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where u, », and w are displacements in the
-, y-, and z-directions, respectively, and p* is
mass density per unit volume. When the
inplane inertia forces within the plate are
neglected and the transverse shearing stresses
7y 8and 7, are small relative to the other
stresses, the first two of equations (A.3) become:

Qo br,,

oz

br,,+bd, (A4)

Because these equations must be satisfied for
every infinitesimal thickness (dz) of the plate
element, their integrals over the thickness must
also be satisfied. That is,

ON. , ON.y_,
;;; b?’ (A.5)
+

By use of equations (A.5), equation (A.2) now
simplifies to

oQ: va
oz +

az

(A.6)

If one were to sum forces in the z- and y-
directions, he would arrive at the following
equations:

ON, , ON,, w ow
B By az(Qzax) (Q”bx)—pbt’

aN,,, dN, dw\
Y] bz(Q‘ (Q”by> "atz
(A7)

Inplane inertia forces will bé considered to be
small, as before. If the transverse shearing
forces are small relative to the inplane forces,
and the slopes are also considerably less than
unity, then terms of the type @,(0w/dz) can
certainly be considered negligible compared
with terms of the type IV, for example. Equa-
tions (A.7) are thus seen to reduce to equations
(A.5), which was obtained previously.

In summing moments about the space-fixed
z- and y-axes, it is found that terms containing
N,, N,, and N,, yield differentials of higher
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order than the others and the equations
simplify to

0 OM, OM,, oh* d'w
T2z dy 120zof?

oM, OM, oh? d'w (A-8)
Q=32 oy 120dyof?

where the terms on the right-hand sides ac-
count for the rotary inertia of the plate element
and are customarily considered small relative
to the remaining terms in the equations.

The moment equation about the z-axis is
identically satisfied.

A.3 KINEMATICS OF DEFORMATION

The assumption of elementary beam theory

that ‘“plane cross sections remain plane” is
generalized to apply to a plate as follows:
Normals to the midplane of the undeformed plate
remain straight and normal to the midplane during
deformation. !
An edge view of a portion of a plate is shown
in figure A.5. The undeformed position of the
plate is shown in solid lines, while’the deformed
shapeisshownin brokenlines. Thelongitudinal
elastic displacement (due to inplane forces) of
a point P on the midplane is depicted as u,.
Points such as 0 not falling on the midplane
will also have, in general, displacement due to
rotation of the normal. Thus, the longitudinal
components of displacement of points within
the plate will be characterized by

U=Uy—2 5
(A.9)

Fioure A.5.—Kinematics of plate deformation.
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where © and » are measured in the z-and y-
directions, respectively.

The linearized strain-displacement equations
(obtained by assuming strains much less than
unity) for a continuum are well known:

_ou ]
“=dz
g q (A.10)
'sz='5'5+'b_y‘ J

where v,, is engineering strain as differentiated
from the tensorial strain required for tensorial

manipulations. Substituting equations (A.9)
into equations (A.10) gives
_Ouy b"’w b
=2z ‘or
a'l)o b’w A
=2 11
€ oy z o > ( )
. b’vo Duo)_
7Zﬂ_( bx by J

A.4 STRESS-STRAIN RELATIONSHIPS

For a general, anisotropic, elastic body the
stress-strain relationships may be written in
matrix form as:

€ Gu G2 Q13 Ay Q15 Qg O
€y Q2 Qga Qg3 Qg4 Qs Qo Oy
€; . Q13 Qg3 Q33 Ggy 35 Ogg [ (A.12)
Yzy A1y O Q34 Qua Qys Qug Tzy
Yy Q15 Qg5 Qg5 Q45 Ass Use Tyz
Y2z Q1s Qs Qs Qus Ass Do T2z,

where the coefficient matrix [a,;] can be proven
to be symmetric as shown. Thermal strains
will not be considered here, for it can be shown
that they do not directly influence the free
vibration problem. In the case of the plate
the transverse stresses o,, 7,,, and 7,, are as-
sumed to be small relative to the inplane stresses,
and so equation (A.12) is reduced to

[ an az, (157} Oz
€& =\ Q12 127 au oy (A.13)
Yzy (7 Aoy Qyy Tzy

Inverting equation (A.13) gives the stresses in
terms of the strains
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Oy bu blz bu €z
gy |— b12 bgz b24 €y (A.14)
Tzy bl( bM bu Yzy,
where
1 N
bu=|—"l (@2204—a3,)
bio=7=(a @
12= 1 ”'l ( 14024 — Q1204
b= | a] (afwau—afuazz)
(A.15)
bzz—la' (a'uafll au)
by= | a' (012@14-024011)
by= m (a11a22—ai;) )
and where |a| is the determinant
11 () (3
le|=las @2 au (A.16)
Q14 (2N Ay

In the case when the material properties are
orthotropic, with z and y lying in the directions
of orthotropy, equations (A.13) and (A.14)
are simplified, with a,;=a4=>0,,=0,=0. Then
equation (A.13) can be written more meaning-
fully in terms of the ‘‘technical constants’’ of the
material. In detail,

1 N
E (a'z V:Uy)

ell:"Ei (a'y'_”yaz) > (A.17)

Vey="Tay| G

with »,/E,=v,/E, because of the required sym-
metry of the stress-strain equations. Thus, for
an orthotropic plate, there are four independent
elastic constants. Inverting and substituting
in equations (A.17) yield

=i, (Bt rEe)

0=

1—
(A.18)

1
p—— (Eye,+vyEres)

Oy=

Tey™= G'sz
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For an isotropic material, equations (A.17)
further simplify to

1 -~
&= (ox—voy)

1
€v=’E1(” y—v0z) - (A.19)

2(1
N

J
A5 FORCE AND MOMENT INTEGRALS

The inplane forces and the bending moments
are obtained by integrating the inplane stresses
over the plate thickness. In the case of a
homogeneous plate, these integrals are

N= j:’a, dz (A.20(a))
N,= f * apile (A.20(8))
—-h/2
h /2
N,— f_mf,, dz (A.20(c))
M,— f _’.:203 2dz (A20(d))
M,— f _h:’a', 2dz (A.20(e))
M,,— f Y mzdz  (A200))
-n2

The detailed integrations will be carried out for
the bending and twisting moments in an ortho-
tropic plate.

