(XoY,+X2Y()+A412:X,Y,
Lo _‘l’_ Mo +A0(XoYu+ X4Y0) + 42X Y+ XuY) +A XYt . ..
[ .
[

_________________________ 0.225 0.343 0.360 0.390
No.terms____________._.__ 5 6 15 6 15 15
walyp/D__ o ____ 66.402 63.160 62.676 62.664 62.196 61.329
Amplitude coefficients:

A2 oo 0. 0118 0. 02266 0. 0228 0. 0246 0. 0248 0. 02864
Y 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000
Y. —. 020 —. 0288 —. 0275 —. 03005 —. 02875 - —. 0310
A e e 0876 . 0730 . 0690 . 0709 . 06704 . 06350
Al e e —. 0047 —. 00951 —. 00674 —. 01015 —. 007355 —. 00841
I SRR RUPR IR . 00529 . 00540 00556 . 00568 . 00619
Y. [ . T R —. 00971 | _.__._ —. 00921 —. 00830
A e oo e .00314 o ..._. . 00330 . 003574 4y
Ao o o e e e —. 00148 | __ ... —. 00151 —. 00158
A8 e e el —. 00211 |- ____.____ —. 00222 —. 002425
. 7T WS —— I .00204 | _._____ .. 00183 . 00147
Ay e o e —. 00153 | o... —. 00160 —. 00172
. Y RN AR I .00076 |- . 000778 . 000808
A o e e e —. 000435 | __ .. ._.._. —. 000441 ~—. 000452
< 001006 |owwveenwmeoe . 00106 . 00116





[image: image21.jpg]116

VIBRATION OF PLATES

TaBLE 4.77.—Ezperimentally Determined Frequency Ratios for Completely Free Rectangular Brass

Plates

Frequency ratio for values of m of—

n
0 1 2 3. 4 5
a/b=1.09
P HUN R 1. 53 4.55 9.8 oo
DN A .1 2. 67 5.16 10 |oomios
e 2.23 2.78 5.1 8 18 oo
3 e 5.35 . 64 8.8 1L 5 6 |
he e 10. 8 11. 8 14 17 21 .
a/b=1.5
P A R 1. 08 2. 93 5. 53 9.96
O A b1 2. 49 4.47 7. 09 11
I 2. 62 3. 42 5 7. 60 10. 5 14.9
B e 7.5 7.9 9.6 12.3 15.5 . 20
& 13.6 14. 4 16.5 19.3 22.7 27
a/b=2.0 #
S SN R 1 2.88 5.42 |-
P S 1. 20 2.30 3. 62 6.2 oo
O e 4.37 4.87 6.7 8.2 10.8 |ocoooooees

=« Fundamental frequency of a 3.94- by 3.62- by 0.720-in. plate was 423 cps.

plate, it was 220 cps.

b Fundamental frequency of a 9.81- by 6.38- by 0.934-in. plate was 134 cps.
¢ Fundamental frequency of a 2.36- by 1.172- by 0.0807-in. plate was 1730 cps. Fora 5.55- by 2.78- by 0.1240-in.

plate, it was 482 cps.

a/2

«<|

a/2

Elastic

S i ——————

b/2

x|

Supports

b e o e e . —— ot

b/2

FigURE 4.59.—SS-ES-SS-ES plate.

For a 6.15- by 5.67- by 0.0906-in.
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where K i3, are the stiffness coefficients of
distributed translational and rotational springs
acting along the edges y=0 and y=b. For
simplicity it will be assumed that these co-
efficients do not vary with z. The constants
K, and K, have dimensions of moment/(unit
length) and K; and K have dimensions of
force/(unit length)?. Substituting equation
(1.37) into equations (4.71) results in a char-
acteristic determinant, the zeros of which yield
the vibration frequencies.

