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and the mode shapes by
o 3
W mo(2, y)=2 sin (m an)-;rx cos (m+7;)1r\ 3y
—2sin 2ret njxe cos nry3y
a a
+2sin (2n+am)1rz cos mw(;/§y (5.17)

Conway and Farnham (ref. 5.7) solved the
problem by using the point-matching method.

FI1GURE 5.8.—S8-SS8-SS-SS parallelogram plate having
an exact solution.

Fi1gURE 5.9.—S8-S8-SS-SS rhombic plate.

Fundamental frequencies for the rhombus (fig.
5.9) were derived by choosing a solution for the
bending moment M in the form

M= _lz"; A, J (kr) cos b (5.18)
where g=n~/8 and M is defined by ’
MAM,_ 5o
M= 5 =DV*w (5.18)

The function in equation (5.18) satisfies exactly
the differential equation (eq. (1.4)) and the
boundary conditions along the edges 6=8.
Symmetry conditions require that the trans-
verse shear Q, be zero along the line z=c.
Satisfying this boundary condition at NV discrete
points along z=c in the interval 0 <y<lc tan 6
results in an N-by-N characteristic determinant
for frequencies. Frequency parameters ob-
tained by using various numbers of points are
given in table 5.10.

In reference 5.7 the case of the general
parallelogram (fig. 5.6) was also studied. In
this case the functions

©

M= 3

n=12,...

A, J (kr)sin gf (5.20)

were chosen and a characteristic determinant
was derived by satisfying symmetry conditions
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along the diagonal AC having the length e.
Pointwise symmetry conditions employed were

Wraers=W|raser )

W] m2e/3=W| 1= 40s3

12w __low L (5.21)
7 O8|;mus 7 00| us03

10w 10w

r o8 r=2c/3=—;?0- r=4c/3 )

Solutions of the resulting fourth-order character-
istic determinants are given in table 5.11 for
various angles 8 and a/b ratios.

Accuracy of the results can be estimated by
comparing values for =90° with the known
exact ones (section entitled ““All Sides SS”’ under
“Rectangular Plates” (4.1)) and the parameters
for a/b=1 with those of table 5.10.

TABLE 5.10.—Fregquency Parameters wc®/p/D for
SS-SS-SS-SS Rhombic Plates

wc’\/ﬂl‘) for determinant of
size—
B, deg
3by 3 6 by 6
10 e el 116.92 | _______._____
15 ... 58. 06 58. 14
20 el R 1987 A N —————
28 s e o 24. 95 focmwrmmmomas o
30 i cidecaes 18. 65 18. 654
R 1 J 14.62 | ________.
40 oo VL. 8T |commremmeammme
45, v s 9. 872 |svwneoummarans

TABLE 5.11.—Frequency Parameters «b®/p/D
Jor SS-SS8-SS-SS Parallelogram Plates

wb?vp/D for values of a/b of—
8, deg
1 1.5 2
90, ..l 19. 8 14. 2 11. 97
Y (T 20, 4 14. 3 12.0
60 .. 23. 7 16. 1 133
45 . 3.9 21. 2 16. 6

Analogies which permit one to obtain fre-
quencies for polygonal plates simply supported
all around from the problems of either (a)
membrane vibration or (b) plate buckling due
to hydrostatic pressure are discussed in the
chapterentitled ‘‘Plates of Other Shapes’ (ch. 8).

515 C-F-F-F

Barton (ref. 5.10) obtained the first compre-
hensive set of results for the problem of C-F-
F-F parallelograms (fig. 5.10) by using the
Rayleigh-Ritz method with deflection functions
which are products of characteristic beam
functions; that is,

W(Em) =35 35 Anbu(O¥a(n) (5.22)

where

€né

emE
=cosh == — cos ==
bm e r

— oz,,.(sinh&'é —sin ﬁ)
a a

=1
Ya=/3(1—20/b) n
\'0,,=coshe%" + cosf'i2

~ Qty (sinh% + sin E'.Tn n>2 (5.23)

and where ¢,, ¢, am, and a, are found from
table 4.46.

o

4
\<
v

F16ure 5.10.—C-F-F-F parallelogram plate.
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FiGURE 5.11.—Experimental and theoretical frequency
parameters wa?Vp/D for a C-F-F-F parallelogram;
a/b=1; material, 24 S-T aluminum alloy.

F1Gure 5.12.—Nodal patterns on a C-F-F-F parallelogram; o«=30°; material, 24 ST aluminum alloy.
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Results were computed by using 18 terms in
equation (5.22), and frequency parameters,
nodal lines, and mode shape amplitude coefhi-
cients are given in table 5.12 for a=15°, 30°,
and 45°, a/b=1, and »=0.3.