When equations (A.11) and (A.18) are sub-
stituted into equations (A.20(d)), (A.20(e)),
_and (A.20()), it becomes clear that terms con-
taining u, and v, disappear during the integra-
tion between symmetric limits, whereas those
containing w remain. Similarly, the odd func-
tions of z in equation (A.11) disappear in the
integrations of equations (A.20(a)), (A.20(b)),
and (A.20(c)). The moment integrals become:

(¥, ¥
M.=—D: 5z tryy

M,=—D,( (A-21)

Y

ow, ow
3?72 +v; b_xz)

b?
Mn-': —2Dk 5‘5%‘?[

o
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where
__ER 7
T12(1 —very)

R
D"_IZ(I—-V,V,,) i

@’f
12 J

D,

(A.22)

Dk=

In the isotropic case, E,=E,=E, v.=»,~,
and G=E/2(14-»), and these equations simplify
to

_ dw 2w\ )
M‘——D<bx2 i AP
w , dw

v

M=—D(57t" 53 (A.23)

b2
M,,=—D(1—v) Eg%”—y )

where .

ER?
D=150—

The generalization of equationsh (A.21) to

the case of anisotropy is straightforward when

equations (A.13) and (A.14) are used instead

of equations (A.17), but it will not be carried

out here.

Tt must be pointed out here that in the case
of homogeneous plates of variable thickness,
the limits of integration in equations (A.20)
simply become variables h=h(z, ), and equa-
tions (A.21), (A.22), and (A.23) still apply.

Finally, consider the layered plate shown in
figure A.6. The plate is constructed of two or
more laminas having thicknesses ki, hg, . . .
which are bonded together at their interfaces.
The material properties of each lamina will, in
general, be different. Consequently, the neutral
plane will not, in general, occur midway be-
tween the two outer faces. Its distance from

}
4 —"r )* 4‘L § neutral
ha 1 ) piane
T 3
¥

FraurE A.6.—Layered plate.
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the upper surface is denoted by ¢. As before,
the transverse coordinate z will be measured
from this neutral plane.

The force and moment integrals will be
formulated for the layered plate of figure A.6,
which has three layers. Extension of this
formulation to other numbers of layers is
straightforward and obvious. Because the
stress variation in each layer will, in general,
be different, it is necessary to perform these
integrations in a piecewise manner; for example,

c—hi—h: c=h h
N~ os d2+ f os, dz
c—Ri—~hs—hy c—=hi—h2
c
+f Gz, dz
c—h;
- (A.24)
c—hi—hz c—Mh
M,— f o5z dz+ 052 dz
c—hi—ha—hy c~—hy—hs
(4
+f g2,z dz
c—h J

where oz, is the normal stress in the z-direction
in the layer having thickness h,.

Now the location of the neutral plane will be
determined. Consider a plate bent by pure
moments (i.e., no inplane forces). The neutral
plane is that plane having no bending stresses
(i.e., 0,=¢,=0). Then the location of the
neutral plane is such that inplane force integrals
vanish when only the bending components of
stress (i.e., the odd functions of z) are used.
Thus, for example, the distance ¢ can be
determined by setting the first of equations
(A.24) equal to zero and using equations
(A.11) and (A.18), with du,/d2=0 in equations
(A.11).

A.6 SYNTHESIS OF EQUATIONS

Consider first a homogeneous plate having
rectangular orthotropy and subjected to inplane
forces, but let its thickness be constant. Sub-
stituting equations (A.21) into equation (A.8)
gives the transverse shearing forces in terms
of the plate deflection (neglecting rotary
inertia):

0 o*w o*w
Qz=_a:<Dzb—zz+Dzﬂ—b’§z’
o*w o*w

> (A.25)
Qf': _a/<pzv’b-zi+Dv’b—y'z_
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where
(A.26)

Dyy=v,D,+2D,
Combining equations (A.25) with equation
(A.6) gives the equation of plate bending

otw Olw ow , dw

D, o2 +2Dzyaxz ayz+Dv67+P'5i7

%w o%w O*w
= za—zz—"'anm'}'NvW (A.27)
where the transverse loading ¢ has been omitted
from the free vibration problem.

The inplane forces are generally functions of
z and y. For the linear problem, they are
determined first from solving the plane elasticity
problem, which involves equations (A.5) and
an equation of compatibility. Thus, in this
case the bending and stretching effects are
uncoupled from each other. When inplane con-
straints (e.g., =0 and/or v=0) are introduced
into the problem, the inplane forces that will
be generated will vary with w, and equation
(A.27) becomes nonlinear.

In the case .of variable thickness, when equa-
tions (A.21) or (A.23) and (A.8) are substituted
into equation (A.6), the thickness is simply
regarded as a variable A=Ah(z, y) when carrying
out the differentiations. The resulting differ-
ential equation, which is a generalization of
equation (A.27), is relatively complicated. For
example, in the most simple case (isotropic,
homogeneous, no inplane forces, etc.) equation
(A.6) becomes:

2Ddw , 0D dw
N dw _, D dw
V2 (DViw)—(1—v) 2/ 3 “dxdydzdy
*Do'w), dw_
toroy ) Tron—0 (4

with
Vi=(0%/02") +(2*/2y’)

A.7 BOUNDARY CONDITIONS

Because the differential equation governing
plate deflection (e.g., eq. (A.27)) is of the
fourth order, two boundary conditions are
required along each edge. All possible bound-
ary conditions on an edge can be obtained
from the case of elastic constraints; hence,
these general conditions will be discussed first.
An infinitesimal width taken from the edge of
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a plate normal to the z-direction is shown in
figure A.7. Translational and rotational
springs having stiffnesses K, and Ky,
respectively, are attached to the edge. The
force K,w required to deflect the translational
spring in the positive direction and the moment
K,0w/dz required to cause a positive rotation
are shown, along with their reactions on the
edge of the plate. The ‘‘edge reaction” V,
and the bending moment M, occur at an in-
finitesimal distance within the plate (the ‘‘edge
reaction” is discussed later). By summing
forces and moments on the infinitesimal ele-
ment and neglecting higher order terms such
as those arising from forces and moments
acting on the two planes parallel to the plane
of the paper, the following equations are found
to hold on the boundary:

Ve=—K,w

M,=K¢g—:’}
The inplane force component N, does not enter
this equation, for it was defined to be taken
always in the deformed neutral plane. The
generalization of equations (A.29) to arbitrary
edge directions is accomplished by using » in
place of z, where n is the direction of the outer
normal to the edge.