117

Das (ref. 4.10) showed that the characteristic
equation for the case Ki=K,=K, Kz=K,=»
becomes
cos\b coshAb—1 N—N\

SiIl k;b smh X2b - 2k1>\2

(A24+2A2) D\[coth A:b cot)\lb D
R[S » K

)
(4.72)

with A, and A, as defined in equations (4.27)
and that the mode shapes are given by

W(x} y) =5 {(Cosh )‘2?/_008 le)_*_[(kf

+23) sin Ao+ (K\y/D)(cosh Ab—cos klb)] .
(E/D)(\; sin Ab—A\, sinh 2zb) sinh M.y

(M42) sinh )\2b+(K>\2/D)(cosh Azb—cos \d) sin xly}sin «z (4.73)

(K/D)()\z sin )\lb—)\l sinh )\26)

In reference 4.10 the characteristic equation for K;=K,=, K,=K,—K is given as

cos b cosh\b—1  (goh)*—(gaha)? |
+

sin \bsinhhd — 2gigaubs

with ¢, ; and A, ; defined as

)

cot \b  cothAsb
gzhl gxh-.»

+(D)agahan] 47

gi=NM[N+(2—»)a’]

ga=N N—(2—»)c’]

(4.75)

h=MM\+va?)
h2=X2(k§—V¢12)

and the mode shapes are

, (K/D)(hi+hy) sin M0+ g,hg(cos Mb—cosh \;b)

sinh Ay + @3 cos My

Wz, y)—[cosh \y+

glhg smh kzb gzhl sin )\1

(K/D)ha(h1+hz) sinh Azb— gyhha(cosh Ab—cos )\lb) :l .
hy(giha sinh Apb— gohy SIn N (D sin\y |sinaz (4.76)

The buckling results obtained by Lundquist
and Stowell (ref. 4.127) can be applied here by
use of equation (4.24). For the case given by
equation (4.71) when K;=K,=« and K, and
K, are sepa.rate and dlstmct the characteristic
equation is given as

[(xiﬂ%) —i—(Kl/D) (M tanh)"b + tan M)]
| ><[<k¥+xz)+<z<,/p)

(x, coch———x, )“b):]

=—[(>\¥+)\§)+(Kz/D)

()\2 tanh k_;b-l")\l tan Lg)]

X[(kf-%—)é)-i—(Kl/D)

(xzcobh———)\lcot b)] 4.77)

It is apparent that for K;=K,=K, equation
(4.77) reduces to one of its sides set equal
to zero. Furthermore, for Ki=K,=K, modes
symmetnc with respect to Z (fig. 4.59) give
rise to the characteristic equation

N+ (K/D) <x, tanh%b—{-)\, tan%é)=0

) (4.78)
and the antisymmetric modes
NN +(K/D)()\200th Ab -\t otgb =0
(4.79)
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FiaURE 4.60.—Frequency parameters w?a?b?p/m?wD for a SS-ES-SS-ES rectangular plate with symmetrical slope
restraints.

In reference 4.127 the problem is also solved
by the Rayleigh method. A mode shape is
chosen as

Wz v =] 55 (7-5

+(‘1;—1+B>cos%y cosaZ  (4.80)

where A and B are arbitrary amplitude co-
efficients. The coefficients A and B are chosen
so that A=0 represents the condition of
simply supported edges at y=+5/2, and B=0
represents the condition of clamped edges.
The ratio A/B is then a measure of edge re-
straint and is determined from

>PW, W
(a-=+” 5 )z (by L, (48D

which gives A= (xKb/8D)B. Formulating the
Rayleigh quotient yields the frequency param-
o?b?

F=min (b) {[ 20T a262+6><Kb)

+(1+ (mb mb) (; Kb 4}5)6

oKb . [wKb 4Kb
+250 |7 1200~ 7D (HW

+%(1+§I%’>2]} (4.82)

Results obtained from equation (4.82) are
given in table 4.78 in the columns denoted
by (@). Realizing that these values must be
upper bounds, correction factors were estab-
lished based upon exact solutions of equation

2a4
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(4.78) for fundamental roots at selected points.
Column (b) lists the corrected values. Values
marked by an asterisk identify the exact values
obtained. The values of column (b) are
plotted as figure 4.60.

Figure 4.60 gives valuable design information
if properly used. The fundamental frequency
is obtained by letting m=1. While frequencies
higher than the fundamental can be obtained
from it by increasing m, it must be remembered
that all higher mode shapes considered have
nodal lines parallel to only the y-axis. Other
mode shapes are not considered in figure 4.60.
The dashed line locates the minima of the
various curves.

