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Fi1auRE 4.73.—Frequency parameters for SS-SS-85-88
square plate clamped along one segment at the end
of an edge. (After ref. 4.133)

The necessary integral equations are completely
formulated but no numerical results are
obtained.

4.4.3 Point Supports

Throughout this section the term ‘‘point
support” will be used to denote a constraint
of zero deflection at a point. Unless otherwise
stated, there will be no constraint on the
slopes at such points.

Consider first the problem of the rectangular
plate free along all edges and supported at
the four corner points (fig. 4.74). Cox and
Boxer (ref. 4.139) solved the problem by
means of finite difference equations. Funda-
mental frequencies for a/b=1, 1.5, 2, and 3
for »=0.3 are listed in table 4.89 and plotted
in figure 4.75. The mesh widths Ae and Ab

y

¥ X

* x

Figure 4.74.—Free rectangular plate point supported
at the four corners.

are shown in figure 4.76. The extrapolated
values of table 4.89 were obtained from the

extrapolation formula
s (1) I—(4,)°
c(6)y—4)

where A=wa?/p/D and the subscripts 4 and 6
identify the two meshes used.

The mode shapes W(z,y) corresponding to
the fundamental frequencies are given in
table 4.90, where the grid locationg are those

(4.90)

A

shown in figure 4.76.

Higher frequencies for the square supported
at the corners were also given in reference
4.139. These are listed in table 4.91 for two
mesh widths. Extrapolated values using equa-
tion (4.90) are also given.

Mode shapes corresponding to these frequen-
cies are shown in figure 4.77, and the amplitudes
of W(z,y) at the grid locations shown in figure
4.78 are listed in table 4.92 for »=0.3. Two
independent mode shapes corresponding to the
second frequency were found. They are iden-
tified as 2¢ and 2b. As can be seen from figure

TaBLE 4.89.— Frequency Parameters wa¥/p/D for a Free Rectangular Plate Point Supported at the
4 Corners; v=0.3

wa?yp/D for values of afb of —

Mesh width
1.5 2 3
GV B T SRS — 6. 97939 8. 78632 9. 18688 9. 35971
Aa=Ab=b/6___ e eeaa. 7. 05598 8. 86492 9. 24590 9. 39803
27.117 » 8. 927 +9. 293 s 9, 429

s Extrapolated value from eq. (4.90).
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Figure 4.75.—Frequency parameters wa?vp/D for a
free rectangular plate point supported at the four
corners; »=0.3. (After ref. 4.139)

4.77, the third mode shape and frequency are
identical to those of the fundamental mode of a
completely free square plate (sec. 4.3.15).
Variation in the frequency parameter wa®/p/D
with Poisson’s ratio is shown in figure 4.79.
However, it must be remembered that D de-
pends upon v. Substituting equation (1.2)
for D into the frequency parameters permits the
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variation of the frequency itself with Poisson’s
ratio to be seen. This is shown in figure 4.80.

Nishimura (ref. 4.14) used the finite-differ-
ence method and a relatively coarse grid (char-
acteristic determinants of order no larger than
six) to obtain the first 10 frequencies and nodal
patterns of a free square plate point supported
at the four corners. He also obtained experi-
mental results on a steel plate 10.1 by 10.1
inches by 0.087 inch. These results are shown
in figure 4.81, with experimental values given
in parentheses. It is noted that the third,
sixth, and ninth mode shapes and frequencies
also exist for the completely free square plate.

Reed (ref. 4.140) obtained extensive analyti-
cal and experimental results for the rectangular
plate supported at its four corners. Analyti-
cal results were achieved by two methods—
the Rayleigh-Ritz and series methods. The
deflection function ‘

Wiz, y)= 2((&0,, sin Y +bo,. s'nn—::—c

+Z D T s1n7%

=1ln=1

mwy . T
+bm,,cos——b—s1n a) (4.91)
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FiGurk 4.76.—Finite difference meshes. (After ref. 4.139)
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TaBLE 4.90.—Fundamental Mode Shapes
W(x, y) for Free Rectangular Plates Point
Supported at the 4 Corners; v=0.3

Wz, y) for values of a/b of—
Grid
location
10 1.5 2.0 3.0

) P — 0. 34407 | 0.35177 | 0.26141 | 0. 17474
p . 58825 | . 65713 50327 | . 34364
K S . 67600 | .88141 | .70970 | .50168
4 . 58026 | 1.0 86743 . 64423
Ol . 75981 | . 11297 96631 | .76711
6. . 82616 .41240 | 1. O . 86668
[ . 75981 | . 67951 04188 | . 94000
- S — . 89905 . 87885 28042 . 98489
e AN . 95183 . 98513 .50445 ) 1.0

10.._____ 1.0 . 19186 69753 | .01135
1 . 45973 84592 . 17900
R, . 70293 93928 | . 34210
[, A I . 88653 97113 | . 49540
4 . . 98502 07094 . 63408
16 .. . 21992 29562 . 75387
[ S I . 47731 50849 | . 85106
I (PR . 71244 69315 . 92268
18 |l . 89066 83569 | .96655
19 . . 98649 92561 | . 98132
. | I | . 95632 . 01919
| (RSP | R 08124 { . 18251
S S R 30131 | . 34197
23 e . 51040 | . 49228
VL S S 69218 | . 628535
02 TR NN D 83274 | . 74642
26 .. . 92148 | . 84216
P4 (R I S 95181 | .91275
oL S ST —— R . 95600
4SS, NS RS W . 97057
B0 e . 02196
K3 VI FURUI [N DI . 18384
G | O [, AP . 34205
£ 7 N I SIS N . 49135
34 . . 62681
R 1 NN PSR FER I M . 74403
B0 s ] o s el s e el co s . 83927
Bl el ame s cumel A . 90952
B 1. SR IO, S U . 95257
B3 NS FRRUU PPN IR . 96707

was used with the Rayleigh-Ritz method. Pois-
son’s ratio was taken to be 0.3. Frequency
parameters, nodal patterns, and normalized
mode shape coefficients are shown in table
4.93 for the first seven modes of plates having
a/b ratios of 1.0, 1.5, 2.0, and 2.5.

The second analytical method in reference
4.140 used the series given in equation (4.21)
as half of the solution, the other half being a
similar series obtained by interchanging z and
y. Frequency parameters obtained in keeping
24 terms of the series are listed in parentheses
in table 4.93. In table4.94 the theoretical cyclic

<z

4th

Sth y
#

Ficure 4.77.—Higher mode shages for the free square
plate point supported at the four corners. (After ref.
4.139)
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Fi1Gure 4.78.—General finite difference mesh for a
square. (After ref. 4.139)
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TaBLE 4.91.—Higher Frequency Parameters wa’p/D for a Free Square Plate Point Supported at
the 4 Corners; v=0.8

wa?y p/D for mode—
Mesh width
3 ‘ 4 ’ 5
K= Ab=5: - = & o coe srwwse won sww s sosses 15. 0541 16. 8311 35. 5951 38. 7292
Aa=Ab=af6____ .. 15. 2650 17. 5659 36. 4827 40. 2638
21573 +19.13 s 38. 42 * 43. 55
= Extrapolated values.
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Ficure 4.80.—Variation in the modified frequency
T parameter with Poisson’s ratio for a free square
6 o plate point supported at the four corners. (After ref.
15 4.139)
<
7 ! Kirk (ref. 4.141) used the Rayleigh-Ritz
6 method and a mode shape
o i 02 03

Poisson’s Ratio, ¥

FiGURE 4.79.—Variation of frequency parameter with
Poisson’s ratio for a free square plate point supported
at the four corners. (After ref. 4.139)

frequencies determined by the series method
and by adapting the results of reference 4.139
are compared with experimental results ob-
tained with two aluminum plates.

W(az, y)=A(sin7~rf+sin%y>

+(1—24) sin%xsinﬂ

L (492)

to obtain a fundamental frequency for the
problem when »=0.3. Minimizing the Ray-
leigh quotient with respect to A yields A=
0.6956 and wa®/p/D=7.224.