Special cases arise when the spring constants
K, and/or K, are zero or infinity. When
K,=K,=0, the edge is completely free. When
both K, and K, approach infinity, the edge
becomes clamped. When Ky=0 and K, ap-
proaches infinity, the edge becomes simply
supported. The last possible case is that in

(A.29)

dxr—
L
-f_— — —"WWWWN\1
| M, ! é
i‘ KyW

.

Ficure A.7.—Elastic edge constraints.
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which K,=0 and K, approaches infinity. This
last condition is physically possible but receives
virtually no treatment in the literature on
plates.

The meaning of the “‘edge reaction” will now
be discussed. It would appear that for a free
edge normal to the y-direction all three quanti-
ties M,, M,,, and Q, would be zero. However,
as discussed previously, only two boundary
conditions are admissible per edge. It is found
that Q, and M,, combine into a single edge
condition as will be described now. Figure A.8
depicts a free edge parallel to the z-direction.
The twisting moment M,,=M,,(z) along the
edge can be represented by pairs of vertical
forces having intensities M., and infinitesimal
changes, as shown. The vertical force resultant
from the opposing forces is thus OM,,/0z in
intensity. When this is added to the trans-
versing shearing force, the total edge reaction is

°M=" (A.30)

Vi=@+

In terms of arbitrary directions normal and
tangent to the boundary (n and t), equation
(A.30) is generalized to

E)Mt

Va=@nt+—5- (A.31)
r4
y
X
Myy
Mxy +Q%A':¥ dx

Ficure A.8.—Twisting moments along an edge.
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For further discussion of the free edge con-
dition, see references A.1 (p. 84) and A.2 (p. 17).

A.8 POLAR ORTHOTROPY

A development parallel to that of the pre-
ceding sections may be carried out for the case
of polar orthotropy. That is, if the stresses
associated with plane polar coordinates (see
fig. 1.1) are o,, g¢, and 7,9 and the corresponding
strains are e, e, and v,, the stress-strain
relations are given by the equations

1
€r=E(0'r’—Vro'd)

(A.32)

“:E—l—a (a’o—u,a',)

Yr=7lG

which are analogous to equations (A.17). The
kinematic relationships between displacements
are

=Y, zaw
=Yy—2 —
or

2 ow (A.33)
v=n—"37

where 4 and » now identify the radial and

circumferential displacements. The strain-
displacement equations become
2 ]
T or
100, u
=517 8 (A.34)
1 bu ( )

Using moment integrals corresponding to
those of equations (A.20) with equations
(A.32), (A.33), and (A.34) gives the moment-
curvature relations (ref. A.3)

’w 120w ., 1%\
D[ ot aoz)]
10w , 12*w
M=-Dy(2 224320, 2" ) L (A.35)
10w
2D'°b r o8 J
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where the flexural rigidities are defined by

ER
Dr=12(l—'v,w)
__ E# .
D'—12(1 —,vp) (A.36)
ahd
D=1 )

When moment equilibrium equations equiv-
alent to equations (A.8) are used and rotary
inertia is neglected, the transverse shearing
forces are found to be (ref. A.3)

[D 0 b’w 1ow\ Dy lbw+l b’u)‘

"or r or) r \ror ' of
+D"rbr bB(r DB)] g

_ Dg 10w, 1 bZ'w D,-a *w
Q== T w\ror o)t br’bﬂ] )
(A.37)
where

D,,=Dw,+2D, (A.38)

Finally, the transverse force equilibrium
equation gives the governing differential equa-
tion of motion

ow 2 o'w , 2. %w
'br‘+r2D"br2002+r‘D' ot Dor

Qw2
~20, 20 L0, 2%, 2 0D 3

_,_13 D, _aﬁr’_,_ pstif=o (A.39)

A9 STRAIN ENERGY

It is often useful to know the strain energy
stored in a plate due to deformation. Onesuch
instance occurs when the Rayleigh-Ritz method
is applied in order to obtain approximate
solutions.

The strain energy stored in any elastic body
during deformation is given by

U—_ f (U¢e=+a’ﬂ€v+ a'lel+ TzyYzy
+ 1Yyt TeVes) dV (A.40)
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where the integral is taken over the volume of
thebody. Restatement of an earlier assumption
that the transverse stresses o,,7,,, and 7, are
small relative to the others in the case of a
plate allows equation (A.40) to reduce to

U=% fv(a',e,-{—a,,eri-r,,,‘yw)dv (A.41)

Now the stresses are expressed in terms of the
strains by means of appropriate stress-strain
relationships, the strains are expressed in terms
of the displacements by means of equations
(A.11), and the integration over the thickness
is carried out.

For a plate possessing rectangular orthotropy,
equations (A.18) are used; and the strain
energy due to bending alone becomes

1 O*w O*w d*w
U=§L[D )+D ( )+2D’”ax257

-MD,‘(Ma )]dA (A.42)

where the remaining integral is yet to be taken
over the plate area, and where D, D,, D,,, and
D, are as defined previously in equations (A.22)
and (A.26). For an isotropic plate, equation
(A.42) simplifies to

_D w , d'w\? *w d*w
U_2L{(bz’+by’> 20— 57 o

/ a2w

b:cb }dA (A.43)
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Accelerometers, parallelogram plates, 171
Added mass, rectangular plates, 141-151
Admissible functions, rectangular plates, 77
Air, effects of surrounding media, 170, 299, 301
Airy stress function, large deflections, 305
Aluminum parallelogram plates, 171, 172, 180, 181, 186
Aluminum rectangular plates, 83, 86, 89, 126, 133, 143,
148