It is suggested in reference 4.127 that, when
the two side moment restraints are unequal,
a reasonably good approximation to the true
frequency value can be obtained by averaging
the results obtained from the separate sym-
metric problems by considering first one
magnitude of edge restraint and then the other.

_If the frequency parameter T is defined by

2a2b2 p

L= miriD

(4.83)

then the average used may be either the arith-
metic mean, (T4 T3)/2, or the geometric mean,
vI'1 s

Carmichael (ref. 4.128) used the Rayleigh-
Ritz method to compute frequencies for a
rectangular plate having w=0 and uniform
slope restraint along pairs of opposite edges.
Mode shapes of the type

W(x’ ‘!l) =1§ Xm(z)Yn(y)

were used, where X,(z) and Y,(y) are the
characteristic functions of a vibrating beam
having zero deflection and rotational restraint
at its ends; that is,

Xn=An (cosh i cos e,,.z)
.y EmE . EmX
+B,,. smh7+sm—&—- (4.84)

and similarly for Y,, by replacing m, z, and a
in equation (4.84) by n, y, and b, respectively.
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Values of ¢n, Am, and B, are given in table 4.79
for varying spring constant parameters § with

= (for X
(4.85)
=g (or¥)

and K defined as in equation 4.81.
The strain energy of the system is (fig. 4.59)

_D f J‘ [( W> (D’W szsz

"o o

+2(1— ”)(a ) dz dy

D[ f (b"‘W oWy

oy /o

*W o
f ot oz
where the second term represents the energy”
stored in the rotational springs along the edges.
Calculations were based upon a 36-term
series for the deflection function taking m,
n=1, 2, 3, 4, 5, 6. Because the diagonal
terms of the resulting frequency determinant
are much greater than the others, an approxi-
mate solution for the (mn)th mode can be ob-
tained by taking only the (mn)th term of

W(z,y). The approximate frequency can then
be written as

o=y 2| () et et+2(2) out | (4.87)

where

dy] (4.86)

b= é?ﬁ[em(B?n+1)+2Am(Bm_ 1)]
m_em(2A:|—-B?n+ 1)+2Am(Bm+1)

(4.88)

and similarly for ¢, by replacing m by n in
equation (4.88). Values of ¢m . are given in
table 4.79. '
Frequencles and approximate nodal patterns
are shown in table 4.80 for ranges of b/a and
t,=t,=¢. Values in  parentheses are those
found from equation (4.87). Other results
for =20 and » are obtained from the 36-
term series. Values for {=0 found from equa-
tion (4.20) are included for comparison. It is
seen that the approximate solution in the table
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TasLe 4.79.—Eigenfunction Parameters for a Beam With