The Rayleigh method and a mode shape of
the form

(4.93)

W(z,y)=A sin%x-{-B sin”—;/
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TasLe 4.92.—Higher Mode Shapes W(x,y) for a Free Square Plate Point Supported at the 4 Corners;
v=0.3

Wiz, y) for mode—
Grid location
2a 2b 3 4 5

) S 0. 42800 0. 50302 0. 48159 0. 82466 —0. 49310
p. S . 79707 . 86736 . 85688 . 79791 —. 73475
S 1.0 1.0 1.0 0 —. 78861
S . 93765 . 86736 . 85688 —. 79791 -, 73475
B e . 57804 . 50302 . 48159 —. 82466 —. 49310
- J —. 42800 . 07502 —. 48159 . 82466 —. 49310
T e e e 0 . 37920 0 1.0 —. 35047
- T . 39652 . 60887 . 36362 . 73369 —. 13858
T . 69381 . 69381 . 50055 0 —. 02813
100 - . . 82122 . 60887 . 36362 —. 73369 —. 13858
) 5 . 75841 . 37920 0 —1.0 —. 35047
12 i . 57804 . 07502 —. 48159 —. 82466 —. 49310
18 e —. 79707 . 07029 —. 85688 . 79791 —. 73475
4 . —. 39652 . 21235 —. 36362 . 73369 —. 13858
15, 0 . 32296 0 . 47978 . 44086
L . 36438 . 36438 . 13585 ) . 69261
. 64592 . 32296 0 —.-47978 | . 44086
18 e . 82122 . 21235 —. 36362 —. 73369 —~. 13858
19 .. . 93765 . 07029 —. 85688 —. 79791 —. 73475
20 e —1.0 0 —~1.0 0 —. 78861
) SO —. 69381 0 —. 50055 0 B _ 02813
22 oo —. 36438 0 —. 13585 0 . 69261
23 . 0 0 0 0 1.0

> . 36438 0 —. 13585 0 . 69261
28m w55 mm i mm e . 69381 0 —. 50055 0 —. 02813
26 o 1.0 0 ~1.0 0 —. 78861
. (N —. 93765 —. 07029 —. 85688 —. 79791 —. 73475
28 o s e s e —. 82122 —. 21235 —. 36362 —. 73369 —. 13858
! S —. 64592 —. 32296 0 —. 47978 . 44086
30 .. —. 36438 —. 36438 . 13585 . 69261
3 O 0 —. 32296 0 . 47978 . 44086
B2 s s S 252 e s S . 39652 —. 21235 —. 36362 . 73369 —. 13858
3 S . 79707 —. 07029 —. 85688 . 79791 —. 73475
3. —. 57804 —. 07502 —. 48159 —. 82466 —. 49310
3 .. —. 75841 —. 37920 0 -1.0 —. 35047
ci 1 —. 82122 —. 60887 . 36362 —. 73369 —. 13858
R —. 69381 —. 69381 . 50055 0 -. 02813
38 . —. 39652 —. 60887 . 36362 . 73369 —. 13858
39 .. 0 —. 87920 0 1.0 —. 35047
1 . 42800 —. 07502 —. 48159 . 82466 —. 49310
I, —. 57804 —. 50302 . 48159 —. 82466 —. 49310
2 . —. 93765 —. 86736 . 85688 —. 79791 —. 73475
43 ... —-1.0 —-1.0 1.0 0 ~. 78861
R P —. 79707 —, 86736 . 85688 . 79791 —. 73475
45 .. —. 42800 —. 50302 . 48159 . 82466 —. 49310
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F1GURE 4.81.—Theoretical and experimental frequency parameters and nodal patterns for a free steel square plate
point supported at the four corners. Experimental values are given in parentheses. (After ref. 4.14)

TaBLE 4.93.—Frequency Parameters, Nodal Patterns, and Amplitude Coefficients for a Rectangular..
Plate Supported at Its 4 Corners; v=0.3
[Values in parentheses are obtained by keeping 24 terms of the series]

Mode 1: Mode 2: }. - o=
a/b
wa?yp/D Normalized mode-shape wa’m Normalized mode-shape
coefficients coefficients
Qo= 1.000 b01= 1.000 Qo= — 0.1248 bu= 1.000
7. 46 aps=—.0663 boz= —.0663 16. 80 ay=—.0075 biy=—.0671
1.0 (7.12) ay=.1737 1=.1737 (15.77) ay=.1695 by = —.0574
ag3=.0329 b23= .0329 ay= —.0055 b33= .0348
Q= — .0267 bu’—' —.0267 Q= — .0146 b5|= —.0083
(101"—‘.0869 b01= 1.000 ap= -—.1753 b11= 1.000
ag=—.0150 bz = —.0320 age=.0002 byg=—.0499
1.5 9.21 @5,=.0950 by =.0281 22.78 @5;=.1530 by, = —.0748
(8.92) ay;==.0056 bys=.0161 (21.53) axy=—.0059 bys=.0205
ag=—.0102 by = —.0068 ae=.0012 b5 =.0052
Qos= .0009 b|5= = .0065
ap = —.0054 b01= 1.000 Qo= —.1915 bu'—'—‘l.OOO
A= — .0052 b03= —.0179 Ao = .0067 b13= —.0460
9.46 ay=.570 by =.0046 29.03 a»=.1537 bay= —.0893
2.0 (9.29) as3=.0013 bay=.0080 (27.50) ax=—.0088 by;=.0159
aq=—.0035 b= —.0025 ag=.0080 by=—.0028
agp=.0007 b= —.0093
apg= —.0197 bm= 1.000 Apr= —.1984 bn=l.000
9.48 ag=—.0020 bes= —.0108 ap=.0100 biz= —.0451
2.5 (9.39) as=.0372 b21= —.0014 an=.1550 byy=— .0967
ay=.0002 boy=.0042 35.5 ay=—.0103 bs==.0135
ay= —.0007 bu‘—’ '—.0011 aa=.0120 bu:—.ooog
Qo= .0005 b15= -—.0113
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TaBLE 4.93.—Frequency Parameters, Nodal Patterns, and Amplitude Coefficients for a Rectangular

[Values in parentheses are obtained by keeping 24 terms of the series]

VIBRATION OF PLATES

Plate Supported at Its 4 Corners; v=0.3—Continued

4
Mode 3: Mode 4: ‘ ‘x' I ‘n l'
" ’i N
a/b _ |
watyp/D Normalized mode-shape watyp/D Normalized mode-shape
coefficients coefficients
an= 1. 000 boz:- —0. 1248 agn = 1. 000 bm= —1. 000
16. 80 ap=—. 0671 bu=—. 0075 19. 60 ap=—. 0244 be=. 0244
1.0 (15.77) an=—. 0574 by =. 1695 (19. 60) an=—. 0802 by =. 0802
an==. 0348 b24= —. 0055 ag=. 0112 b23= —. 0112
as = —. 0083 b43= —. 0146 ay=. 0049 bu= —. 0049
an=1. 000 be=0. 1539 an=1. 000 boy=—0. 8108
27.74 ap=—. 0817 bu=—. 0380 34.8 ag3= —. 0536 baa=. 0002
1.5 (25. 82) an=. 0205 bzz‘—‘. 1850 (33 69) a=. 0756 b2‘=. 1693
azz==. 0428 b24=. 0115 Aaz—=. 0255 b23=. 0171
as1— —. 0209 b4z= —. 0230 Ay = —. 0107 b41= —. 0191
an=0. 7924 be=1. 000 an=1. 000 boy=—0. 742
34.7 ap=—. 0877 bu=—. 0808 56. 2 ag=—. 0726 “* | byy=. 0903
2.0 (32. 83) az=. 1496 bay=. 1713 (52.0) azn=. 2048 b =. 2277
agp=. 0426 b24=. 0334 A=, 0322 b13=. 0341
as=—. 0304 b= —. 0272 ag=. 0011 b= —. 0277
a;n=0. 1928 b= 1. 000 an=0. 8438 by=—0. 8072
a; 3= —. 0337 bm= —. 0479 Q3= —. 3091 b03=. 1068
2.5 3.72 an=. 1130 bp=. 0536 101. 7 ay=—. 8536 by =1. 000
az=—. 0150 bz4—'—~. 0191 agy=. 2419 b23= —. 1570
asj=—. 0109 b42= — 0112 A=, 0530 b41= . 1440

were used in reference 4.2 to obtain approximate
fundamental frequencies for general values of
a/b and »=0.25. The frequency may be com-
puted from equation (4.17) with

K-35+

(4.94)
N=l(a,2+1§ab+b2>
2 x
Cox (ref. 4.142) also used the finite-difference
method to solve the problem of the free square
plate supported at the midpoints of its sides
(see fig. 4.82). Frequencies obtained from two
mesh widths and from the extrapolation formula
equation (4.90) are listed in table 4.95 for
v=0.3.
Plass (ref. 4.143) used a variational method
described later in this section to solve the prob-

lem of a free square plate clamped at one mid-
point as shown in figure 4.83. A deflection
function

wen=4) ) [ara(®)] ws

was used to yield a fundamental frequency
parameter wa®/p/D=2.580. In this case the
point clamp at (0, 0) permits rotation about
the z-axis, but not about the y-axis.