Analog computer, 77
Anisotropic elastic body, stress-strain relationship, 333
Anisotropic plates, 245-266

added concentrated mass, circular plate, 246

all sides clamped, rectangular, 260-262

all sides simply supported, rectangular, 251

annular plate, 248

Bessel function, 249

Boobnov-Galerkin method, 248

circular plates, clamped, 245-246, 264

circular plates having rectangular orthotropy,

263-264
elliptical plates having rectangular orthotropy,
264-265

Galerkin method, 261, 264

grain of veneer, 252

infinite series, 246

longitudinal slots, 264

maple-plywood plate, 256, 260

other shapes, 248

Poisson’s ratio, 259

polar orthotropy, 245-249

Rayleigh method, 250, 256, 258, 259, 261, 262

Rayleigh-Ritz method, 252, 261, 264

rectangular orthotropy, 250-266

Ritz method, 261

88-C-88-C, 256

SS-C-8S-F, 258

S8-C-S8-88, 257

SS-ES-SS-ES, 259

SS-F-SS-F, 258

S8-SS-SS-F, 258

S8-S8-SS-88, 251-254

simply supported circular plates, 246-248

spacing of grooves, 253

square plates

C-C-C-88, 263
C-C-88-88, 263

stiffeners, 265

strain energy, rectangular coordinates, 250

two opposite sides SS, 254-260

veneer, grain of, 252
Annular plates, 19-33

anisotropic plates, 248

Bessel functions, 21, 29

clamped outside and inside, 20-21

808-337 0—70——238

Annular plates—Continued
clamped outside, free inside, 22-24, 2627
clamped outside, rigid mass inside, 32
clamped outside, simply supported inside, 21-22
free outside and inside, 30
free outside, clamped inside, 28-29
free outside, simply supported inside, 29-30
Rayleigh-Ritz method, 20
simply supported outside and inside, 25-26
simply supported outside, clamped inside, 24-25
simply supported outside, free inside, 26-27
variable thickness, 286
Annulus. See Annular plates.
Anticlastic bending effects on rectangular plates, 89
Apparent mass, surrounding media, 301
Arbitrarily shaped triangular plates, 227
Area integrals, replaced by double summations, 86
Asymptotic-expansion estimate, 17-19
Axes, of ellipse, 37

Beam functions
parallelogram plates, 161, 168
rectangular plates, 58, 65, 76, 81, 87, 104
surrounding medium, effects of, 303
trapezoidal plates, 195
triangular plates, 212
Beam theory, elementary, kinematics of deformation,
332
Bending and twisting moments
elliptical coordinates, 3
polar coordinates, 2
rectangular coordinates, 4
skew coordinates, 5
Bending moment intensities, 329
Bending moments, shear deformation, 315
Bending, strain energy of. See Strain energy.
Bending stress, large deformations, 312
Bessel functions
anisotropic plates, 249
annular plates, 20, 29
circular plates, 7
plates with inplane forces, 268
recursion formulas for derivatives of, 32
variable thickness, 286
Bessel’s equation, 2
Biharmonic singular function, rectangular plates, 151
Boobnov-Galerkin method, anisotropic plates, 248
Boundaries as nodal lines, 42
Boundary conditions, 335-337
elastically supported circular plate, 14
mixed, 14-15
rotary inertia, 324
shear deformation, 324
Brass plate, 11-13, 38-39, 108, 116
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Buckling
large deformations, 309
parallelogram plates, 168
polygonal plates, 237
rectangular plates, 117
Buckling loads, critical
plates with inplane forces, 277
polygonal plates, 237

Cantilever

beam, triangular plates, 213

parallelogram plates, 168-184

rectangular plates, 76-87, 301

trapezoids, 194-196

triangles, 212-228
Centrifugal fields, plates with inplane forces, 273
Chain rule of differentiation, right triangular coordi-

nates, 194

Characteristic determinant equation, sixth order, 17
Characteristic determinant, unbounded order, 37
Circular edge, sectorial plates, 239
Circular frequency, 1
Circular holes, rectangular plates, 152
Circular membrane plates with inplane forces, 271
Circular plates, 7-33

anisotropic, 245-248

annular. See Annular plates.

Bessel functions, 7

central mass, 17-19

clamped (see also Clamped circular plates), 7-8

clamped at center, 15-17

clamped partially, and supported, 14-15

clamped, simply supported, 14-15

coordinate system, polar, 7

elastically supported, 13-14

free, 10-13, 16

Harvard tables, 7

inplane forces, 267-276

internal holes, 7

large deflections, 306310

mass concentrated at center, 17-19

mixed boundary conditions, 14-15

polar coordinates, 7

radii of nodal circles, 8, 9, 11

Rayleigh-Ritz method, 20

rotary inertia, 316-318

shear deformation, 316-318

simply supported (see also Simply supported

plates), 8-10

simply supported and clamped, 14-15

solid, 7-19

supported on internal circle, 17

surrounding media effects, 299-301
Circular plates having rectangular orthotropy, 263-264
Circular plates of variable thickness, 285-291
Circular plates with inplane forces, 267-276
Circular sandwich plates, nonhomogeneity, 325
Clamped circular plates, 7-8

anisotropic plates, 245-246, 264

Clamped circular plates—Continued

effects of Poisson’s ratio, 18

plates with inplane forces, 268-272
Clamped/supported circular plates, 14-15
Classical plate equations, anisotropic plates, 249
Classical plate theory, 1-5
Coarse finite-difference grids, 47
Collocation method

trapezoids, 193

triangular plates, 207, 209, 210
Confocal ellipses, 37
Constraint of zero deflection, rectangular plates, 130
Continuity conditions

circular plate, supported on ring, 17

for transverse shear, rectangular plates, 145
Coordinates

elliptical. See Elliptical coordinates.

polar. See Polar coordinates.

rectangular. See Rectangular coordinates.

skew. See Skew coordinates.
Corrugated core, nonhomogeneity, 324
Corrugation-stiffened plate, nonhomogeneity, 325
Critical buckling loads, plates with inplane forces, 277
Cutouts, rectangular plates, 151-154
Cylindrical masses, rectangular plates, 148

Deflections, infinite, circular plates, 7
Deflections, small equilibrium equationsh331
Deformation, strain energy, 337
Deformed middle surface, notation, 329
Dependence upon time, inplane forces, 267
Derivatives

in strain energy, 220

replaced by finite differences, 86
Dini series, surrounding media, 300
Dirac delta function, rectangular plates, 147
Discontinuous edge conditions, 123-130
Displacement, transverse, 1
Distributed stiffness, 13
Double Fourier sine series, 63
Double-precision arithmetic, 77
Double summations replace area integrals, 86

Eccentricity, elliptical, 37

Edge constraint, 14

Edge reactions
polar coordinates, 2
rectangular coordinates, 4
skew coordinates, 5