Experimental frequency parameters for the
first five modes were also determined in refer-
ences 5.10, 5.11, and 5.12. Test results and
corrected results are shown and compared with
theoretical results in table 5.13. Corrected
results include an approximation of the effect
of air-mass in order to estimate the equivalent
frequency in a vacuum. (See chapter entitled
“Other Considerations” (ch. 12).) A plot of
the foregoing results, including approximate
nodal patterns, is shown in figure 5.11.  Photo-
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graphs of nodal patterns obtained when a=30°
are shown in figure 5.12.

Claassen (refs. 5.13 and 5.14) extended the
work of reference 5.10 by using the same ana-
lytical procedure. A detailed Fortran pro-
gram statement listing for the procedure is also
given in reference 5.13. The first nine fre-
quency parameters for «=0° 5° 10° .. .,
35°, and a/b=1 are given in table 5.14. In
reference 5.13, extensive frequency and node
line data are given in the vicinity of ‘“transition
curves”; i.e., the frequencies at which the basic
form of the nodal pattern changes into another.
This phenomenon is discussed in the section on
rectangular plates entitled “All Sides Clamped”
(4.3.1). In this case the mode shapes vary

TABLE 5.12.—Frequency Parameters, Nodal Lines, and Amplitude Coefficients for C-F-F-F
Parallelograms; a/b=1; v=0.3

@ degoce oo 15 30 . 45
Mode. - - ceeem 1 2 1 2 1 2
bad
WOVEID e 3.601 8,872 3.961 10.190 4.824 13.75
/, - -

Nodal lines. _cccocccemaaca-

Amplitude coefficients
. Y T 1. 0000 0.1162 1, 0000 0. 2387 1. 0000 0. 3534
Afg o —. 1134 1. 0000 —. 2288 1. 0000 —. 3302 1. 0000
Age e —. 0041 —. 0721 . 0089 —. 1447 . 0231 —. 2173
Al e —. 0007 —. 0145 —. 0006 —. 0179 . 0013 —. 0237
A e —. 0006 —. 0049 . 0001 —. 0093 . 0010 —. 0116
B —. 0102 . 0892 —. 0339 . 1785 —. 0704 . 2685
A e —. 0223 . 1035 —. 0399 . 0489 —. 0488 —. 0411
A3 e e —. 0016 —. 0384 . 0074 —. 0708 . 0197 —. 0970
V. £y I — —. 0015 . 0057 -—. 0028 . 0103 —. 0038 . 0203
Agg e —. 0006 —. 0035 . 0002 —. 0049 . 0007 —. 0040
At e —. 0001 —. 0043 —. 0006 —. 0138 —. 0003 —. 0337
. —. 0011 —. 0081 . 0010 —. 0254 . 0082 —. 0511
At e —. 0006 —. 0074 . 0017 —. 0078 . 0036 . 0027
A e —. 0003 —. 0003 —. 0008 . 0024 —. 0021 . 0074
At e —. 0005 —. 0034 —. 0014 . 0057 —. 0021 . 0064
Y —. 0007 . 0032 —. 0010 . 0020 —. 0008 . 0046
Aoz e _ s s o amn —. 0001 —. 0020 . 0002 —. 0009 —, 0007 . 0039
. . 0001 -—. 0010 . 0002 —. 0026 . 0005 —. 0044
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with skew angle « as well as with the a/b ratio,
and the “transition points” of section 4.3.1
consequently become ‘“transition curves” in a
three-dimensional plot.

Plass, Gaines, and Newsom (refs. 5.15 and
5.16) used a variational method (see the section
for C-F-F-F cantilever rectangular plates
(4.3.12)) to obtain the first three frequencies
and mode shapes for the case when a=45° and
a=b. Theoretical and experimental frequency
parameters are listed in table 5.15. Mode shapes
are shown in figure 5.13. Experimental results
are taken from reference 5.12.

Hall, Pinckney, and Tulloch (ref. 5.17 used)
statically determined influence functions to
obtain frequencies and mode shapes for three
cantilevered skew plates. The plates were
given six degrees of freedom—three points
along n=>5/2 were allowed transverse displace-
ment, and the corresponding three stations
were allowed to rotate about an axis normal
to the s-direction. The first three cyclic
frequencies for a=30°, 45°, and 60° are given
in table 5.16 for aluminum-alloy plates 0.613
inch thick (p=0.0001561 lb-sec?/in.?) having
varying dimensions as indicated. The experi-

171

ments were conducted with accelerometers,
each with a mass of 0.0005135 lb-sec’/in. Five
accelerometers were equally spaced along the
leading edge (=0) and five along the trailing
edge (n=>0). The effects of the accelerometer
masses were included in the theoretical cal-
culations. In figure 5.14 are shown the mode
shapes corresponding to the frequencies of
table 5.16. The deflections W* are defined as
the mean of the leading and trailing edge
deflections measured at points intersecting
y=constant (see fig. 5.10); the angles 0 refer
to rotations about axes parallel to the y-axis.
The quantity 8 is defined as the difference
between the deflections at the leading and trail-
ing edges divided by b.