The square plate having two adjacent edges
both either clamped or simply supported and
a point support at the opposite corner (see
fig. 4.84) was also analyzed by Cox (ref. 4.144).
The finite difference method and »=0.3 was
used. Frequency parameters for both prob-
lems are listed in table 4.96 for two mesh
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Plate Supported at Its 4 Corners; v=0.3—Continued
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TABLE 4.93.—Frequency Parameters, Nodal Patterns, and Amplitude Coefficients for a Rectangular

Y
Mode 5: } === Mode 6: -) !
]
a/b .
wayp/D Normalized mode-shape wa*Vp/D Normalized mode-shape
coeflicients coefficients
a=1. 000 bi=1. 000 a;=1. 000 bez=—0. 9796
ay=—. 1458 b= —. 1458 a;3=—. 0629 boe=. 0944
1.0 41. 5 agp=.2107 bp=. 2107 51. 6 as=—. 2789 baa=. 0337
(38. 44) az=. 0645 bsu=. 0645 (50. 3) as=—. 0007 boy=—. 0492
asp=—. 0433 bsz=—. 0433 as=. 0318 b= —. 0000
= —. 0053 b15= —. 0053
ap=—. 0666 b12= 1. 000 an= 1. 000 boz-'—- —0. 8072
au=—. 0342 bu=—. 0797 a;z=—. 0446 bos=. 0477
L5 56. 0 an=, 1809 bzp=—. 0153 57.7 a3 =—. 1487 byg=. 1222
) (52. 7) au=. 0119 by =. 0326 (57 7) az=. 0225 bgy= —. 0232
asg= —. 0049 b52=’ —. 0190 as=. 0084 b4z=- —. 0078
Qig=. 0014 b15= —. 0101
a;;= —. 1869 byz=1. 000 a;;=1. 000 bey=—0. 6479
ay=—. 0122 bu=—‘. 0671 ap=——. 0597 bm=. 0324
2.0 67.1 az=. 1764 b32== —. 0548 73. 0 ap=—. 0626 b22=. 1557
' (63. 8) ay=. 0011 by=. 0238 (71. 3) az;=. 0316 bay=—. 0051
asn=. 0068 bsp=—. 0114 a5 =—. 0013 bip=—. 0151
aie=. 0015 b15=—. 0134
ap=—. 2238 bn= 1. 000 a; = 1. 000 boz= —0. 5687
au=—. 0021 b= —. 0630 ai=—.0705 bu=. 0720
2.5 78.5 Ap=. 1772 baz= —. 0717 97.5 az = —. 0104 b22=. 1772
A3= —. 0038 b34=. 0195 az=. 0364 bz4=. 0027
asg=—. 0134 b5z= —. 0074 as=. 0059 b4z= -—. 0195
ap=. 0013 b13=-—. 0160
,f\\
Mode 7:
\-.' J
afb
watyp/D Normalized mode-shape
coefficients
ag;=0.1555 bo1=0.1555
1.0 48. 3 Qg3= — .1950 b03= —.1950
’ (44. 4) az,= 1.000 by1=1.000
Q3= .1088 b23= .1088
a,=—.0988 by=—.0988
ag=—0.4491 box=0.6498
Ao3= — .1209 b03= —.0355
L5 75.4 ay=1.000 byy=.5491
(70.1) | ay=.0468 bay=.1078
ag= — .0658 b“= —.0590

308-337 0 - 70 - 10
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TABLE 4.94.—Comparison Between Ezperimental and Theoretical Results for Cyclic Frequencies of
Rectangular Plates Point Supported in the Corners

Cyeclic frequencies, cps, for—
Plate 1; 12- by 12- by 0.120-in. 2024 aluminum | Plate 2: 10- by 20- by 0.173-in. 2024 aluminum
Mode E=10.6X10° psi (book value) E=10.6X10° psi (book value)
Solution Series Solution Series -
from ref. Experiment solution from ref. Experiment solution
4.139 4.139
| S 61. 4 62 61. 4 38.8 38.3 38.8
b 136 134 136 |- eeeeoas 113 115
E R 136 134 136 |- 136 137
Y S — 166 169 170 |o oo 214 218
L 333 330 RE T S D 261 267
B i mim mimimim S S S 434 436  [ocmmemmmmammese 294 298
T e 375 383 BRE | e e e s e s e e e
y -
y
e a
o/z———-|
¥
a/2
Clamped Point
X 1 ) ¢ X
a/2 a/2
x —— X

Figure 4.82.—Free square plate supported at the
midpoints of its sides.

widths. Extrapolated values are derived from
equation (4.90).

The second mode shapes for these two prob-
lems have node lines y=z, and thereby dupli-
cate the second modes that exist when the
corner point is not supported. (See secs.
4.3.6 and 4.3.13 for relevant information.)
First and second mode shapes and frequencies
can also be obtained directly from the results

Ficure 4.83.—Free square plate clamped at one
midpoint.

of the free square plate point supported at its
four corners given earlier in this section.
Straight node lines duplicate simply supported
boundary conditions.

Consider next the problem of the rectangular
plate simply supported on all edges and sup-
ported at a point located at the coordinates
£ n (fig. 4.85). Nowacki (refs. 4.137 and 4.145)
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TABLE 4.95.—Fundamental Frequency Param-
eter wa’/p/D for a Free Square Plate Sup-
ported at the Midpoints of Its Sides; v=0.:3

wa’\/ﬁb
Mesh width
Extrapolated
value
a/8 a/10
17. 129 17. 443 18. 002

TABLE 4.96.—Frequency Parameters wa%/p/D
for a Sguare Plate Simply Supported or
Clamped on 2 Adjacent Edges and Supported
at the Opposite Corner; v=0.3

wayp/D
Adjacent edge

conditions Mesh width Extrap-

olated

value

al4 al5 a/6

Simply supported.__| 8.22 | 850 {_______ 9. 00
Clamped..._.______|._____ 12. 55 | 12. 90 13. 68

solved the problem by dividing the plate into
two sections by the line y=¢, assuming a solu-
tion of the form

W(z, y)=>" (A,, sinh \gy+ B, sinh A\y)sin ”’T’”’
m

(4.96)
where

_ mm\? pw?
A3, )\4——'\/(—5- = (4.97)
for each section, and satisfying the boundary
conditions along y=0 and y=>b and the con-
tinuity conditions along y=n exactly. Con-
tinuity of transverse shear along y=7 requires
expanding the point load at £, 5 into a Fourier
sine series. These conditions lead to the char-
acteristic equation

i sin? af [sinh A sinh A\ (b—19)
m=1,2,...(k§— i) )\4 Sinh X4b

sinh Ay sinh A\;(b—9)
Az sinh Xab

]:o (4.98)

y
: X
1!
A !
Al
il
7! ;
11
14
1i
i
A e e
/ 7777777777777 7, X

Simply Supported
or Clamped
Fioure 4.84.—Square plate simply supported or

clamped on two adjacent edges and supported at the
opposite corner.

r————————

FI1GURE 4.85.—SS-SS-SS-SS rectangular plate with
point support along one symmetry axis.

where a=mnr/a. The roots X; and X\, of
equation (4.98) yield the frequencies.

The fundamental frequency parameters for
three a/b ratios and with the point support at
the center (¢=a/2,n=>0/2) are listed in table 4.97.
Frequencies were also determined (ref. 4.137)
for the case of the square when the support
point was allowed to relocate along the line
y=a/2=b/2. Results are given in table 4.98.
It is noted that corresponding values (¢/a= 14,
a/b=1) of tables 4.97 and 4.98 show consider-
able disagreement.
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TasLE 4.97.—Fundamental Frequency Param-
eters for a SS-SS-SS-SS Rectangular Plate
Having a Point Support at the Center

afb ’ 1.0 l 1.5 ’ 2.0

91. 1

RN vy l 52.6 | 73.1

TaBLe 4.98.—Fundamental Frequency Param-
eters for a SS-SS-SS-SS Square Plate Having
a Point Support Along a Symmetry Azis

tla 0 »% M % 34
watpDeoooo - 19.7 1 25.5 | 30.4 | 38.9 | 49.3

The case when the plate is supported at a
point by a spring, with or without added mass,
is discussed in the section entitled ‘‘Point
Masses’’ (sec. 4.5.2).