y m, n=1 m, n=2 m, n=3
€ 4, — By [ € A —B, [ € Ay=—B; [
(1 3. 1416 |0 0 9. 8697 | 6. 2832 0 30.479 | 9.4248 | O 88. 827
0.25..-- 3.2166 | . 0375 | . 0346 | 9.8710 | 6.3220 | . 0194 | . 0195 | 39. 482 9. 4909 . 0131 | 88. 827 |
1, S— 3.2836 | . 0711 {.0668 | 9. 8750 | 6, 3588 | . 0378 | . 0380 | 39.485 | 9. 4762 . 0257 | 88.830 |
0.75.___ | 3.3440 | . 1015 | . 0946 | 9.8806 | 6.3939 | . 0554 | . 0556 | 39. 495 | 9. 5007 . 0380 | 88. 833
) SR 3.3088 | . 1203 | . 1210 | 9.8880 | 6.4273 | . 0722 | . 0724 | 39. 505 9. 5245 . 0499 | 88. 839
1.5 ... _ 3.4949 | . 1785 | . 1680 9.9074 | 6, 4896 | . 1036 | . 1039 | 39. 534 9. 5699 . 0727 | 88. 853
2o 3. 5768 | . 2211 | .2091 | 9.9320 | 6. 5466 | . 1325 | . 1328 | 39. 572 9. 6127 . 0942 | 88 874
2.5 . 3. 6477 | . 2586 | . 2454 9. 9604 | 6, 5989 | . 1592 | . 1596 | 39. 614 9. 6531 . 1146 | 88. 901
k. S 3.7097 | .2910 | . 2780 | 9.9908 | 6.6472 | . 1840 | . 1845 | 39. 652 9. 6913 . 1340 | 88.934
35 3.7646 | . 3220 | . 3074 | 10.023 | 6.6918 | .2072 | . 2077 | 39.718 9. 7274 . 1525 | 88.971
4. 3. 8135 | . 3492 | . 3341 | 10. 057 6.7332 | . 2289 | .2294 | 39.775 9. 7617 . 1700 | 89. 022
L 3.8974 | . 3970 | .3812 | 10.126 | 6. 8077 | . 2684 | .2690 | 39. 900 9. 8250 . 2028 | 89.108
6. 3 0666 | . 4376 | . 4214 | 10.196 | 6, 8728 | . 3037 | . 3043 | 40. 028 9. 8824 . 2320 | 89.218
Y 4. 0250 | . 4729 | . 4563 | 10. 265 6. 9303 | . 3353 | . 3360 | 40. 162 9. 9345 . 2605 | 89. 257
< J. 4. 0748 | . 5037 | . 4869 | 10. 332 6. 9814 | . 3640 | . 3647 | 40. 297 9. 9821 . 2861 | 89. 466
10....__ 4.1557 | . 5555 | . 5383 | 10.459 | 7.0683 | . 4140 | . 4147 | 40.564 10. 066 . 3322 | 89.729
12 o sas 4. 2185 | . 5973 | . 5800 | 10. 573 7.1394 | . 4563 | . 4570 | 40. 819 10. 137 . 3718 | 90. 021
15 ... 4.2005 | . 6472 | . 6207 | 10.726 | 7.2248 | .5090 | .5097 | 41.176 10. 225 . 4231 | 90. 447
20 ... 43737 | .7080 | . 6904 | 10.932 | 7. 3203 | .5766 | .5774 | 41. 695 10. 339 L4947 | 91. 123
25 ... 44304 | . 7514 | .7337 | 11.095 | 7.4040 | . 6275 | .6283 | 42. 097 10. 423 . 5453 | 91. 735
| 44714 | . 7840 | . 7663 | 11.223 | 7.4601 | .6673 | . 6681 | 42. 486 10. 489 . 5885 | 92. 358
45 . ... 4 5467 | . 8467 | . 8280 | 11.487 | 7. 5673 | .7477 | . 7485 | 43. 268 10. 618 . 6794 | 93. 539
60__. .. 4 5880 | . 8828 | . 8650 | 11.648 | 7.6286 | .7966 | .7974 | 43.775 10. 695 . 7372 . 418
80.. ... 46208 | .9124 | . 8046 | 11.785 | 7.6735 | . 8460 | . 8467 | 44.185 10. 760 . 7880 | 95. 233
100. ... 4. 6413 | . 9313 | .9135 | 11. 875 7.7103 | . 8657 | . 8665 | 44. 523 10. 801 . 8224 | 95. 802
150 00 4. 6697 | . 9582 | . 9404 | 12. 005 7.7550 | . 9056 | . 9064 44. 970 | 10. 861 . 8735 | 96. 671
200 ___. 4, 6843 | . 9723 | . 9544 | 12. 074 7.7784 | . 9271 | . 9279 | 45. 214 10. 892 . 9184 | 97. 092
300..___ 4. 6992 | . 9869 | . 9691 | 12. 146 7.8025 | . 9498 | . 9506 | 45. 475 10. 925 . 9320 | 97. 693
500_.... 4. 7114 | . 9990 | . 9812 | 12 207 7.8224 | . 9689 | .9697 | 45. 696 | 10. 953 . 9581 | 98. 152
1000 ___|. 4. 7207 |1. 0083 | .9905 | 12.254 | 7.8377 | . 9838 | . 0846 | 45. 870 | 10. 974 . 9785 | 98. 515
L — 4 7300 |1. 0178 |1. 0000 | 12. 302 | 7. 8532 | . 9992 |1. 0000 | 46. 050 10. 996 1. 000 | 98.905

nowhere differs from the series solution by more
than 0.7 percent. It must be noted from equa-
tions (4.81) and (4.85) that choosing equal
values of £, and £, does not give equal slope
restraint along all edges except for the case
of the square.