Extensive numerical results for frequencies
and mode shapes are obtained and presented in
reference 5.18 by use of the same theoretical
procedure as that in reference 5.17. Sweep
angles are taken as 0°, 15°, 30°, 3714°, 45°, 50°,
55°, and 60°. Ratios c/a of 1.5, 2.0, 2.5, 3.0,
4.0, 5.0, 6.0, 10.0, and 20.0 were used. Ratios
EI/GJ of %, 1, and 114 were taken, where
EI and GJ are the flexural and torsional moduli
of rigidity, respectively, in a plane normal to

TaBLE 5.13.—Ezperimental and Theoretical Frequency Paramelers wa\/p/D for a O-F-F-F
Parallelogram; a/b=1; Material, 24 S-T Aluminum Alloy

wa2y/o/D
a, deg Mode
Corrected Theoretical Uncorrected Corrected
Test results test results results percent percent
difference difference
1B o e s e 1 3.38 3. 44 3. 60 6. 2 4.6
2 8. 63 8. 68 8 87 2.7 2.1
3 21.49 | oo e e e
4 26. 04 |- oo e e e mme e |
5 83. 01 | oo e |t e e
30, e 1 3. 82 3. 88 3. 96 3.6 2.0
2 9. 23 9. 33 10. 19 9.4 8.4
3 24. 51 |- e e e
4 25. 54 | e |-
5 40.64 | oo e e
45, e 1 4 26 4 33 4 82 11. 8 10. 3
2 11. 07 11. 21 13.75 19. 5 18. 5
3 26. 52 | e e
4 80. 18 | e e e
5 50.19 | oo e e[
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the swept centerline (or normal to the £-axis).
Cyclic frequency parameters fa%/mo/El cos a,
where m, is mass (slugs) per unit length meas-
ured along the £-direction, are shown in figure
5.15. Translational and rotational mode shape
deflections are listed in reference 5.18 for 12
values of ¢ and the sweep angle, ¢/a, and
EI/GJ variations just described. The volume of
these results (47 pages of tables) is too great
to be included here.

VIBRATION OF PLATES

Craig, Plass, and Caughfield (ref. 5.19)
measured the first four frequencies and mode
shapes on aluminum rhombic plates having
sweep angles « of 15°, 30°, 45°, and 60°. Cyclic
frequencies, nodal patterns, and mode shapes
for these four configurations are shown in fig-
ures 5.16 to 5.19, respectively. An estimate
of the accuracy of the nodal patterns can be
obtained from figure 4.47.

TABLE 5.14.—Frequency Parameters wa’y/p/D cos? a for a C—F-F-F Parallelogram; a/b=1; v=0.3

wa?yp/D cos? a for mode—
a, deg
1 2 3 4 5 6 7 8 9
S 3.48 8. 52 21. 3 27.2 311 54.3 61, 4 64. 3 71. 3
B oy e s 3. 46 8. 48 21. 3 26. 8 31.2 53.6 61. 3 64. 3 71. 6
[} T R 3. 42 8. 36 21.1 26.0 31.6 51. 6 60. 9 64. 0 72. 3
) S 3. 36 8. 16 20. 8 24.7 31.9 48.8 60.3 | ~63.0 73. 4
20 e meeeee 3.25 7.91 20. 4 23.1 32.1 45. 6 59. 2 61. 4 74. 0
D S 3. 12 7. 60 19.8 21. 4 32.1 42,1 57.7 59. 2 70. 5
2| 1 SO 2. 96 7.24 19.1 19. 6 31. 8 38.7 55. 2 56. B 66. 5
2 1 T PP S 2.76 6. 87 17. 8 18. 4 312 35. 3 51. 2 53. 4 63. 7

TABLE 5.16.—Theoretical and Experimental Cyclic Frequencies for C—F- F-F Parallelogram Plates;
Material, 65 S Aluminum Alloy

D L S 30 45 60
@, AN e 29.00 36.55 28.70
0 ¢ PP 10.00 10.00 10.00
PP} 0| ThEOTY sowms smmmmmmam s s 5 25.38 17. 56 37.79
Teste onn cmmmenn snmmsns vis SeseTREEe S 24.2 16. 5 32.6
Test/theory. . ___ 0. 954 0.940 0. 853
fay CPSc o el Theory oo e 114.0 85. 59 126. 8
- 116 83.3 122
Test/theory.caw sosmemmmmssss s 1.02 0.970 0. 962
fa €PBe .. TheOrY e e 156. 8 113. 8 224.0
Test e s s s 5 162 127.6 227
Test/theory.en - oo oo e 1.03 1.12 1.01
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TABLE 5.15.—Frequency Parameters wa’y/p/D
for a C-F-F-F Parallelogram Plate; a=45°; 2
a=b; v=0.3