The square hub-pin plate (fig. 4.86) consists
of a hub support attached to the edge of a
plate and having an axis of rotation parallel

to the adjacent edges and a pin support at

another point along the same edge. For the
particular locations shown in figure 4.87, the
boundary conditions at the hub are for W(z,y)

W(o 2) (o, 2) 0 (4.99)
and at the pin
W(O §a)=M (O §a)=0 {4.100)
) 4 z 34 .
a a
Hub 2 r 3
Pin

ST 7

X a

F1GuRE 4.86.—Square hub-pin plate.

VIBRATION OF PLATES

Free-edge boundary conditions apply every-
where else.

This problem was treated in references 4.66
and 4.143 by using a modification of Reissner’s
variational method (ref. 4.71) and a deflection
function

wan=a[@)-1()]
4 () -%G) ]
a0
+s{T-5[O-101}
Q@G G)
+aHEIEO -0 ]
+a () G- F)] (101

Moment boundary conditions Were exactly
satisfied at discrete points and four degrees
of approximate satisfaction of the shear bound-
ary conditions were considered; the best results
were obtained when the transverse shear con-
ditions on the free edges were ignored. Fre-
quency parameters from reference 4.66 com-
pared with the experimental data of reference
4.72 are presented in table 4.99 for an aluminum
plate 7.5 by 7.5 inches by 0.25 inch. Experi-
mental methods used to get these results are
described in reference 4.146.

Mode shapes corresponding to the first three
frequencies are shown in figure 4.87, where

TABLE 4.99.—Frequency Parameters wa*yp/D
and Nodal Patterns for a Square Hub-Pin Plate

watVp/D for mode—
Type
1 2 ‘ 3 l 4 I 5
Theoretical____| 2.67 | 5.86 | 15.87 | _|------
Experimental. .| 2. 76 | 5. 59 | 15. 95 | 21.73 | 26. 81
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F1GURE 4.87.—Theoretical and experimental mode shapes for a square hub-pin plate.

t=Z/a and n=7%/a. Further experimental re- man (ref. 4.148). In reference 4.148, the
sults (ref. 4.86) for a thinner plate are shown  Rayleigh-Ritz method is used with a funda-
in figure 4.88. More work on point-supported  mental mode shape

plates is contained in reference 4.147.

A
45 ADDED MASS W(a,y)=sin 775 )+Abx( 5) sin 7

4.5.1 Rigid Stip Mass (4.102)

The problem of the rectangular plate, simply . . )
supported on two opposite edges, free on the where A is an undetermined coefficient to be

other two, and carrying a rigid mass of finite found from the minimization process. An ex-
width ¢ running across the center of the plate  plicit formula for the frequency parameter is
(fig. 4.89) was studied by Cohen and Handel-  found to be

02Ot G0+ 2V (GO =GO — CiOK Ot OO T CiOGT COCE (4 143
C:—4C,C, )

A=

where

)\—wam

‘6<b>(1‘£)
G 0101
Cs=(g 680 l) 15(b) (1"")] I 10
M eyt
o Y-
=15() (1=¢) )

1__
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FicUre 4.88.—Experimental node lines and normalized deflection of a square hub-pin plate;
material, 6061-T6 aluminum 1% inch thick. (a) Experimental node lines and data points.
(b) First mode; f;="58.8 ¢ps. (¢) Second mode; fo=119 eps. (d) Third mode; f;=339
cps. (¢) Fourth mode; f,=462 cps. (f) Fifth mode; f;=570 eps.
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F1GURE 4.89.—SS-F-SS-F plate carrying a rigid mass.
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and where p’ is the mass density per unit area
of the plate plus the additional mass in the
region [(a/2)— (l/2)l<x<[(a/2) +(/2)].  For

VIBRATION OF PLATES

large values of e/b, equation (4.104) can be

simplified by retaining terms of order (b/a)?

but no higher powers, giving:

ol 1121 =) +@) o (=) (=0 +2(0) ] g

g Ty ET R o

Numerical results were evaluated in reference
4.148 for »=0.25. For the square, equation
(4.103) was used. Frequency variation with
l/a ratio for several values of p’/p is shown in
figure 4.90. For a¢/b=10, equation (4.105) was
used. Results are shown in figure 4.91. It is
interesting to note that in both figures for
p’/p<2 the frequency always increases as
l/a increases, whereas for p’/p>2 there exist
crossover points where the frequency of the
plate with the added strip is the same as that of
the unloaded plate.

In reference 4.149 the technique of reference
4.148 was extended to the lowest antisym-
metrical mode. A function

3
W(z,y)=sin %—c-}—A% z(z—at1)? sin%y (4.106)
is used where 8 is the fundamental root of the

equation

tan ﬁ(l—é -I—B(l;:O (4.107)

A o (4105
- (D6
where
A=wa*yp/D )
s[5 () +5(2)]
D 2(G) +(0) +5(5) ]

e (%Y
n 3E4(5)

D=D,—2EE, (g)ﬁ
= (G) [2(0) +5()]

N RN
e e

6
Di=(2) (B4, )
The explicit form for the frequency parameter
is found to be (4.109)
248 4 /
/
‘ / B ' //
% / 3 B2 //
.
- L] ; - B L /ﬁ
I s, e ey 9 —
° 0.2 04 06 08 1.0 © 0.2 04 06 o8 10
Lo L ‘

Figure 4.90.—Fundamental frequency variation for a
88-F-SS-F squarc plate carrying a rigid strip mass;
v=0.25. (After ref. 4.148)

Ficure 4.91.—Frequency variation for a SS-F-SS-F
rectangular plate (a/b=10) carrying a rigid strip
mass; »=0.25. (After ref. 4.148)
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and where
(- (D6 |
=0
E2‘=E5/l94
B (1 —f;)’
| T
1442 (E)

£,-108 2(14;)__““_2(«%—) [

2

E’sz ;:b‘%Es
E7= 4(1""‘!“)3
a

LS O
EB"15(1 a

. PUNAY
Ey—= 1680(1_a> J

(4.110)

For large values of a/b, equation (4.108)
simplifies to ;

2__4E4E9_E¢2; E5 b 2
N="IEF. +8Eng(a) [2E\(Eoks

—2E;E,)—E (E;—4E.E))]

(4.111)

Numerical results were evaluated in refer-
ence 4.149. For the square, equation (4.108)
was used. Frequency variation with //a ratio
for several values of p’/p is shown in figure 4.92.
For a/b=10, equation (4.111) was used.
Results are shown in figure 4.93.

4.5.2 Point Masses

A rectangular plate simply supported all
around and having a concentrated mass M
attached at the coordinates &, % is shown in

5000
2000
Ll
11
500
{Jll
1)

100 § >
% L
£ 74 &
<« 50
S /

) '// y
2 7/ X
y

3
<
+
//2
g —~——
e -
\\\-~‘~\-§:

10 - —* )
"
N y4 y A
SN 6/
5 — 7
AN //
P
2
|
0 0.2 04 06 0.8 10
§ 7

Figure 4.92.—Variation of the first antisymmetric
frequency for a SS-F-SS-F square plate carrying &
rigid strip mass. (After ref. 4.149)

figure 4.94. Gershgorin (ref. 4.150) solved
the problem by dividing the plate into two
regions 0<y<n and 7<y<b and assuming a
solution (eq. (1.37)) for each region. Eight
homogeneous equations are written, four for
the boundary conditions at y=0 and y=b,
and four for the continuity conditions across
the line y=n». The continuity condition for
transverse shear takes into account the con-
centrated mass by expanding a point load
into & Fourier sine series. This procedure
leads to a characteristic equation, the roots of
which are the desired eigenvalues.