The case of uniform slope. restraint and
W =0 along all edges was studied by Bolotin
et al. (ref. 4.60), who used & variation of the
series method to obtain frequencies for the
first 10 modes of a square having variable
restraint. These results are shown in figure
4.61. Results for this problem were also pre-
sented in reference 4.129 for the case of the

square by using the same procedure as in refer-
ence 4.128. These are shown in figure 4.62.

In reference 4.130, the problem is also solved
by using the Rayleigh-Ritz method and alge-
braic polynomials.

In reference 4.131, the typical electronic
chassis which is formed by bending the edges
of a plate down is treated as a plate with elastic
edge supports. An eigenfunction is used to
solve the problem which is an average of the
eigenfunctions for plates with simply supported
edges and those having clamped edges. The
Rayleigh-Ritz method is employed. Theo-
retical and experimental results are obtained
for particular chassis.
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m, n=4 m, n="5 m, n=6
€ A=—B ' € Ay=—Bs s & As=—Bs '
12. 566 0 157. 91 15. 708 0 246. 74 18. 850 0 355. 31
12. 566 . 0098 157. 92 15. 724 . 0079 246. 74 18. 863 . 0066 355. 31
12. 605 . 0194 157. 92 15. 739 . 0156 246. 74 18. 876 . 0131 355. 31
12. 624 . 0288 157. 92 15. 755 . 0232 246. 74 18. 889 . 0195 355. 31
12. 642 . 0380 157. 92 15. 769 . 0307 246. 74 18. 901 . 0258 355. 31
12. 678 . 0558 157. 93 15. 799 . 0454 246. 75 18. 926 . 0381 355. 32
12. 712 . 0729 157. 94 15. 827 . 0594 246. 76 18. 950 . 0501 355. 32
12. 745 . 0893 157. 96 15. 854 . 0731 246. 78 18. 973 . 0618 355. 34
12. 776 . 1051 157. 99 15. 880 . 0863 246. 79 18. 996 . 0732 355. 34
12. 806 . 1202 158. 01 15. 906 . 0991 246. 82 19. 018 . 0842 355. 36
12. 834 . 1348 158. 04 15. 930 . 1115 246. 83 19. 039 . 0951 355. 38
12. 889 . 1625 158. 12 15. 977 . 1353 246. 89 19. 080 . 1158 355. 42
12. 939 . 1882 158. 21 16. 021 . 1577 246. 96 19. 119 . 1356 355. 48
12. 985 . 2123 158. 31 16. 062 . 1788 247. 05 19. 156 . 1545 355. 55
13. 028 . 2349 158. 42 16. 101 . 1990 247. 14 19. 191 L1724 355. 63
13. 105 . 2762 158. 84 16. 172 . 2362 247. 36 19. 256 . 2061 355. 81
13. 173 . 3129 158. 94 16. 235 . 2698 247. 61 19. 315 . 2370 .356. 04,
13. 260 . 3613 159. 38 16. 318 . 3149 248. 02 19. 394 . 2789 356, 41"
13. 375 . 4278 160. 12 16. 431 . 3783 248. 77 19. 503 . 3393 357. 15
13. 464 . 4814 160. 84 16. 521 . 4307 249. 54 19. 592 . 3895 357. 91
13. 534 . 5257 161. 51 16. 595 . 4748 250. 28 19. 666 . 4327 358. 68
13. 679 . 6219 163. 17 16. 749 . 5733 252. 25 . 19. 827 . 5316 360. 86
13. 768 . 6854 164. 41 16. 847 . 6404 253. 80 19. 932 . 6008 362. 68
13. 844 . 7428 165. 62 16. 933 . 7026 255. 38 20. 025 . 6664 364. 61
13. 894 . 7825 166. 48 16. 990 . 7464 256. 55 20. 089 . 7134 366. 08
13. 967 . 8430 167. 85 17. 075 . 8145 258. 47 20. 184 . 7880 368. 55
14. 007 . 8771 168. 65 17. 121 . 8538 259. 10 20. 237 . 8317 370. 07
14. 048 . 9144 169. 53 17.171 . 8973 260. 89 20. 294 . 8808 371. 84
14. 082 . 9476 170. 29 17. 212 . 9356 262. 04 20. 342 . 9248 373. 40
14. 109 . 9726 170. 92 17. 254 . 9667 262. 98 20. 380 . 9608 374.71
14. 137 1. 0000 171. 59 17. 279 1. 0000 264. 00 20. 240 1. 0000 376. 15