watVp/D

H
Mode i /,
] o

Theoretical Experimental

\
|

, SO 4,12 4.26 o
D2, 11. 26 11. 07 o
B ememenn 27.72 26. 52 L= ,
0.2 04 06 08 1O
®) Spon Position §/3
1
1
-~ - 12
] Theorstical | ——
;\ - osf— S %) /(/U’ o8
+0.0528 B! Aownond ®
; J/ o4 E
; \ p / / z
-~ § o0 o
A i +0.338 i \ /
; {+o.61 LY : 04
z \ ’ ° w,{mﬁ
/ w
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i A \
*0759 FIRST MODE - )/
- ~—
' \ v 9 °
0.2 04 06 os 1.0
o) Spon Position Y75
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/Experimentcl Node Line . / /\L\ ° o
o
/ A\M'bﬂ o
o o B ! 0.08
SECOND MODE / / \
004

A %

- I \. 3
g i i
- . . H 7 N ok
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A

e \

Pe y
Py
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-~ fe) Spon Position /3

THIRD MODE FigURe 5.14.—Theoretical and experimental mode
shapes for C-F-F-F parallelogram plates; material,
65 S aluminum alloy. (a) Fundamental mode;

%

Experimental Node Line «=30° (b) PFirst overtone mode; a=30°. (c)

-0.665 Second overtone mode; a=30°. (d) Fundamental

mode; a«=45°. (e) First overtone mode; a=45°

F1GURE 5.13.—Mode shapes for a C-F-F-F parallelo- (f) Second overtone mode; a=45°. (g) Fundamen-
gram plate; a=45°; a=b; v=0.3. (After refs. 5.15 tal mode; a=60°. (k) First overtone mode; a=60°.

and 5.16) (z) Second overtone mode; a=60°.
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FIGURE 5.16.—Experimentally determined cyclic fre-
/ quencies, nodal patterns, and mode shapes for a
C-F-F-F rhombic plate; a=15°; material, 6061-
T6 aluminum alloy 1% inch thick. (a) Experimental
node lines and data points. (b) Mode 1; f,=76.6
eps. (c) Mode 2; f,=179 cps. (d) Mode 3; f;==469
cps. (e) Mode 4; f,=566 cps.
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Ficore 5.17.—Experimentally determined cyclic fre-
quencies, nodal patterns, and mode shapes for a
C-F-F-F rhombic plate; a=30°; material, 6061-T6
aluminum alloy 14 inch thick. (a) Experimental
node lines and data points. (b) Mode 1; fi=83.5 cps.
(¢) Mode 2; f,=195 ¢ps. (d) Mode 3; f3=>521 cps.
(e) Mode 4; f,=>556 cps.
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Ficure 5.18.—Experimentally determined cyclic fre-
quencies, nodal patterns, and mode shapes for a
C-F-F-F rhombic plate; a=45°; material, 6061-T6

aluminum alloy 14 inch thick. (a) Experimental ® i"“ER POSITION-
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node lines and data points. (b)) Mode 1; f;=97.4
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F1GURE 5.19.—Experimentally determined cyclic frequencies, nodal patterns, and mode shapes for a C-F-F-F
rhombic plate; a=60"; material, 6061-T6 aluminum alloy 14 inch thick. (a) Experimental node lines and
data points. (b)) Mode 1; /=97 cps. (c) Mode 2; f,==305 cps. (d) Mode 3; f3=2570 cps. )
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Hanson and Tuovila (ref. 5.20) used a
method “called the 1-g method’” to determine
experimental mode shapes. In this method the
plate is sprinkled with sand, and the sand
particles themselves are used as accelerometers.
At any given frequency, particles having equal
accelerations will also have equal amplitudes.
An acceleration corresponding to that of
gravity occurs when a particle placed on a
vibrating plate just begins to rise from the
surface. In this way ‘“1-g lines” of constant
amplitude may be located, in addition to the
nodal lines. Varying the magnitude of the
exciting force allows one to find other 1-¢ lines.

Experimental results were obtained on four
plate configurations made of 0.041-inch-thick
magnesium having a weight density of 0.064
Ib/in* The plate dimensions in terms of figure
5.10 are given in table 5.17.

Frequencies and mode shapes for the first

VIBRATION OF PLATES

51.6 F-F-F-F

Very little information is known on the
problem of the F-F-F-F parallelogram plate
(see fig. 5.24). Waller (ref. 5.21) obtained the
nodal patterns shown in figure 5.25.

5.2 OTHER SUPPORTS AND CONDITIONS

No results are available for parallelogram
plates having elastic or discontinuous edge
conditions, or being supported at discrete
points. Some results for plates with added
mass were discussed earlier for the cantilever
(sec. 5.1.5) as obtained in reference 5.17. The
accelerometer masses added there were small
and well distributed and so had small effect
upon the problem.