Numerical results are presented in implicit
form in reference 4.150 for the doubly symmet-
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Figure 4.93.—Variatien of the first antisymmetric
frequency for a SS~-F-SS-F rectangular plate carrying
arigid strip mass; a/b=10. (After ref. 4.149)

Figure 4.94.—8S-SS-S8-8S rectangular plate with a
point mass M.

ric modes of a square (a=»>b) when the mass
is at the center (¢=a/b, n=a,;2). It is obvious
that for modes having an axis of antisymmetry
the mass M will fall on a node line and, hence,
will not affect the plate. The frequencies may
be obtained from the characteristic equation

. tanhgy@m+1)"—X
AN =222 ‘

m=0

VEmF

tanhg\/(2m+1)2+)\ #

2pa
— === 4,112
NI =S LAY o 4112)
where
wa?
)\=?\/p/D (4.113)

The function f,(\) is given in table 4.100 and
plotted in figure 4.95.

TaBLE 4.100.—Characteristic Functions for a SS-SS-SS-SS Square Plate Having a Mass at

the Center
A Hiy A L) A b7eN]

O . 0 2.0 — @ 10 —
02 . ___ L0289 || 2.0 .. —26. 9900 10LL = s e cnmn e —264. 8749
04 . __ L1197 || 2.2 —13. 9576 102 ____ —129. 7239
06 . __________ . 2818 P42 P — 6. 5248 105 . . —61. 1816
08 o v oo . 5382 3.0 ___ . ____ —3.7910 1100 —33. 3897
Y0 .. L9323\ 4.0 ________ — 1. 7000 120 . —13. 6614
12 . 1. 3698 5.0 . —. 5124 1300 e s s e e —7. 6301
4. . 2.6115 || 6.0_______________ — 1. 2861 140 _______ —3. 5239
TBmpen v e o _ 4,.7415 | 7.0 _____ 3. 7948 1500 . . 6548
1.7 . 7.4900 || 8.0____ . _______ 8. 5774 160 ... _._ 6. 4283
1.8 ... 11,1529 || 9.0 o __ 22. 0731 L7 0 semevommense o 19. 7349
19 .. 24. 3803 || 9.5 . ____ 45. 3092 17.5 . 42. 6325
2 | o || 9.8 . . __ 124. 2640 17.8 .. 113. 0580

100 . _________ © 18.0. .. @
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The method of obtaining frequencies is
shown in figure 4.95. For a given problem, the
right-hand side of equation (4.112) is computed.
This is represented by the broken line in
ficure 4.95. The intersections of this line with
the curves f;(A) yield the values of A on the
abscissa. The frequency is then determined
from equation (4.113). It is seen that fi(A)
becomes infinite at values of X corresponding
to the natural frequencies of the unloaded
plate. Also, as the mass Is increased, fi(\)
always remains positive. Thus, for infinite
mass M the higher frequencies are not zero.

The doubly symmetric mode shapes are
given by

sinh (%yv(Zm—Jrl)”—)\i)

£\

388503888 3

50

Ficure 4.95.—Characteristic functions for a SS8-SS8-
88-88 square plate having a mass at the center.

W(z,y)=22(—1)"

sinh (V@R F 7N,

4 (2m+1)2—x\, cosh (g\/(2m+l)2—)\,~>

'V(2m+1)2+kt COSh (g\/(2m+1)2+ i

where A, are the associated frequency

parameters.

Wah (ref. 4.151) and Amba-Rao (ref. 4.152)
solved the problem by using a solution for the
plate without an added mass (eq. (4.19)) and
representing the concentrated force resulting
from the point mass by a Dirac delta function.
In reference 4.152, the frequencies for modes
which do not have nodes at (£, n) are determined
from the characteristic equation

. mm . nmw
sin? ma sin2 227

GG

(4.115)

4 Mu?
Dab m=1n=1

1=

Frequency parameters for doubly symmetric
modes of a square having the mass M=pa’/4
at the center are listed in table 4.101.

In reference 4.151, an approximate formula
for the square of the fundamental frequency
of the simply supported rectangle having a
point mass M at the center is given as

)‘) sin[(2m+1)’—'§] '(4.114)'

D 1 1)\?
T“"(&EJFF)

pab
M+E2

2

(4.116)

and an independently derived approximation

for the square of the fundamental frequency

of a massless plate having the point mass is

=D 1,1\

I )

- M

Thus the practical rule results that the funda-

mental frequency of the plate-mass system in

this case may be approximated by adding

one-fourth of the mass of the plate to the

central concentrated mass and calculating the

frequency by equation (4.117) as if the plate
itself were massless.

Stokey and Zorowski (refs. 4.153 and 4.131)
and Lee (ref. 4.154) developed a general
method for determining the frequencies of a
rectangular plate with arbitrary edge condi-
tions and any number of arbitrarily located
masses having both translational and rotational
inertia. Deflections are expressed in terms of

(4.117)
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TABLE 4.101.—Frequency Parameters wa’yp/D
Jor a SS-SS-SS-SS Square Plate Having a
Point Mass M= pa*/} at the Center

Number of terms in eq. (4.115)~—

Mode No.
1 , 2 l 3 ‘ 4
Yo ____ 13.96 | 13. 89 13. 81 13. 79
P NS DD 80. 999 | 70. 511 68. 996
[ JIUIURUPUNN INERNUIRNE PPIPDIRERIP PSSO 162. 65

the eigenfunctions of the plate without masses,
and the equations of motion of the plate-mass
system are determined from Lagrange’s
equation

oT U
HZ(D:Q bq i bq

where T is the kinetic energy of the plate-
mass system, U is the potential energy of the
system, ¢, are the generalized coordinates cor-
responding to the eigenfunctions used, and ¢
is time. The resulting infinite set of ordinary
differential equations in the ¢, are solved for
the frequencies of the system in the usual
manner.

Numerical results were obtained for a simply
supported aluminum plate 20 by 20 inches by
0.091 inch with a concentrated mass having
negligible rotational inertia at the center. By
assuming a specific weight of 0.0955 pound per
cubic inch for aluminum, this gives the weight
of the plate as 3.48 pounds. Theoretical and
experircental fundamental cyclic frequencies
were obtained and are given in table 4.102.
Only the first four eigenfunctions of the SS-
S5-SS-SS plate were used in the calculation of
the frequencies.

Table 4.103 (ref. 4.153) lists the results for
the effect of adding various numbers of cylin-
drical masses having equal rotational inertias
about all axes in the zy plane at different loca-
tions (the axis of the cylinder is perpendicular
to the plate). Moments of inertia listed are
relative to axes lying in the middle plane of
the plate.

The case when an externally connected
translational spring of stiffness k¥ (force/length)
is attached to the plate at the same location
as that of a concentrated mass is studied in

=0 (4.118)
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TaBLE 4.102.—Fundamental Cyclic Frequencies
Jor a SS-SS-SS-SS Square Plate With Vary-
ing Point Mass at the Center

Concentrated Cyclic frequency, cps
weight, 1b
Theoretical Experimental
2 .. 23.5 23. 4
S 18.0 17. 5
6. . _ 15.1 15.0
- S 13. 2 13. 2
10 ______ 1.9 12.0
12 .. 11. 0 11. 0

reference 4.155. The characteristic equation
for the simply supported square having a mass
and a spring at its center is equation (4.112)
with the right-hand side modified to become

SHid)= (M—i)

for doubly symmetric modes. Again, values
of fi(A\) may be taken directly from table 4.100
and figure 4.95. From equation (4.119) and
figure 4.95 it is seen that for w=+k/M the
vibrations of the spring-mass system and the
plate become uncoupled. As k-, f,(\)—0
and the solution is that of a rigid point support
at the center.

Consider next the simply supported square
plate having four equal masses symmetrically
located along its diagonals as shown in figure
4.96. For modes symmetric with respect to
z=a/2 and antisymmetric with respect to
y=a/2, the frequencies may be determined
from the characteristic equation (ref. 4.150)

(4.119)

[tanh T EmT X
S e e
tanhgva
VEm+1)" 4
ipﬂ‘; (4.120)

with A given in equation (4.113). The function
f2(A) is given in table 4.104 and plotted in
figure 4.97.
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TaBLE 4.103.—Fundamental Cyclic Frequencies for a SS-SS-SS-SS Square Plate Having Various
Numbers and Locations of Added Masses

Location Cyclic frequency, cps
Weight, 1b 1, 1b in. sec?
£ 7 Theoretical Experimental
2.75 0. 021 25.1 26. 0
a/4 a/2 2.75 . 021 28.7 28.5
a/4 al4 2.70 . 020 _
a/2 a/2 2.75 021 } %9 15.5
al4 a/2 2.70 . 020
a2 alt 2.75 . 021 } 20 1 18: 0
al4 a/2
k—am a/2 0/4 ——

B =T

|

| 1| a/4

| { o

| ° > ] 4 .—

| | 80|
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Ficore 4.96.—Simply supported plate with four sym-

metrical masses.