Hoppmann and Greenspon (ref. 4.132) pre-
sented & method for experimentally simulating
elastic edge supports by means of sharp V-
grooves machined along the edges of a clamped
plate, the degree of slope restraint being deter-
mined by the depth of the grooves. A curve
showing the frequency parameter for a clamped
square plate as a function of the notch ratio B
is shown in figure 4.63; R is the ratio of the
depth of the notch to the thickness of the plate.
Experimentally determined points are shown
as circles. The curve was drawn through end-
points determined by the theoretical results of
Iguchi (ref. 4.9) and fitted to the four experi-
mental points.

4.49 Discontinvous Edge Conditions

Some interesting results are available for the
case of a square plate which is simply supported
but clamped along segments of its edges.

Consider first the square which is clamped
along four symmetrically located segments of
length I, and simply supported along the re-
mainder of the boundary as in figure 4.64. Ota
and Hamada (refs. 4.133 and 4.134) solved the
problem by assuming & deflection function
which satisfies the simply supported boundary
conditions everywhere (eq. (4.19)), and applying
distributed edge moments of the type, for
example,

(My)v-o=(:§§lK,,. sin mrz) coswt (4.89)
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TABLE 4.80.—Frequency Parameters wb*/p/D and Approzimate Nodal Patterns for a Rectangular
Plate Elastically Restrained Against Rotation Along All Edges

[Values in parentheses are found from eq. (4.87)]

wb3y/p[D for mode—

b/a £
1 2 3 4 5 6
1.0 0 19. 74 49. 35 78. 96 98. 70 98. 70 128. 3
20 31. 09 64. 31 95. 85 117. 3 116. 8 147. 6
(31. 16) (64. 52) (96.17) (117. 8) (116. 9) (148.0)
© 35. 99 73. 41 108. 3 131. 6 132. 3 165. 2
(36. 11) (73. 74) (108. 9) (131. 71 (132. 4) (165. 4)
¥
; ___l A N\ Ve ’-\‘ _; ‘ i
| " et \_s T
! } (|
0.9 0 17. 86 41. 85 47. 47 71. 46 81. 82 111. 4
20 28. 21 54. 57 61. 97 86. 85 97. 03 123.0
(28. 28) (54.77) (62.17) (87. 15) (97. 34) (123. 3)
@ 32. 67 62. 29 70. 76 98. 14 109. 4 143. 5
(32.78) (62.71) (71. 06) (98. 66) (109. 8) (144. 1)
] 1] | | LI |
I —_—] - [ 0 e ot ol
1 11 11
0.8 0 16. 19 35. 14 45. 79 64. 74 66. 72 96. 33
20 25. 80 46. 02 59. 98 79. 06 79. 24 11)e2
(25. 86) (46. 17) (60. 16) (79. 32) (79. 50) (111. 5)
© 29. 08 52. 52 68. 52 89. 40 89. 29 124. 5
(29. 18) (52. 76) (68. 80) (89. 86) (89. 69) (125. 0)
T Y T L
§ b e e — = o o §- — ] 1 b o L
1 | 1.1 L1
0.6 0 13. 42 24. 08 41. 85 43. 03 53. 69
20 22. 30 32. 58 50. 48 56. 97 66. 96
(22. 34) (32. 68) (50. 63) (57. 11) (67.17)
® 25. 90 37. 28 56. 93 65. 18 75. 94
\25. 97) (37. 43) (57. 20) (65. 39) (76. 31)
i i1 L1 | F-1-1
1 1 1 ]
0.4 0 11. 45 16. 19 24, 08
20 20. 30 24. 15 31. 20
(20. 33) (24. 20) (31. 26)
® 23. 65 27. 81 35. 45
(23. 70) (27.91) (35. 56)
T TT
| | I
] [
0.2 0 10. 26 11. 45 13. 42
20 19. 38 20. 15 21. 52
(19. 39) (20. 17) (21. 54)
© 22. 64 23 45 24. 89
(22. 66) (23. 49) (24. 92)
) T 1
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FiGUreE 4.61.—Frequency parameters for a square
plate having uniform slope restraint along all edges
derived by Bolotin (ref. 4.60)
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Ficure 4.62.—Frequency parameters for a square
plate having uniform slope restraint along all edges
derived by procedure of reference 4.128. (After ref.
4.129)