TaBLE 5.17.—Dimensions of 4 Ezxperimental
Plate Specimens

three modes of each plate are shown in figures
5.20 to 5.23 and the deflections are given in Plate no. 8, in. b, in, @, deg
tables 5.18 to 5.21, respectively. In these
figures the heavy solid lines indicate the posi- ; 5. 52 2,05 15
tion of the plate at rest. The broken lines 2.___.___________ 4.80 2.28 n 30
indicate the deflected shape in its mode of  3---......____ 3.90 2.93 45
vibration. Vertical lines measure the relative = 4---------------- 297 %.10 &0
amplitudes of points on the plate surface.
TABLE 5.18.—Deflections for First 3 Modes of Plate 1
Normalized deflection at ¢/a of—
Mode n/b
0.1 0.3 0.5 0.7 0.9 1.0
0. 00 0. 039 0. 160 0. 316 0. 547 0. 800
.25 . 043 . 175 . 338 . 569 . 817 0. 952
1 . 50 . 048 . 185 . 360 . 569 . 840 . 966
.75 . 053 . 200 . 383 . 608 . 856 . 983
1. 00 . 036 . 225 . 406 . 631 . 875 1. 000
. 00 —. 088 —. 361 —. 579 —. 485 —. 207 —. 055
.25 —. 080 —. 289 —. 407 —. 297 —. 008 117
2b . 50 —. 069 —. 210 —. 260 —. 106 . 180 . 310
.75 —. 044 —. 135 -. 120 . 100 . 386 . 524
1. 00 —. 014 —. 062 . 014 . 331 . 758 1. 000
. 00 . 099 . 106 . 162 . 401 . 788 1. 000
.25 . 021 -. 035 —. 021 . 176 . 472 . 654
3e . 50 —. 042 —. 190 —. 225 —. 085 . 190 . 352
.75 —. 099 —. 345 —. 451 —. 338 —. 099 . 085
1. 00 —. 155 -. 556 —. 831 —. 746 —. 373 -—. 162
*fi=3B cps.  bf;=205cps.  °f;=238 cps.
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TABLE 5.19.—Deflections for First 3 Modes of Plate 2
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Normalized deflection at §/a of—
Mode n/b
0.1 0.3 0.5 0.7 0.9 1.0

0. 00 0. 011 0. 052 0.126 0. 233 0. 383 0. 472

.25 . 015 . 067 . 148 . 267 . 420 . 509

1= . 50 . 018 . 080 . 170 . 296 . 461 . 635
.75 . 025 . 098 . 195 . 328 . 518 . 778

1. 00 . 030 . 118 . 226 . 370 . 604 1. 000

.00 —. 025 —. 264 —. 494 —. 563 —. 500 —. 361

.25 —. 031 —. 264 —. 405 —. 400 —. 228 —. 028

2b . 50 —. 033 —. 228 —. 295 —. 160 . 110 . 300
.75 —. 028 -—. 125 —. 117 . 147 . 458 . 630

1. 00 —. 011 —. 022 . 111 . 458 . 818 1. 000

.00 . 010 . 028 . 071 . 361 . 787 1. 000

.25 —. 006 —. 061 —.123 . 150 . 600 . 830

3o . 50 —. 019 —. 232 —. 335 -. 110 . 380 . 613
.75 —. 074 —. 445 —. 600 —. 380 . 070 . 355

1. 00 —. 168 —. 677 —. 910 —. 658 —.193 . 097

» f1=39 cps. bf,=212 cps. cf3=272 cps.
TABLE 5.20.—Deflections for First 3 Modes of Plate 3
Normalized deflection at ¢/a of—
Mode n/b
0.1 0.3 0.5 0.7 0.9 1.0

0. 00 0. 007 0. 054 0. 124 0. 210 0. 350 0. 467

.25 . 017 . 070 . 155 . 259 . 418 . 557

1s .50 . 021 . 091 . 191 . 313 . 510 .673
.75 . 028 . 117 . 238 . 395 . 640 . 810

1. 00 . 039 . 159 . 307 . 500 . 812 1. 000

.00 . 007 . 132 . b78 . 872 . 904 . 857

.25 . 021 . 286 . 625 . 718 . 668 . 607

2b .50 . 046 . 300 . 471 . 403 . 014 —. 143
.75 . 050 . 179 . 057 —. 282 —. 678 —. 786

1. 00 —. 036 —. 196 —. 518 —. 793 —. 947 —1. 000

. 00 . 000 —. 017 —. 071 . 063 . 622 1. 000

.25 —. 004 —. 059 —. 185 —. 029 . 520 . 840

3e . 50 —. 008 —. 201 —. 374 —. 200 . 416 . 735
.75 —. 050 —. 470 —. 676 —. 412 . 310 . 681