FIGURE 4.97.—Characteristic functions for a SS-8S-

$S-SS square plate having four symmetrically

located masses.

TaBLE 4.104.—Characteristic Functions for a SS-SS-SS-SS Square Plate Having 4 Symmetrically
Located Masses

A f2(N) A 200 A J2(N)
) I 0 B0 .. — o || 1800 —
100 . L2650 || 5.1 .. —153. 5112 1l 185 ... —71.4574
200 __. 1.1836 || 5.2 ____. —66.4149 | 140 ... _____.. —37. 8496
3.0 .. 8. BEBT §! Biboz cvne snmeme s —27.5738 || 150 _..______.. —20. 3772
40 ______._ 9.9930 || 6.0._ o __.___. —14.4680 || 165 - —11. 7206
A5y me s e e 22,5453 || 7.0 oo —7.1951 || 180 e —17. 0385
4.8 . 61.1634 || 8.5 . —1.5711 [ 20.0___ .o .. —2. 2286
49 . 125. 1397 || 10.0. oo .. 2.9501 || 23.0____ ... __. 6. 5164
L © 1.0 oo 8.9760 || 25.00__ ... 15. 8490
120 . 26.6930 || 26.5_ .- 29. 6535
12,5 . 60.2381 || 28.0__ oo 77. 1999
12.8 e 159. 6640 || 28.5. coeooooean 152. 1900
120, o vecn e 211. 6283 | 29.0 o oocooo-- ©
13.0_ e @
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The mode shapes corresponding to these frequencies are given by

Wiz, g =2 [(~1mcos BT i Gt D2z
sinh@ sinh“’?/_ﬁ.zl"_'t.l_)_z_ﬂ
e a
B e (4.121)
R L mrir o
V/(zm—*—l)z_)‘COShﬂ@Zﬂ)?— VEm41) 2 coshw

In references 4.156 and 4.157, Solecki gives
the fundamental frequency of a square plate
clamped all around and having a point mass at

the center of twice its own mass. The fre-
quency is found to be
= 0'9?"2\[2 (4.122)
a P

The problem of the rectangular plate having
three sides simply supported and the other
clamped and having a mass M and a spring of
stiffiness k attached at a given point (fig. 4.98)
was solved in reference 4.158. The method
used was essentially that given in reference
4.153 and discussed previously in this section.
Ratios of the fundamental frequency of the
system to that of the plate alone as functions
of the stiffness ratio k/k. and the mass ratio
M/pab are shown in figure 4.99 for the case of
the square, and {=7n=0.2¢. The quantity
k. may be thought of as a generalized spring
constant corresponding to a uniformly loaded
SS-SS-SS-C square plate of negligible mass;
that is, k,=D/0.00279aZ.

y

£

/////////////////////////////

S x

FiguRre 4.98.—S8-8S-8S-C plate with a point mass
and point spring.

The problem of the SS-SS—SS-C square plate
having two point masses, one at £=9,=0.2a
and the other at £,=1,=0.4a, was also solved
by Das and Navaratna (ref. 4.158). Frequency
ratios are shown in figure 4.100.

A method for determining frequencies of
rectangular plates having added masses and
elastic edge constraints is given in reference
4,131. Theoretical and experimental fre-
quencies are given for specific‘ plates used as
electronic chassis.

For a specific case of a rectangulag cantilever
plate having added mass at the tip (x=a),
see the discussion under parallelogram plates
entitled “Other Supports and Conditions”
(sec. 5.2).

) /

800 /
° v d // /
2 oo /Wi
i 28
_ 94l
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Frequency Ratio

FicUure 4.99.—Ratio of the fundamental frequency of a
$8-88-88-C square plate having a point mass and a
spring at £=75=0.2a to that of the plate alone.
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F1GURE 4.100.— Ratio of the fundamental frequency of
a SS-SS-S8-C square plate having point masses
M, and M, at g=mn=0.2a and £y==1n,==0.4q, respec-
tively, to that of the plate alone.

4.6 INTERNAL CUTOUTS

4.6.1

A rectangular plate either clamped or simply
supported on the outer edges and having a
centrally located circular hole is shown in fig-
ure 4.101. Takahashi (ref. 4.159) solved the
problem in the case when all edges are clamped
by using the Rayleigh-Ritz method and deflec-
tion functions which are products of beam func-
tions. Variation in fundamental frequency
parameter as a function of R/a ratio is given in
figure 4.102 for several a/b ratios and »=0.3.
The frequency scale is amplified in figure 4.103
and theoretical and experimental values are
given for the case when a/b=0.5.

Kumai (ref. 4.160) used the point-matching
method to find the first three frequencies for

Circular Holes

_

c/2———1 y
pLLLLLLLLLL

7777777777 /77

T 777777777

Figure 4.101.—Rectangular plate having a centrally
located circular hole.
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Figure 4.102.—Frequency parameters w?atp/D for a
rectangular plate clamped all around having a
central circular hole. (After ref. 4.159)

the previous problem when a/b=0.5. Theoret-
ical and experimental cyclic frequencies were
obtained for celluloid plates 2.75 by 2.75
inches by 0.020 inch having various R/a ratios
and are shown in figure 4.104. In table 4.105
are listed the ratios of the frequencies of clamped
square plates having central circular holes to
those of plates without holes.

The case when the outer boundary is simply
supported was also studied in reference 4.160
and cyclic frequency variations are shown in
figure 4.105. Frequency ratios for this prob-
lem are also shown in table 4.105.

Joga-Rao and Pickett (vef. 4.37) used the
Rayleigh-Ritz method with algebraic poly-
nomials and a biharmonic singular function to
obtain

wa?y/p/D=>5.6148 (4.123)
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for a SS-SS-SS-SS square plate having a
central circular hole, R/a=0.5, and »=0.3.
The function used was (see fig. 4.101)

[A,+A2<£>2+A31n§] (4.124)

Frequency parameters for various numbers
and combinations of coefficients retained in
equation (4.124) are listed in table 4.106.
Because all results are upper bounds, the
lowest value is the most accurate one.

The frequency parameter for the square
plate having a central circular hole in the

TaBLE 4.105.—Frequency Ratios and Nodal
Patterns for Square Plates With Central
Circular Holes

Frequency ratio
Nodal pattern R
a
Clamped edge S8 edge
0 1. 000 1. 000
@ 9 | .2 . 986 . 985
.4 1. 118 . 965
0 1. 000 1. 000
-O—1 2 .916 .913
.4 . 876 . 804
= 0 1. 000 1. 000
IO ) 2 1. 040 1. 024
\ &t 4 1. 195 1. 228

case when the outer edge is completely free
was given in reference 4.37 as '

wa@®y p/D=2.8963 &4.125)

when R/a=0.5 and »=0.3. The Rayleigh-

Ritz method and the function
W(r0)=(Ar*+ Asr*+ A3+ Aer=?) sin 26 (4.126)

(see fig. 4.101) was used. Frequency param-
eters for various numbers and combinations of
coefficients retained in equation (4.126) are
listed in table 4.107.

4.6.2 Other Cutouts

The case of the completely free square plate
(fig. 4.106) having a centrally located square
hole was investigated in reference 4.37. The
Rayleigh-Ritz method and functions given in
equation (4.126) were used for ¢/a=0.5. Fre-
quency parameters for various numbers and
combinations of coefficients retained in equa-

TaBLE 4.106.—Frequency Parameters wa’/p/D for a SS-SS-SS-SS Square Plate Having a Central
Circular Hole; v=0.3

Coefficients retained ‘ A,y { A,

|
45 l 4,4, ( A:45 \AIAZ‘AS

24. 21

20. 003 5. 955 5. 629 5. 615
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TABLE 4.107.—Frequency Parameters watp/D for a F-F-F-F Square Plate Having a Central
Circular Hole
Coefficients retained A A; A, A, A4, A1AA; A14:4, A1A.434,
D Y 5 S 3.189 | 9.478 | 7.617 | 25.45| 3.026 2.914 2. 962 2. 896

TaBLE 4.108.—Frequency Parameters wayp/D for a F-F-F-F Square Plate Having a Central
Square Hole; v=0.3

Coeflicients retained | Ay Ag A; Ay AiA; AjAA, A434, A;AzA34,
WaVp/D e I 3.1 10. 21 6. 754 17. 13 2. 931 2. 845 2. 887 2. 845
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FiGURE 4.106.—F-F-F-F square plate with a central
square hole.

tion (4.126) are listed in table 4.108. The
lowest value is the most accurate.