The coefficients K,, are then chosen for each
edge such that the normal moments are zero
along the simply supported segments and the
normal slopes are zero along the clamped
segments. These conditions, along with the
principle of stationary total energy, are used to
formulate a characteristic determinant for the
problem, the roots of which yield the vibration
frequencies. The accuracy of the results de-
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F1GUrE 4.63.—Variation in frequency parameter with
notch ratio for a square plate. (After ref. 4.132)

——

AN

Fe——————

FIGurRE 4.64.—SS-SS-SS-SS square  plate clamped
along four symmetrically located segments.

pends upon the number of terms kept in the
summations and, hence, the orders of the
characteristic determinants used. The problem
was solved at essentially the same time by
Kurata and Okamura (ref. 4.135), who used a
very similar method.

Fundamentsl frequency parameters for
several values of [, are shown in figure 4.65
(ref. 4.133) and tabulated in table 4.81. Ex-
perimental data shown in figure 4.65 were
obtained on mild steel plates having edge
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K1GURE 4.65.—Frequency parameters for SS—SS-SS-SS
square plate clamped along four symmetrically
located segments. (After ref. 4.133)

lengths of 6.50 inches and thicknesses of 0.063
and 0.091 inch.

Experimental frequencies and nodal patterns
for the first three modes for an aluminum
plate 11.8 inches long, 0.012 inch thick, and
having l;/Ja=¥ were obtained in reference 4.135
and are presented as table 4.82. ‘

The cases when only two opposite edges have
symmetrically located clamped segments as
shown in figure 4.66 were also studied in
references 4.133 and 4.135. Fundamental fre-
quency parameters for several values of I, are
shown in figure 4.67 (ref. 4.133) and tabulated
in table 4.83. Additional experimental fre-

TaBLE 4.81.—Fundamental Frequency Param-
eters wa*\/p/D for a Simply Supported Square
Plate Clamped Along 4 Symmetrically Located
Segments, v=0.3

watyp/D for values of l,/a of—
Source
0 ‘ b } % ’ 1
Ref. 4.133.._.__ 19.74 | 33.9 35.5 35. 98
Ref. 4.135______ 19.74 | 33.97 |..._____ 35. 98

VIBRATION OF PLATES

quencies are given in table 4.84 (ref. 4.135) for
l;/a=%. Experimental results shown in figure
4.67 and table 4.84 were obtained on the same
plates described earlier in this section.

The case when two unsymmetrically located
segments of opposite edges are clamped is
shown in figure 4.68 and was discussed in
reference 4.133. Fundamental frequency pa-
rameters for several values of I, are shown in
figure 4.69 and tabulated in table 4.85. Ex-

TaBLE 4.82.—FEzxperimental Cyclic Frequencies
and Nodal Patterns for a Simply Supported
Square Plate Clamped Along 4 Symmetrically
Located Segments

y4 1/ ' 7]
t ]
Nodal pattern Z 2 Z ! Z 2-_.{._42
7Z| UA 7
Frequency, eps...__ 280 535 b 725

-
i
T

FIGURE 4.66.—S8S-S8-SS-8S square plate clamped
along two symmetrically located segments of opposite
edges.
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FigUre 4.67.—Frequency parameters for SS-SS-8S5-88
square plate clamped along two symmetrically
located segments of opposite edges. (After ref. 4.133)

perimental data shown in figure 4.69 were ob-
tained on the plates described earlier in this
section.