Edge rotation, 13

Elastic constants, 300

Elastic, discontinuous, and point supports, rectangular

plates, 114-141

Elastic edge supports, 114-123

Elastic foundation, 1

Elasticity theory
notation, 329
three-dimensional, 331-332

Elasticity, uncoupled plane, 274
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Elastic moment edge constraint, 14
Electric analog computer, 77
Electrical analogies, 77
Electrical analogies, development of, 77
Ellipse
axes, 37
eccentricity, 37
Ellipses, confocal, 37
Elliptical coordinates, 2-3
bending and twisting moments, 3
interfocal distance, 2
Laplacian operator, 2
rectangular coordinates, relation to, 2
shearing forces, transverse, 3
Elliptical plates, 37-39
clamped, 37
free, 38
Galerkin method, 38
Rayleigh method, 37, 38
Rayleigh-Ritz method, 38
rotary inertia, 322
shear deformation, 322
Elliptical plates having rectangular orthotropy, 264-265
Epicycloidal shape, 244
Epicycloidal transcendental function, 38
Equal slope restraint, 122
Equation of motion remains linear, inplane forces, 267
Equilateral triangular plates, 212
Equilibrium equations, 331-332
deflections, small, 331
elasticity, 3-dimensional theory, 331-332
inplane inertia, 332
slopes, small, 331
transverse shearing forces, 332
Euler’s constant, 16

Filing down edges of rectangular plates, 108
Finite-difference method
inplane forces, 279
rectangular plates, 58, 86, 130, 131, 136
shear deformation and rotary inertia, 314
triangular plates, 205, 220
variable thickness, 293
Finite summation replaces integral equation, 129
Five-ply maple-plywood plate, 256
Flexural rigidity
defined, isotropic plate, 1
polar orthotropy, 337
rectangular orthotropy, 250
variable thickness, 285
Flexural stiffness, no, 271
Force and moment integrals, 334-335
Foundation
elastic, 1
plate supported by, 1
stiffness, 1
Fourier components, 2, 267
Fourier sine series, 139, 145
Free membrane mode shapes, 104

Free regular pentagons, 238

Free vibrations, 1

Frequency, circular, 1

Frequency in vacuum, parallelogram plates, 170

Galerkin method
anisotropic plates, 261, 264
elliptical plates, 38
large deflections, 307, 308, 312, 313
rectangular plates, 61, 71, 88
General rectangle, rectangular plates, 89
Grain of veneer, anisotropic plates, 252
Green’s function, rectangular plates, 129

Half-sine waves, rectangular plates, 47
Hamilton’s principle, 309, 313
Hard spring, nonhomogeneity, 324
Harvard tables, 7
Hexagons
completely free, 238
simply supported, 238
Holes, internal, 7
Hub-pin plates, rectangular, 140
Hub-pin supports, 223
Hydrostatic pressure
parallelogram plates, 168
plates with inplane forces, 281
polygonal plates, 237
Hydrostatic tension, 280

Impeller blade, 240, 241
Inertia
inplane, 331-332
rotary, 314-324
rotational, added mass, 147
translational, added mass, 147
Infinite series, anisotropic plates, 246
Inflatable plate, nonhomogeneity, 325
Inplane forces, 267-284
all sides S8, rectangular plates, 276-279
assumptions, 267
Bessel functions, 268
body force, 278
buckling loads, critical, 277, 281
centrifugal fields, 273
circular membrane, 271
circular plates, 267-276
circular plates, clamped, 268-272
circular plates, completely free, 273-276
circular plates, simply supported, 272-273
concentrated forces, 280
critical buckling loads, 277
dependence of forces upon time, 267
elasticity, uncoupled plane, 274
equation of motion remains linear, 267
finite difference method, 279
flexural stiffness, no, 271
Fourier components, 267

347





[image: image14.jpg]348 VIBRATION OF PLATES

Inplane forces—Continued
hydrostatic pressure, 281
hydrostatic tension, 280
internal residual stresses, 273
isotropic plates, 279
Kato-Temple method, 195, 280
membrane tension, 271
method of images, 282
perturbation technique, 271, 279, 281
plates having other shapes, 281
Poisson’s ratio, 275
prestressed boundary, 273
Rayleigh method, 269, 270, 272
Rayleigh-Ritz method, 269, 271, 275, 277, 279
rectangular orthotropy, 267
rectangular plates, 276-281
rectangular plates, all sides clamped, 280-281
rectangular plates, all sides 88, 276-279
rectangular plates, two opposite sides SS, 279-280
rotating disk, clamped at center, outer edge free,
276
rotating disk, free, 273
Southwell method, 269, 270, 272
strain energy, 269
thermal gradients, 273, 275
two opposite sides SS, rectangular plates, 279-280
uniform inplane forces, 279
variational method, 271
Inplane restraint, large deformations, 311
Integral equation, replaced by finite summation, 129
Interfocal distance, 2
Internal cutouts, rectangular plates, 151-154
Internal holes, circular plates, 7
Internal residual stresses, 273
Isosceles trapezoidal plate, 193, 194
Isosceles triangle, C-C-C, 205
Isotropic plates, inplane forces, 279

Kato-Temple method
parallelogram plates, 161-162
plates with inplane forces, 280
trapezoids, 195

Kinematic relationships, 337

Kinematics of deformation, 332-333
beam theory, elementary, 332
plane cross sections, 332
strain-displacement equations, 333
tensorial manipulations, 333
tensorial strain, 333

Kirchhoff hypothesis, 324

Lagrange's equation, 148
Laplace transform, 17
Laplacian operator
elliptical components, 2
polar coordinates, 2
rectangular coordinates, 4
skew coordinates, 5
Large-amplitude vibrations, 310

Large deflections, 303-314
Airy stress function, 305
assumption for magnitude of deflection, 303
bending stress, 312
Berger simplified equations, 306, 313
boundary conditions, 303
buckling, 309
circular plates, 306-310
compatibility of strain, 305
Calerkin method, 307, 308, 312, 313
Hamilton’s principle, 309, 313
inplane restraint, 311
membrane stress, 312
nonhomogeneous plates, 325
perturbation method, 310
rectangular plates, 310-314
static case, 306
strain-displacement equations, 303-304
thermal gradient, 309
Von Kérm4n equations, 306, 310
Large error, frequency of, 73
Layers, hard and soft, 324
Legendre functions, rectangular plates, 77, 104
Longitudinal slots, 264

Magnesium, parallelogram plates, 187-189
Maple-plywood plate, five-ply, anisotropic, 256, 260
Marine propeller blades, 240, 242 '

Mass density ratios, critical, 33

Mathieu functions, 3, 38, 324

Membrane stress, large deformations, 319

. Membrane tension, plates with inplane forces, 271

Membrane vibration, analogies, 237
Mesh widths, rectangular plates, 130
Method of images
plates with inplane forces, 282
triangular plates, 212
Mindlin theory, 318, 319, 323, 324
nonhomogeneity, 324
rotary inertia, 318, 319
shear deformation, 318, 319
Mode of vibration, shear deformation, 315
Mode shape, polar coordinates, 2
Moment-curvature equations, polar orthotropy, 337
Moment integrals, 334
Moments, bending and twisting. See Bending and
twisting moments.