Consider next the rectangular plate simply
supported on all external edges and having a
narrow slit of length ¢ along one axis of sym-
metry as shown in figure 4.107. This problem is
studied in reference 4.136. One numerical
result is given but it is highly inaccurate. The
case when the slit is completely internal is
formulated in reference 4.161, but no numerical
results for vibration are given.

FicURe 4.107.—8S-8S-SS-SS rectangular plate with a
symmetrically located slit.
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Because no exact solutions to equation (1.4)
expressed in skew coordinates by equation
(1.39) are known to exist in variables separable
form, no significant exact solutions exist for
parallelogram plates. Even the case when all
edges are simply supported requires an intricate
solution, unlike the case of the rectangle (sec.
4.1). Some solutions have been obtained by
approximate methods for a few of the many
possible combinations of boundary conditions.
Particular emphasis exists in the literature for
the case of the cantilevered parallelogram
because of its importance as an aerodynamic
lifting or stabilizing surface.

5.1 SIMPLE EDGE CONDITIONS

Results for plates with clamped (C), simply
supported (SS), and free (F) edges are given
in the following subsections.

511 CCCC

Kaul and Cadambe (ref. 5.1) proposed a
solution to the problem of the C-C-C-C
parallelogram plate which used the Rayleigh-
Ritz method and the products of characteristic
beam functions; that is,

Wit =2 2 Ambn@aln)  (5.1)
where
1 /sin {knlt—(a/2)]}
o= (i (e
sinh { knlt—(a/2)]} 2 T
7 sinh (kna/2) )"OS 2
1 (cos {knlt—(a/2)]}
+7,;( cos (knt[2)
cosh {knlt—(a/2)]}\ . ,m7
T cosh (kna/2) )s"‘ b3
m=1,2,3,... (52)

Chapter 5

where k,a is themth positive root of the tran-
scendental equation

tan (kna/2)=(—1)" tanh (kna/2) (5.3)
The functions ¥,(n) are obtained by replacing
¢, a, and m in equation (5.2) by n, b, and n,
respectively.

Results were obtained in reference 5.1 by
using only one term of equation (5.1) and the
Rayleigh method to obtain upper bounds for
frequency parameters for the case of the rhom-
bus (@=>). Theseresults are given in table.1;
the notation m/n is used to indicate the number
of approximate half sine waves in the &/g
directions, respectively (at least for small #
values of a). Combined modes of the form
(m/n+n/m) having nearly equal frequencies
exist, as in the case of the square. (See sec.
4.3.1)

Lower bounds were obtained in reference 5.1
for some of the modes by use of the Kato-

TaBLE 5.1.—Frequency Parameters wa2+p/D
cos? a for a C-C-C~C Rhombic Plate

wa?Vp/D cos? a for values of skew
angle, , deg, of—
Mode type
0 15 30 45
) 7} S 36. 11 36. 67 38. 15 40. 08
1/2. o 73. 74 74.76 77. 48 81. 06
2] [ 108. 85 { 111. 43 | 118.19 126. 84
(1/3)—(3/1)-...| 131.77 | 132.90 135. 96 140. 02
(1/3)4+(3/1)_.__} 133.20 | 133.71 | 138.03 | 142.70
32 165. 92 | 169. 56 | 179. 12 191. 41
3/ e 220. 91 | 226.76 | 242. 04 261. 46
(2/4) — (4/2) .. --| 242.82 | 246. 91 258. 02 272. 36
(2/4)+ (4/2) .- __| 245.23 | 249. 67 | 261. 40 276. 64

161
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TaBLE 5.2.—Upper and Lower Bounds of wa’yp/D cos® a for a C-C-C-C Rhombic Plate

wayp/D cos? a
Maximum
Skew angle, «, deg Mode type possible
Lower bound Upper bound Mean value percentage
deviation from

mean value
| I 1/1 35. 333 36. 109 35. 721 1. 07
1/2 71. 768 73. 737 72. 752 1. 33
2/2 104. 988 108. 850 106. 919 1.77
) {5 S 1/1 34. 690 36. 666 35. 678 2. 69
1/2 63. 686 74. 759 69. 222 7. 41
30, e 1/1 32. 959 38. 147 35. 55 6. 80
L 3 SR 1/1 30. 638 40. 082 35. 36 11. 36

TaBLE 5.3.—Fundamental Frequency Parameters walJ/p/D cos? a for a C-C-C-C Parallelogram

Plate
a wa’\/;/-l—) cos? « for values of skew angle, «, deg, of—
3 Source
15 20 30 35 l 45 60
Fol
1. Ref. 5.5 ___________.. 35. 636 35. 376 34. 624 34172 |-
Ref: 512 oo s morcnnn 35.623 |.ooao_._ 34, 788 |wnrima e 32.795 30. 323
0.5 ... Ref. 5.5 _____.._ 24. 484 24. 388 24. 196 24. 096 l ____________________

Temple method. These are given in table 5.2
along with a mean value of frequency parameter
determined from the lower and upper bounds
and a computation of the maximum possible
error which can arise from using the mean
value.

It is clear from table 5.2 that the accuracies
of the solutions decrease as (1) the mode
number increases and (2) the skew angle
increases.

Further results for this problem were obtained
by Hamada (refs. 5.2 and 5.3) who used the
method of Trefftz (ref. 5.4) and deflection
functions

nwn
Wt )= On 0<A,,mcos—cos—b—~
+B,... cos TE sin’—%rl7 +C,,5in — m1r£ cos n_-;r_n
+D,,. sin 778 i nm’) (5.4)

and by Hasegawa (ref. 5.5) who used the
Rayleigh-Ritz method and deflection functions
(see fig. 5.1)

W, 7)=18—(a/2)%) [7°—(5/2)FF (Ao
+ AyEn+ Anf+ Ao+ Ay
+ A ET+ AnfR?)  (5.5)

These results are summarized in table 5.3 for
a/b=1 and a/b=0.5. The problem is also
discussed in reference 5.6.

In references 5.2 and 5.3, experimental results
for the rthombic plate were also given. Mild
steel plates with a=56=2.36 inches and h=0.035
inch were used. Figure 5.2 shows the ratio of
the frequency of the rhombic plate to that of
the square as a function of the skew angle.
The curve shown is from the theoretical results.
Plotted points are experimental data.

Conway and Farnham (ref. 5.7) analyzed
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TaBLE 5.4.—Frequency Parameters for a C-C-C-C Rhombic Plate

40

37.5 \ 35

30 27.5

25 I 22.5 ' 20 15

21.70

24.05 | 26.90

34.66 | 40.03

47.05{ 56.02 | 67.91 107. 27

a
TTTTETETEEEERERRREERRNNNNNANNNNN

x, €

FiGURE 5.1.—C-C-C-C parallelogram plate.

the case of the rhombus by the point-matching
method. In terms of the coordinate system
shown in figure 5.3, the deflection functions

W(r,0)=_ 40‘:4 AT (kr)+ BT (k)] cosnd - (5.6)

“’/“’a=0°

a
S

(3]

O Experiment

2 //
L~ g
/?
|
% 30° 60°
a

FiGURE 5.2.—Ratio of the frequency of a C-C-C-C
rhombic plate to that of a square. (After ref. 5.2)

which exactly satisfy the differential equation

(1.4) were taken.

Boundary conditions of

w=0w/dr=0 at §=0°, 30°, 60°, and 90° were
matched, thus giving an eighth-order charac-

teristic determinant.

Frequency parameters for

various values of 8 are listed in table 5.4.

>

F1aUuRrE 5.3.—C-C-C-C rhombic plate.