The case when one symmetrically located
segment of an edge is clamped is shown in
figure 4.70. The numerical solution to this
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Figure 4.68.—88-S5-8S-SS square plate clampeﬂ
along two unsymmetrically located segments of
opposite edges.

problem was obtained in reference 4.133 and
is given in figure 4.71 and table 4.86. Experi-
mental frequencies and approximate nodal pat-

TaBLE 4.83.—Fundamental Frequency Parameters wa’y/p/D for a Simply Supported Square Plate
Clamped Along 2 Symmetrically Located Segments of Opposite Edges, v=0.8

Source

watVp/D for values of ly/a of—

e

Ref. 4133 ________________.
Rell 4135, v e

TABLE 4.84.—Ezxperimental Cyclic Frequencies and Nodal Patterns for a Simply Supported Square
Plate Clamped Along 2 Symmetrically Located Segments of Opposite Edges

a | ra Y/A 77, %7 v/A
' el
Nodal pattern } | p— "'“‘E’" i i ......_j
V77 \7Z 1Z ZZ 7Z) Z)
Frequency, eps_._________. 225 420 500 660 785 - 955
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TABLE 4.85.—Fundamental Frequency Param-
eters for a Simply Supported Square Plate
Clamped Along 2 Unsymmetrically Located
Segments of Opposite Edges; v=0.3

lia ,O’V: %[%‘1

19.74 | 22.2 ] 25.5 | 27.8 | 28. 95

TasLE 4.86.—Fundamental Frequency Param-
eters for a Simply Supported Square Plate

O Experimental Data (h=0.063") Clamped Along 1 Symmetrically Located Seg-
2 | | (hl= 2.09) ment of an Edge; v=0.3
o T i |
L/a ' 0 ' 3 ’ % % ( 1
2,/
F1GURE 4.69.—Frequency parameters for S5-SS-S8-S8 wayp/D.____._. 19.74 |1 23.0 | 23.4 | 23.6 | 23.65
square plate clamped along two unsymmetrically

located segments of opposite edges. (After ref. 4.133)

+

———

q

Figure 4.70.—S8S-S8-SS-SS square plate clamped
along one symmetrically located segment of an edge.

terns obtained in reference 4.135 are given in
table 4.87 for l,/a=%. Experimental results
shown in figure 4.71 and table 4.87 were ob-

tained on the same plates as those described
earlier in this section.

The case when the plate is clamped along
one segment at the end of one edge istshown in
figure 4.72. Nowacki (refs. 4.136 and 4.137)
expressed a unit moment acting at a point
along the clamped interval in terms of a trigo-
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FicurE 4.71.—Frequency parameters for SS-S8-SS-SS
square plate clamped along one symmetrically
located segment of an edge. (After ref. 4.133)
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Fi1GuRE 4.72.—SS-SS-SS-SS square plate clamped
along one segment at the end of an edge.

nometric series and formulated an integral
equation involving a Green’s function along
the clamped interval. The integral equation
was replaced by a finite summation carried out

129

over discrete segments of the interval, which
resulted in a system of equations, each term
of which is an infinite series of transcendental
functions containing the eigenvalues. Trun-
cating the series and solving the resulting
characteristic determinant yielded the vibration
frequencies.

Numerical results from reference 4.133 are
given in figure 4.73. Data from references
4.133 and 4.136 are also given in table 4.88.
By looking at the results of reference 4.136
in table 4.88, it is seen that they are clearly
inaccurate, the frequency parameter listed for
the case when l;/a=14 being greater than the
well-known result for the case when lja=1
(see discussion on SS-C-SS-SS plate, sec. 4.2.2).

The solution is also given in reference 4.136
for the case when the interval 0<2<l; is
clamped along the edge y=0 (fig. 4.72), the
interval [;<<z<{a is free, and the remaining
edges are simply supported. It was found
for l;/a= 14 that wa®/p/D=14.8.

The case obtained when the simply sup-
ported portions of the edges of the plate shown
in figure 4.72 are replaced by clamped edge
conditions and the remaining portion has zero
slope and shear is included in reference 4.138.

TABLE 4.87.—Ezxperimental Cyclic Frequencies and Nodal Patterns for a Simply Supported Square
Plate Clamped Along 1 Symmetrically Located Segment of an Edge

H — b T T
| - 1 (A -——- | ]
Nodal pattern ! J : } S Jl :
/s Y/A Y/4 /A Y/ /4 Y/4
Frequeney, eps__ ___________. 200 425 480 680 835 900 1000

TABLE 4.88.—Frequency Parameters wa™\p/D for a Simply Supported Square Plate Clamped Along
1 Segment at the End of an Edge

Source

wa?Vpf{D for values of Is/a of —

o)