Neutral plane, 329

Nonhomogeneity, 324-325
circular sandwich plates, 325
composite material, 324
corrugated core, 324
corrugated-stiffened plate, 325
hard spring, 325
honeycomb core, 324
inflatable plate, 325
Kirchhoff hypothesis, 324
large deflections, 325
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Nonhomogeneity—Continued
layers, hard and soft, 324
Mindlin theory, 324
shear deformation and rotary inertia, 324
Styrofoam core, 324, 325
Nonsquare cantilever, 77
Notation, 329-331
bending moment intensities, 329
deformed middle surface, 329
elasticity theory, 329
neutral plane, 329
positive faces, 329
positive shear stresses, 329
transverse shearing force intensities, 329
twisting moment intensities, 329

Octagon
free, 239
simply supported, 238
One-g method, parallelogram plates, 184
Orthotropy
polar, 245
rectangular, 245, 250-266
stress-strain relationships, 333

Parallelogram plates, 161-192
accelerometers, 171, 184
accuracies of solutions, 161, 164, 165
added mass, 185, 186
aerodynamic lifting surface, 161
air mass, effect of, 170
aluminum, 171, 172, 180, 181, 186
beam functions, 161, 168
buckling analogy, 168
cantilevered, 161, 168-184
C-C-C-C, 161-164
C-C-C-S8, 164
C-C-SS8-S8, 164-165
C-F-F-F, 168-184
exact solutions, 161, 166
F-F-F-F, 184
FORTRAN program

C-F-F-F plates, 170

frequency in vacuum, 170
influence functions, statically determined, 171
Kato-Temple method, 161-162
magnesium, 187-189
membrane vibration analogy, 168
one-g experimental method, 184
perturbation method, 165
point-matching method, 163, 167
Rayleigh method, 164
Rayleigh-Ritz method, 161, 164, 168
rhombic, compared to square, 163
simple edge conditions, 161-184
SS-85-85-88S, 168
stabilizing surface, 161
steel plates, 163
transition curves, 170
transition points, 171

statement listing for

Parallelogram plates—Continued
Trefftz method, 161
unlike rectangle, 161
variational method, 170, 171
Pagsive element analog computer, 77
Pentagons, 237-238
completely free, 238
polygonal plates, 237-238
simply supported, 237
Perturbation techniques, 165, 271, 279, 281, 310
Plane cross sections, kinematics of deformation, 332
Planform dimensions
trapezoids, 196
triangular plates, 227, 228
Plate equations, 329-338
Plates
anisotropic. See Anisotropic plates.
annular. See Annular plates.
circular. See Circular plates.
clamped circular. See Clamped circular plates.
elliptical. See Elliptical plates.
free circular. See Free circular plates.
free elliptical. See Free elliptical plates.
parallelogram. See parallelogram plates.
polygonal. See Polygonal plates.
quadrilateral. See Quadrilateral plates.
rectangular. See Rectangular plates.
square steel. See Square steel plates.
triangular. . See Triangular plates.
Plate theory, classical, 1-5
Point masses, rectangular plates, 145-151
Point-matching method
parallelogram plates, 163, 167
polygonal plates, 238
rectangular plates, 151
triangular plates, 210, 212
Point supports, rectangular plates, 130141
Poisson’s ratio, 1
anisotropic plates, 259
annular plates, 19
circular plates, clamped, 8
circular plates, elastically supported, 14
plates with inplane forces, 275
rectangular plates, 41, 54, 74, 79, 86, 87, 89, 131,
132, 133
shear deformation, 317
triangular plates, 213
variable thickness, 285, 286, 288, 290
Polar coordinates, 1-2
bending moments, 2
boundary conditions, 2
circular plates, 7
edge reactions, 2
Kelvin-Kirchhoff edge reactions, 2
Laplacian operator, 2
mode shape, 2
shearing forces, 2
strain energy, 2
twisting moments, 2
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Polar orthotropic plate, transverse bending, 245 Rectangular orthotropy, 250, 266
Polar orthotropy, 245-250, 337 circular plates having, 263-264
flexural rigidities, 337 elliptical plates having, 264-265
kinematic relationships, 337 plates with inplane forces, 267
moment curvature, 337 rectangular plates having, 250-263
rotary inertia, 337 Rectangular plates, 41-154
strain displacement, 337 added mass, 141-151
transverse force equilibrium, 337 admissible functions, 77
transverse shearing forces, 337 aluminum, 83, 86, 89, 126, 133, 143, 148
Polygonal plates, 237-239 anisotropic, 250-266
buckling analogy, 237 anticlastic bending effects, 89
hexagons, 238 area integrals replaced by double summations, 86
membrane vibration analogy, 237 beam functions, 58, 71, 76, 81, 87, 104
octagons, 238 behavior like beam, 54, 86
parallelogram plates, 161-192 biharmonic singular function, 151
pentagons, 237-238 boundaries as nodal lines, 42
point-matching method, 238 boundary conditions, possible combinations, 41
rectangular plates, 41-154 brass, 108, 116
simply supported, all edges, 237, 238 buckling, 45, 46, 117
trapezoidal plates, 193-196 cantilever, 76-87
triangular plates, 205-235 C-C beam, 60
Positive faces, notation, 329 C-C-C-C, 58-65, 280-281
Positive shear stresses, notation, 329 C-C-C-C square plate, 60
Prestressed boundary, planes with inplane forces, 273 C-C-C-F, 65
Prestretched membrane, polygonal plates, 237 C-C-C-88, 65
Propeller blades, marine, 240, 242 C-C-F-F, 72
C-C-88-F, 71
Quadrilateral plates C-C-SS-S8, 65-71
of general shape, 196 C-F-C-F, 74-75
parallelogram, 161-192 C-F-F-F, 76-87
rectangular, 41-154 C-F-SS-F, 75-76 h
) circular holes, 152
Radial sides simply supported, sectorial plates, 239 coarse finite difference grids, 47
Rate of taper, variable thickness, 291 constraint of zero deflection, 130
Rayleigh method continuity condition for transverse shear, 145
anisotropic plates, 250, 256, 258, 259, 261, 262 C-SS-C-F, 73
elliptical plates, 37, 38 C-SS-F-F, 74
inplane forces, 269, 270, 272 C-SS-SS-F, 74
parallelogram plates, 164 cutouts, other, 152
rectangular plates, 41, 43, 58, 118, 132 cylindrical masses, 148
sectorial plates, 239, 240 deflection functions, 77, 81, 119, 131, 136, 140
surrounding media, 299, 300 Dirac delta function, 147
Rayleigh-Ritz method, 20 discontinuous edge conditions, 123-130
anisotropic plates, 252, 261, 264 double-precision arithmetic, 77
circular plates, 20 elastic edge supports, 114-123
inplane forces, 275-280 electrical analogies, development of, 77
parallelogram plates, 161, 162, 168 electronic analog computer, 77
rectangular plates, 58, 59, 61, 65, 69, 72, 73, 76, equal slope restraint, 122
77,79, 81, 86, 103, 119, 122, 131-133, 141, 151, 152 extrapolation formula for finite difference method,
surrounding media, 300 130, 136
trapezoidal plates, 194, 195 F-F-F-F, 87-115
triangular plates, 212, 213, 215, 216 finite-difference equations, 71, 86, 130
variable thickness, 288, 290 finite-difference mesh, 86
Rectangular cantilever plates, 301 finite-difference method, 58, 131, 136, 220
Rectangular coordinates, 4 finite differences replace derivatives, 86
bending and twisting moments, 4 finite summation replaces integral equation, 129
edge reactions, 4 flexural rigidity, 86
Laplacian operator, 4 Fourier sine series, 139, 145
shearing forces, transverse, 4 Galerkin method, 61, 72, 88