1. 00 —.214 —1. 000 —1. 000 —. 504 . 250 . 651

s fi=238 cps. bf,=184 cps. cf;=263 cps.
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TaBLE 5.21.—Deflections for First 3 Modes of Plate 4

Normalized deflection at ¢/a of—
Mode 2/b
0.1 0.3 0.5 0.7 0.9 1.0

0. 00 0. 012 0. 040 0. 085 0. 164 0. 286 0. 380

.25 . 015 . 058 . 116 . 215 . 376 . 475

1s . 50 . 022 . 091 . 171 . 315 . 510 . 620
.75 . 040 . 135 . 272 . 458 . 665 . 800

1. 00 . 062 . 211 . 400 .618 . 830 1. 000

.00 —. 008 —. 039 —. 156 —. 383 —. 495 —. 515

.25 —. 016 —. 078 —. 258 —.433 —. 445 —. 390

2b . 50 —. 022 —. 133 —. 312 —. 328 —. 156 . 047
.75 —. 034 —. 159 —. 180 . 019 . 350 . 815

1. 00 —. 055 —. 089 . 109 . 484 . 867 1. 000

. 00 —. 024 —. 111 —. 347 —. 606 —. 667 —. 650

.25 —. 045 —. 125 —. 202 —. 303 —. 505 —. 707

3e . 50 —. 071 . 000 . 238 . 216 —, 252 —. 666
.75 . 101 . 545 . 808 . 657 —. 162 —. 656

1. 00 . 465 . 980 1. 000 . 657 —. 353 —1. 000

»f1=47 cps. b fe=207 cps. °f3=380 cps.

The case of a cantilevered parallelogram
with an added mass at the tip is discussed in
reference 5.22. An aluminum-alloy plate hav-
ing dimensions ¢=30 inches, ¢=10 inches,
h= 3% inch and having a total mass of 0.0468
Ib-sec’/in. is loaded by a mass at the tip
(¢=a, n=05/2, in terms of fig. 5.10) which has
the following inertial properties: mass=0.0330
1b-sec?/in., I;=6.483 Ib-in.-sec?, I,=0.1242 Ib-in.-
sec’. The mass moments of inertia I, and I,
are about axes in the y- and n-directions, re-
spectively. These axes pass through {=g and
n=>0/2. The first three theoretical frequencies
for a=0°, 30° 45°, and 60° are given in table
5.22. In figure 5.26 are shown the nodal lines
for the fundamental and second modes of

vibration for «=30° 45° and 60° g’ith and
without the tip mass.

TaBLE 5.22.—Cyclic Frequencies for a C-F-
F-F Parallelogram Plate With Added Tip
Mass; Material, 65 S Aluminum Alloy

Cyclic frequency, cps, for values of
skew angle, «, deg, of—

Mode
0 30 45 60
) S 11. 33 12, 40 10. 91 15. 35
b IR 23. 07 27. 39 40. 83
K S 101. 7 114. 9 111. 1 153. 5
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Ficure 5.20.—First three mode shapes

and frequencies for a C-F-F-F plate;

a=15°;, material, magnesium. (a)

Mode 1; ;=36 cps. (b) Mode 2;

7 fi=205¢ps. (c) Mode 3; f3=238 cps.
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F1GUure 5.22.—First three mode shapes and frequencies for a C-F-F-F plate; a=45°;
material, magnesium. (a) Mode 1; f,=38 cps. (b)) Mode 2; f,=184 cps. (¢} Mode 3;
f3==263 cps.
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F1GURE 5.23.—First three mode shapes and frequencies for a C-F-F-F plate; «=60°; material, magne-
sium. (a) Mods 1; fi=47 cps. (b)) Mode 2: f,=207 cps. (¢) Mode 3; f3=2380 cps.
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Figure 5.24 —F-F-F-F parallelogram plate.
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Fieure 5.25.—Nodal patterns of F-F-F-F parallelo-
gram plates. (After ref. 5.21)
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6.1 TRAPEZOIDS

6.1.1 All Edges Simply Supported

The problem of the trapezoidal plate simply
supported all around (SS-SS-SS-SS) (see
fig. 6.1) was solved by Klein (ref. 6.1) by using
the collocation method for the case aj=a,=a.
A function

Wiz, 1)< Aisin =D g 4,5in 2=

+A;sin 3—7r%ri)]<cos;—J‘gcot a) (6.1)

was used. This function guarantees that—

(1) The deflections are zero on all edges

(2) The bending moment M, is zero at
(¢, 0) and (c+a, 0).