TaBLE 5.5.—Frequency Parameters wa’y/p/D
cos® a for a C—-C-C-S8S Rhombic Plate

watVp[D cos? « for values of
skew angle, @, deg, of—

Mode type
0 15 30 45
B | P —— 31.95 | 32.54 | 34.09 36. 11
1/2. . iorses 63.66 | 64.76 | 67.68 71. 47
2/ . 71.43 | 72.40 | 75.04 78. 46
202 . 101. 26 | 103.83 | 110.58 | 119.18
) ¥ 1 S 116.97 | 118.29 | 121. 81 126, 47
27 TE—— 130. 84 | 132. 03 | 135. 11 139.25
L] 152.75 | 156. 50 | 166.32 | 178.87
BT} 160. 00 | 163. 51 | 172.75 | 184 62
R T S — 209. 97 | 215. 82 | 231. 06 | 250. 37
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TaBLE 5.6.—Upper and Lower Bounds of wa%y/p/D cos* a for a C-C-C-SS Rhombic Plate

watVp/D cos® a
Skew angle, «, deg Mode type Maximum
possible
Lower bound Upper bound Mean value percentage
deviation from

mean value
| S PR P 1/1 31, 460 31. 953 31. 707 0.77
1/2 62. 227 63. 659 62. 943 1. 13
) ¥ S 1/1 31. 467 32. 541 32. 004 1. 65
1/2 60. 881 64. 761 62. 821 2. 99
| S 1/1 30. 351 34. 094 32. 222 5.49
. Y S 1/1 29. 464 36. 108 32. 786 9. 20
5.1.2 C-CC-SS TABLE 5.7.—Frequency Parameters wa/p/D

The problem of the C—-C—-C-SS parallelogram
plate (fiz. 5.4) is solved in reference 5.1 by
using the Rayleigh method and a single term
which is the product of beam functions ex-
pressed in terms of the skew coordinates. (See
preceding sec. 5.1.1.) Frequency parameters
for the case a=b are given in table 5.5. Lower
bounds from reference 5.1 are given in table
5.6 along with a mean value of frequency pa-
rameter determined from its lower and upper
bounds.
error which can arise from using the mean
value. Accuracies of the solutions decrease as
(1) the mode number increases and (2) the
skew angle increases.

7
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FI1GURE 5.4.—C~-C-C-SS parallelogram plate.

Also given is the maximum possible .

co8’ a for a C-C-SS-SS Rhombic Plate

wadVp/D cos? « for values of skew
angle, a, deg, of —,
Mode type -
0 15 30 45
Kzl
) V) DR 27.19 | 27.84 | 29.52 31. 68
(1/2)—(2/1)..._| 60.69 | 61.73 | 64 48 68. 06
1/2)+@2/1)....| 61.29 62. 40 65. 33 69. 13
P i S 93. 13 95. 74 | 102. 33 111. 15
(1/3)—(3/1)....| 115.06 | 116.29 | 119. 60 124, 44
(1/3)+@B/1) .| 115.31 | 116.57 | 119.96 | 124. 44
(2/3)—(3/2)-._.| 145.98 | 149. 58 | 159. 00 171. 04
(2/3)+(3/2).-__1 146. 81 | 150. 50 | 160. 15 172. 46
/8- 198. 55 | 204. 43 | 219. 69 238. 97
5.1.3 C-C-S5-SS

The problem of the C-C-SS-SS parallelo-
gram plate (fig. 5.5) is solved in reference 5.1
by using the Rayleigh method and a single
term which is the product of beam functions
expressed in terms of skew coordinates. (See
sec. 5.1.1.) Frequency parameters for the case
a=b are given in table 5.7. Lower bounds
from reference 5.1 are given in table 5.8 along
with a mean value of frequency parameter
determined from its lower and upper bounds.
Also given is the maximum possible error that
can arise from using the mean value. Accu-
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TasLE 5.8.—Upper and Lower Bounds of walyp/D cos® a for a C-C-SS-SS Rhombic Plate

FigUuRe 5.5.—C-C-SS-SS parallelogram plate.

racies of the solutions decrease as (1) the mode
number increases and (2) the skew angle
increases.

5.1.4 SS-SS-SS-SS

Tsydzik (ref. 5.8) solved the problem of the
SS-SS-SS-SS parallelogram plate (fig. 5.6) by
using the perturbation method. Equation (1.4)
can be expressed as

VW — AW = L,(W) — &Ly(W) + & Ls(W) — ' Ls(W)
5.7

F1GURE 5.6.—SS-SS-SS-SS parallelogram plate.

waVp/D cos?
Skew angle, a, deg Mode type Maximum
possible
Lower bound Upper bound Mean value percentage
deviation from
mean value
[ 1 1/1 26. 225 27. 195 26. 710 1. 78
(1/2)— (2/1) 59. 407 60. 690 60. 048 1. 06
BB e i s 1/1 24. 913 27. 838 26. 375 5. 25
B0 e o 1/1 21. 450 29. 523 25. 487 13. 67
/"l where e=tan a, A=w?po/D, W=W(¢, 9),
W, o'W
___________________ -Ll = 4 ( b— 3 + a) T
0% ' OOy
o'W oW
=0 ————s+2—5
a =6 bizbn’-l_ on*
> ’3‘:(5-8)
L.—4 2W
/ = 555773
Q
TR TR R R RN L oW H
= 33
b"l‘ y

and ¢ may be considered as a perturbation
parameter. Solutions for W and A are then
assumed in the form

Won=W+Wh+ Wi+ - -
A =AO+ AD+ NG+ - - - (5.9)

Substituting equations (5.9) into equation
(5.7) and equating powers of ¢ yield

VWO - O W =0 (5.10)
VWOALWE=L(WS)-ADWa  (5.11)
VW B —NOW &= Ly(W ) —Lo(Wpn)
LWL NEWD (5.12)
Thus W2 and \j, are taken to be
2 . mwt . N
WO =——sin—— sin——
Jab a b
(5.13)
2 2\ 2
= %+€-2)
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TABLE 5.9.—Frequency Parameters, Nodal Patterns, and Mode Shape Coefficients for a S§-SS-S§-SS
Rhombic Plate; tan a=0.1

Modeucuocacccmcccmceenmnen 1 2(a) 2(b) 3

P I Y ) S 19.87 49.27 49.27 78.67

Nodal pattern. . _cccceuoao--

Amplitude coefficients . ... ___ A;r=1. 00000 Apn=1. 00000 Ay =1. 00000 An=1. 00000
Ayp=—, 00963 Ay=0 A=0 An=. 03850
Au'—‘— - 00058 Aza= -y, 09020 Au‘—‘. 00219 A1;=. 11540
Az=—. 00019 A= —. 00126 Ap=. 00028 Agps=. 00269
Ag=—. 00058 Ay=. 00219 Ay=—. 09020 Ay=. 11540
A= —. 00009 Ag=—.00173 Ay=—, 00173 Agyp=—. 02880
A= —. 00004 Ag=—. 00025 Aze=—. 00033 A= —. 00274
A= —. 00019 Ag=. 00028 Agp=—., 00126 Ag=. 00269
Ay=—. 00004 Ag=—. 00033 Agy=—. 00025 Agp=—. 00274
A= —. 00001 A= —. 00007 Ag=—. 00007 Ag=—. 00048

and the solution to equation (5.11) is assumed to

be #

T 8
Wrg1,|=p21 qz:ll‘ quW;:%’ p#EM, g#n (5'14) ' \ &, 4
\ \B: 5 B:*
This is substituted in equation (5.11) to yield

A,, and A2, and the procedure is continued.

Results for the first three independent modes
of a rhombus (a=>5) are given in reference 5.8
for e=tan a=0.1. Frequency parameters and
mode shapes for this plate are given in table
5.9. Fundamental frequencies wy; may be ob-
tained for other skew angles « and other a/b
ratios from the curves of figure 5.7, where

b
0323

b

=-=C0S a
A a

(5.15)

Seth (ref. 5.9) gave an exact solution for the
parallelogram bounded by the sides 2=0, z=aq,
y=z/y3, and y=(z/y3)+(2¢/y3) as shown in
figure 5.8. Frequencies are given by

~ D
ome =g (M F mn+n2)\/’:' m,n=1,2,...
(5.16)

Ay

_~

gl

_/ a

20° 0 20° 40° 60°

60° 40°

Figure 5.7.—Fundamental frequency parameters ;=
wnabyp/D/2x as a function of skew angle a and
aspect ratio parameter (b/a) cos « for a SS—-88-SS-
SS parallelogram plate.