strain energy, 4 general rectangle, 89
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Rectangular plates—Continued Rectangular plates—Continued
Green’s function, 129 ‘‘veering away’’ phenomenon, 63, 74
half-sine waves, 47 V-groove simulation of simply supported edge, 124
high-frequency parameters, 51 Warburton’s formula, 86
hub-pin plate, 140 weight density, 86
inplane forces, 276-281 Weinstein method, 58, 61
integral equation, replaced by finite summation, Recursion formulas, 14, 20, 32
129 Regularity conditions, 17
internal cutouts, 151-154 Reissner’s static theory, shear deformation, 315
Lagrange’s equation, 148 Reissner’s variational method, rectangular plates, 140
large deflections, 310-314 Rhombic plates. See Parallelogram plates.
large error, frequency of, 73 compared to square, 163
Legendre functions, 77, 104 parallelogram, aluminum, 172
mesh widths, 130 triangular, 205
modulus of elasticity, 86 Rigid body translation, 31
narrow internal slit, 154 Rigidity, flexural, 1
nonsquare, 47 Rigid strip mass, rectangular plates, 141-145
nonsquare cantilever, 77 Ritz method, anisotropic plates, 261
orthotropic, 250-266 Rotary inertia, 314-324
plates with inplane forces, 276 AT-cut quartz crystal plates, 314
principle of stationary total energy, 123 boundary conditions, 324
point masses, 145-151 circular plates, 316
point-matching method, 151 effects of, 314, 317, 323
point supports, 130-141 elliptical plates, 322
Poisson’s ratio, 41, 54, 74, 79, 87, 89, 131, 132, 133 finite difference method, 314
Rayleigh method, 41, 43, 58, 118, 132 inplane forces, 316
Rayleigh-Ritz method, 58, 59, 61, 65, 69, 72, 73, large deflections, 316
76, 77, 79, 81, 86, 103, 119, 122, 131, 132, 133, low frequency cutoff, 320
141, 151, 152 Mathieu functions, 324
Reissner’s variational method, 140 Mindlin’s equations, 323
rigid strip mass, 141, 145 Mindlin theory, 318-319
rotary inertia, 318-323 rectangular orthotropy, 321
series method, 58, 60, 63, 74, 79, 102, 131 rectangular plates, 318-323
shear deformation, 318-323 synthesis of equations, 335
simple edge conditions, other, 58 thermal effects, 316
soap powder, 83 thickness-shear mode, 315, 316, 317, 321
Southwell’s method, 78 thickness-twist mode, 321
spring-mass system, 148 variable thickness, 285
8§8-C-88-C, 46-50 Rotating disk, clamped at center, outer edge free, 276
SS-C-SS-F, 51-52 Rotation
88-C-88-88, 50-51 edge, 13
SS-ES-SS-ES, 116, 120 modes, 31
SS-F-F-F, 87
SS~-F-SS-F, 53-58 Sectorial plates, 239-240
S8-SS-F-F, 87 all edges clamped, 239
SS-S8-8S-F, 52-53 boundary conditions, other, 239
SS-SS-SS-S8, 43-45, 276-279 circular edge, 239
steel, 79, 83, 86 completely clamped, 240
stepwise superposition of modes, 57 exact solution, 239
strain energy, 119 radial sides simply supported, 239
surrounding media, effects of, 301-303 Rayleigh method, 239, 240
symmetrical slope restraints, 120 semicircular, 240
transcendental functions, 129 Semicircular plates, sectorial, 240
transition points, 54, 65, 75, 79, 109 Series method, rectangular plates, 60, 63, 78, 131
translational spring, 148 Shear deformation, 314-324
transverse shear, continuity of, 139 anisotropic material, 314
two opposite sides SS, 45-46, 279-280 AT-cut quartz crystal plates, 314
uniform slope restraint, 122 bending moments, 315
variable thickness, 201-297 circular plates, 316-318