(3) The bending moment M, is zero at some
point in the region h/3<x<2h/3 along the
edges y= 42 tan «

(4) Symmetry exists about y=0

The differential equation (eq. (1.4)) is satisfied
at the three points along the line y=0 given by
(x—c)/a=1/3,1/2, 2/3. This leads to a third-order
characteristic determinant for the frequencies,
the elements of which are listed in reference 6.1.

Fundamental frequencies for varying values
of a and average width 5= (b;+b,)/2 are shown
in figures 6.2 and 6.3.

T

b2

R S ———

):_

L e L) S AP §

j

c

FIGURE 6.1.—SS-SS-SS-SS trapezoidal plate.
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FIGURE 62—Fundamentz: frequency parameter

e wb’\ p/D, where b= (b;+bs)/2, against « for an

1sosceles SS-8S-SS-SS trapezoidal plate. (After ref.
6.1)

A method of perturbing the solution for the
rectangle simply supported all around in order
to solve this problem is discussed in reference
6.2.

Reipert (ref. 6.3) formulated a solution in
terms of functions (eq. (1.37)) which satisfy
the differential equation (eq. (1.4)) and the
parallel edge boundary conditions exactly.
Satisfaction of the remaining boundary con-
ditions yielded a characteristic determinant
for the frequencies. A first approximation
yields the following formula for fundamental fre-
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F1GURE 6.3.—Fundamental frequency parameter

i:%@u where b= (b;+b;)/2, against b/a for

an isosceles SS—SS-SS-SS trapezoidal plate. (After
ref. 6.1)

quency parameters of isosceles trapezoids (o=
a=a):

c.:a,LJ%-=1r2 [1 +(%:—:L-_—;ma>{| (6.2)

Numerical values for a=45° are given in table
6.1 as determined from equation (6.2) and
from a second approximation.

6.1.2 Cantilever (C-F-F-F)

The problem of the C-F-F-F trapezoidal
plate is depicted in figure 6.4. Nagaraja
(ref. 6.4) used the Rayleigh-Ritz method and
the nonorthogonal right triangular coordinates
shown in figure 6.5 to solve the problem in the
special case when a;=0. The coordinates
u, v are related to the z, y coordinates by:

4 y (6.3)

U=+ v=%cotu
l z

VIBRATION OF PLATES

TaBLE 6.1.—Fundamental Frequency Parameters
way/p/D for a SS-SS-SS-SS Isosceles Trape-
z0tdal Plate; a=45°

waZ\/;TD
‘,
ba First approxi- Second
mation approximation
1f8.. . o s s m e 10. 11 10. 09
114 e oo e 10. 96 11. 177
38 e 13. 4 14. 311
12 19.7 24. 7
#
4
b2
4

—
| NNNNANNANN

#
T1gure 6.4.—C-F-F-F trapezoidal plate.

FicurE 6.5.—Right triangular coordinates.

Using the chain rule of differentiation and
substituting equation (6.3) into equation (1.32)
yield the following expression for the strain
energy of the plate (ref. 6.4):

Dtanea d*w\?
V="5p H{“

ou?
1 O%*w\?
+'l,_l,§ (1)2+ (‘,Ot:2 a)z (W)

2 *wdw o'w O’w_
+2 (P +veote) S mr — Wt du oo
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4u2(02+00t’ )b"bubv

+2120*+ (1—v) cot?a] (m)z

T ot S
o*w ow

—172[27-72‘*‘(1“}‘”) cot’a ]b dv ov
+5§[2v2—(1—y)cot2a](—b—v- }dudv (6.4)

The kinetic energy of translation is

2
T= é_g%@f w’ffuw2 dudv (6.5)
Deflection functions of the form
W(1,0)= 33 3 Anabu(ulae)  (66)

were used, where ¢,,(u) and ¢,(v) are the char-
acteristic beam functions deduced from equation
(5.23). Because the limits of integration of
equation (6.4) give considerable algebraic com-
plication, the integration was performed numer-
ically. Results for the first two modes for tan «
=1/2 and for various ¢/l ratios are given in
table 6.2.

TABLE 6.2.—Frequency Parameters wl*/p/D for
a C-F-F-F Trapezoidal Plate; v=0.3

195

was also used in reference 6.4 with the Rayleigh-
Ritz method. Resulting fundamental fre-
quency parameters are tabulated in table 6.2.
Lower bounds appearing in the table are ob-
tained by application of the Kato-Temple
method (refs. 6.5 and 6.6).

Rather extensive experimental results are
available for this problem. Gustafson, Stokey,
and Zorowski (ref. 6.7) took three series of
steel plates obtained by cutting the tips off of
cantilevered triangles. These series are shown
in figure 6.6. Measured material properties for
the three series are given in table 6.3. The
weight density for all series was pg=0.281
pound per cubic inch and » was taken as 0.29,
Experimentally measured cyclic frequencies for
the three series of plates are given in table 6.4.

W/EAEM(E

™
025 03 0.35 04

1-2 -3 -4 I-5 1-6
(@)
V.
’
A
T : 2 /
c 10" 8" 65" 5
A o2 bes o3 035
¢ 10 A FR A S S LA -
®
V.
A
z
< il==1 ==l LS
£ . 8. 025 o; 035 6
o ol i
2% 5 E: Es  Xae Kb re

(c)
Figure 6.6.—C-F-F-F trapezoidal plate configura-

tions. (a) Series I plates. (b) Series II plates.
(c) Series III plates. (After ref. 6.7)

TaBLE 6.3.—Material Properties for 3 Series of
Trapezoidal Cantilever Plates; v=0.29

wl?vp/D for—
Mode 1
c Mode 2
1 upper
Upper bound bound
Lower (beam
bound | functions)
Beam Polyno-
functions mial
0._.___ 7. 152 7.163 6. 880 21. 209
0.2_.__ 8. 465 8. 150 8. 042 23. 996
0.4____ 13. 121 12, 291 11. 160 26. 625
0.6.___ 18. 397 | e 30. 965

In order to determine another set of upper
bounds for the problem, the polynomial

W (u, v)=(1—u?*( A+ A1ou+ Az u’) (6.7)

Modulus of elasticity, psi
Series Thickness,
in.
z-direction | y-direction
: 29. 3X10¢ 31. 5X 108 0. 0622
) § GRS 29. 2 27. 8 . 0613
Imr...__.__ 29.0 27.8 . 0613
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TasLE 6.4.—Ezperimentally Measured Cyclic Frequencies for C~F-F-F Trapezoidal Plates; v=0.29
Cyeclic frequencies, eps, for mode—
Series ¢
a+tc
1 2 3 4 5 6
) SR 0 32.8 91 164 181 283 348
.1 34 93 179 181 293 352
2 38.5 97. 6 184 212 302 362
.25 41. 9 99. 4 186 235 304 366
.3 48. 3 103. 4 190 266 308 379
.35 53.7 107. 4 196 299 314 404
.4 60 112 202 350 312 436
| § 0 34.5 136 190 325 441 578
w1 37 142 198 335 482 583
.2 42 153 223 364 561 598
.25 46 157 243 374 596 621
.3 50. 5 161 268 385 606 660
.35 56 169 300 410 629 695
.4 64 175 339 434 639 718
) 5 § S 0 26. 3 101 171 259 346 522
.1 27. 9 110 184 274 376 525
.2 3L.5 122 198 289 438 542
.25 34.8 130 215 300 476 567
.3 38. 5 136 243 312 505 623
.35 44. 9 143 277 327 540 674
.4 51.7 151 314 347 573 699
P

Nodal patterns corresponding to most of the -

frequencies of table 6.4 are shown in figures
6.7, 6.8, and 6.9. Plate designations are
shown on the fundamental modes and refer to
those of figure 6.6.

Heiba (ref. 6.8) experimentally determined
frequencies and mode shapes for 12 trapezoidal
plates of various aspect ratios and having
a;=15° 30° and 45° and ;=0 (fig. 6.10).
Aspect ratios of 2.0, 1.6, 1.2, and 0.8 were used,
where the aspect ratio=4a/(b,+b;). The plates
were made of %-inch-thick steel. Cyeclic fre-
quencies and nodal patterns for the first six
modes of each plate are shown in figure 6.10.
Planform dimensions are given on the funda-
mental mode in each case. The mode labels

(m/n) identify the number of nodal lines ap-
proximately parallel to the z- and y-directions,
respectively. Modes having double labels (e.g.,
(0/1)4(2/0)) can be thought of as being the
superposition of two simple modes, each of the
designated label. The variation in frequency
with tan o, is shown in figure 6.11. It is seen
that this choice of parameters yields small
variations. Frequencies for ;=0 for the rec-
tangle, as well as nodal patterns, are listed in
section 4.3.12.

6.2 OTHER QUADRILATERALS OF GEN-
ERAL SHAPE

No published results exist for quadrilaterals
of general shape.
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MODE NO == ]
PLATE NO

Fiaure 6.7.—Nodal patterns for series I plates; »=0.3. (From ref. 6.7)
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MOOE NO.—»

PLATE NO,

F1GURE 6.8.—Nodal pattérns for series II plates; »=0.3. (From ref. 6.7)
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MODE NO
PLATE WO

4

Fiaure 6.9.—Nodal patterns for series 111 plates; »=0.3. (From ref. 6.7)
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VIBRATION OF PLATES
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Freure 6.11.—Variation of frequency (cps) with tangent of sweep angle for a trapezoidal C-F-F-F plate; material,

steel. (a) Aspect ratio=2.0. (b) Aspect ratio=1.6.

(¢) Aspect ratio=1.2.

(d) Aspect ratio=0.8.