variational method, 47, 51, 58, 65, 79, 136, 140 effects of, 314, 317
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Shear deformation—Continued Square plates. See Rectangular plates.
elliptical plates, 322 Stabilizing surface, 161
finite difference method, 317 Static case, large deflections, 306
inplane forces, 316 Static deflection, shear deformation, 314
large deflections, 316 Steel plates
low-frequency cutoff, 320 cantilever plates, 293
Mathieu funections, 324 parallelogram plates, 163
Mindlin theory, 318, 319 rectangular plates, 83
mode of vibration, 315 trapezoids, 195, 196
Poisson’s ratio, 317 Stepwise superposition, rectangular plates, 57
polar orthotropy, 337 Stiffeners, anisotropic plates, 265
rectangular plates, 318-323 Stiffness, distributed, 13
Reissner’s static theory, 314, 315 Stiffness of foundation, 1
static theory, 314 Strain-displacement equations
strain displacement, 314-315 kinematics of deformation, 333
synthesis of equations, 335 large deformations, 303-304
thermal effects, 316 polar coordinates, 337
thickness-shear mode, 315, 316, 317, 321 shear deformation, 314-315
thickness-twist mode, 321 Strain energy, 337-338
transverse shearing force, 315 anisotropic plates, 250
variable thickness, 285 bending, 250
Shearing forces, transverse, 2-5 deformation, 337
elliptical coordinates, 3 derivatives, 220
polar coordinates, 2 plates with inplane forces, 269
rectangular coordinates, 4 Rayleigh-Ritz method, 337
skew coordinates, 5 rectangular coordinates, 4
Simple edge conditions rectangular plates, 119
parallelogram plates, 161-184 skew coordinates, 5
rectangular plates, 58 transverse stresses, 338
triangular plates, 205-229 triangular plates, 220
Simply supported plates Stress-strain relationships, 333-334 e
all edges, polygonal plates, 207 general anisotropic elastic material, 333
cireular plates, anisotropic, 246-248 isotropic elastic material, 334
circular plates, inplane forces, 272-273 polar orthotropy, 337
circular plates, isotropic, 8 rectangular orthotropy, 333
parallelogram plates, 165 shear deformation, 315
polygonal plates, 237 Styrofoam core, nonhomogeneity, 324, 325
rectangular plates, 45 Surrounding media, effects of, 299-303
sectorial sides, 239 air, 299, 301
simulation by V-grooves, 123 apparent mass, 301
trapezoidal plates, 193 beam functions, 303
triangular plates, 210 cantilever plates, rectangular, 301
Sinusoidal time response, 276 circular plates, 299-301
Skew coordinates, 5 Dini series, 300
bending and twisting moments, 5 hydrodynamic strip theory, 303
edge reactions, 5 incompressible fluid, 299
Laplacian operator, 5 partial immersion, 301
shearing forces, transverse, 5 Rayleigh method, 300
strain energy, 5 Rayleigh-Ritz method, 299, 300
Slopes, small, equilibrium equations, 331 rectangular cantilever plates, 301
Soap powder, rectangular plates, 83 rectangular plates, 301-303
Solid circular plates. See Circular plates. virtual mass function, 301
Solutions, significant, parallelogram plates, 161 water, 299, 300, 301
Southwell method Surrounding media, elastic constants, 300
plates with inplane forces, 269, 270, 272 Symmetrical slope restraints, rectangular plates, 120
rectangular plates, 78 Synthesis of equations, 335
Space fixed coordinate system, notation, 329
Spacing of grooves, 253 Tensorial, kinematics of deformation /
Spring-mass system, rectangular plates, 148 manipulations, 333

Springs, supporting plate, 13-14 strain, 333
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large deformations, 309

plates with inplane forces, 267-284
Thickness

shear deformation, 315

synthesis of equations, 335

variable. See Variable thickness.
Torsional moduli of rigidity, 171
Transcendental functions, 129
Transition curves, parallelogram plates, 170, 171
Transition points

parallellogram plates, 171

rectangular plates, 54, 65, 75, 79
Translational spring, stiffness, 148
Transverse bending, polar orthotropic plate, 245
Transverse deflection

large deflections, 311

plates with inplane forces, 267
Transverse displacement, 1

Transverse force equilibrium, polar orthotropy, 337

Transverse shear, continuity of, 139, 145
Transverse shearing force
equilibrium equations, 332
notation, 329
polar coordinates, 2
polar orthotropy, 337
shear deformation, 315
strain energy, 338
Transverse stresses, strain energy, 338
Trapezoidal plates, 193-196
beam functions, 195
cantilever, C-F-F-F, 194-196
chain rule of differentiation, 194
collocation method, 193
Kato-Temple method, 195
perturbation methods, 193
planform dimensions, 196
Rayleigh-Ritz method, 194, 195
right triangular coordinates, 194
SS-88-S8-88S, 193-194
steel, 195, 196
strain energy, 194
Trefftz method, 161
Triangular plates, 205-235
analogy with vibrating membrane, 212
arbitrarily shaped, 227
beam functions, 212
beam network representation, 217
cantilever beam, 213
cantilever plate, 212-229
C-C-C, 205-206
C-C-F, 208-209
C-C-S8, 206-208
C-F-F, 212-229
collocation method, 205, 207, 209, 210
C-SS-F, 209-210
C-88-88, 209
delta cantilever plate, 215-226
derivatives in strain energy, 220
equilateral triangle, 206, 212
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Triangular plates—Continued
extrapolation formula, 206
F-F-F, 229
finite difference method, 205, 220
hub-pin supports, 230
isosceles, 208
method of images, 212
other supports and conditions, 229-233
planform dimensions, 227, 228
point-matching method, 210, 212
Poisson’s ratio, effects of, 213
Rayleigh-Ritz method, 212, 213, 213-217
sectorial plates, comparison with, 205, 208
simple edge conditions, 205-229
skew coordinates, 205
SS-F-F, 205
SS-88-F, 212
S8-88-88, 210212
steel, 206, 208
strain energy, derivatives in, 220
triangular coordinates, 212
Turbine, vane, 244
Twisting and bending moments. See Bending and
twisting moments.
Twisting moment intensities, notation, 329
Twisting, strain energy of, 250
Two opposite sides, SS, anisotropic plates, 254-260
Two opposite sides, SS, inplane forces, 279-280

Uniform inplane forces, 279
Uniform slope restraint, 122

Variable thickness, 285-298

annular plates, 286

arbitrary shape, 277

Bessel functions, 286

cantilever beam, analogy with, 286

circular plates, 285-291

circular plates, clamped, 285

finite-difference method, 293

flexural rigidity, 285

inplane forces, 285

polar coordinates, 285

rate of taper, 291

Rayleigh-Ritz method, 288, 290

rectangular plates, 291-297

rotary inertia, 285
Variational method, 136, 140, 170, 271
“Veering away’’ phenomenon, 63, 75, 170, 261
Veneer, grain of, anisotropic plates, 252
Von K4irmén equations, 306, 310

Warburton’s formula, 86
Water

loading, 300

surrounding media, 299, 301
Weight density, square steel plate, 86
Weinstein method, 58, 61

Young’s modulus, 1
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