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Introduction

The objective is to derive Miles equation. This equation gives the overall response of a
single-degree-of-freedom system to base excitation where the excitation is in the form of a
random vibration acceleration power spectral density.

Derivation

Consider a single degree-of-freedom system

where m equals mass, ¢ equals the viscous damping coefficient, and k equals the stiffness.
The absolute displacement of the mass equals x, and the base input displacement equals y.

il

k(y-X) c(y—x)

The free-body diagram is

Summation of forces in the vertical direction,
SF= mx (1)

mX =c(y—-X)+k(y—x) (2)



Substituting the relative displacement terms into equation (2) yields

m(Z+Yy)=-cz—kz (3)
mZ+cz+kz =—-my 4)

Dividing through by mass yields,

Z+(c/m)z+(k/m)z=-y (5)
By convention,
(c/m)=2¢w,
(k/m)=aw,?

where oy, is the natural frequency in (radians/sec), and & is the damping ratio.
Substituting the convention terms into equation (5) yields

7+280p2+0p%2 =Y (6)

Take the Fourier transform of each side.
0 - o0 .
j {Z+2z’;mn2+mn22}e_“’°t dt :j —yleIot gt (7)
—00 —00
Let

() =] {yme %t

X(@) =" x(t)e 1t gt

Now take the Fourier transform of the velocity term

| Oooo () lei@tgt = fo {%}e‘j‘”t dt ®)

- —00



Integrate by parts

f; {2(t) eIt gt = _[jod{z(t)e_jwt }_ f; [Z(D](—jw)e I@tdt
J._OOOO {Z(t)}e—jcot dt = z(t)e—jmt[o N (jm)f; 2(t)e It

. o0
z(t)e_J‘”t‘ =0 as t approachesthe + oo limits.

—0o0

f ()le 1t gt = (jo) j_oo 2(t)e Ity

[~ frokiotdt = jo)x(o)

Furthermore

j {Z(t)}e_J‘Dt dt = J‘ {%}ejmt dt
—00 —0 t

© “jot o [® 4)dz(t) —jot o dz(t), . | _jot
j_oo{z(t)}eJ dt = J._OOd{TeJ }— j [T(—jw)ej dt

0 —jot _w —jot
j_oo{z(t)}e dt== e

® o dz(t) i
+(J@)j_oo—ed(t) Jotgy
—00

o0

=0 as t approaches the + oo limits.

dz(t) - jo
dt

—00

IOOOO {2ttt = (joa)j_oooo —edz(tt) ~lotgy

©9)

(10)

(11)

(12)

(13)

(14)

(15)

(16)

(17)

(18)



I_Oooo {2t} 1tdt = (jo) (j0) Z(0)

[ e otot=—0?2(e)

Recall
J-OO {Z +2&onz + ngZ}e—jmt dt:jOO {— y}e_j(’)tdt
—0 —0

Let the subscript A denote acceleration. By substitution,

— 02Z(0) + j0(2E0n) Z(0) + 0n°Z(0) = YA (©)
| (0n?-0?) 42500 |2(0) =-YA (©)

YA (o)
[(wnz—wz)ﬂzawcon}

Z(o) =

Zp (0) = -0°Z(0)

0Ya (0)
(on2-0P)+2E00n |

Zp (o) = [

The relative acceleration equation can be expressed in terms of Fourier transforms as

ZA(0) = XA (0) - YA (w)

XA(0) = Za (o) + YA (0)

(19)

(20)

(21)

(22)

(23)

(24)

(25)

(26)

(27)

(28)



0*YA (©)

2—m2)+j2?;0)0)n

XA(0) = [(mn

TYA ()

[0 +(0p2—02)+[2E0on YA (©)
| (@n?-0?)+j2500n |

XA(w) =

[on?+[2E0on YA (©)
| (@n2-0?)+ 2500 |

XA (w) =

Multiply each side by its complex conjugate

XA(@)XA () =

[on 2+ j2800n [on2—2Ewon YA (@) YA (@)

[on*+(2E0on)?IYA (@) YA ()

X A(@)XA () =
[(mnz—m2>2+(2amn>2}

* 2 2 2 *
XA (@)Xa (@) = 2D [on“+(280) YA (@) YA (@)

| (@n2-0?)2+(2z00n)? |

| (@n%-0?)+j200n | (0n?-0?)-j2500n |

(29)

(30)

(31)

(32)

(33)

(34)

The Fourier transforms are converted into power spectral densities using the method shown in

Reference 3, where T is the duration.
limT 500 XA (@)XA (0)/T = Xapsp ()

limT_500 YA (@) YA (@)/T =Yapsp ()

(35)

(36)



onlon2+(20)21YApsD ()
[(®n2—®2)2+(2§®®n)2:|

XAPSD (©) =

Equation (A-32) can be transformed as a function of frequency f as follows

Fn2[fn2+(26F)2 1 APSD (F)
[(fnz—fz)zﬂzaffn)z}

XapsD (f) =

Divide each side by fn4

[1+(22F /T0)21YAPSD (F)
(A—(F 1£0)2)%+ (2 /fn)z]

Xapsp(f) = [

Letp =f /fp,

[1+(2&p)]
(1-p2)?+(2¢p)?

XapsD (f) =[ TA(APSD(f), p="F/f,

Define H(p) as

H(p)ZL—BilJ;-Z?p
—-p~)+]128p

Multiply by the complex conjugate

H(P)H*(P)—h T 12 L Lo 1% }

1-p? J+ j2gp | (1-p2)- j2zp

Note that

Xapsp (F) = H(p)H*(p) Yapsp (F), p=T/f,

(37)

(38)

(39a)

(39b)

(40)

(41)

(42)



Rearrange equation (41) as

H<p>H*<p>{ L+ 4cp” ]{ : ] a3

p? —j2ep—1] p® +j2ep-1

Solve for the roots R1 and R2 of the first denominator.

j2e 4 ( j2e)? — a(-1)

R1L,R2 =
2

(44)

j2e+—4e2 1 4
2

RLR2 = je++/1-£2 (46)

Solve for the roots R3 and R4 of the second denominator.

RLR2 = (45)

- j2g+4) (j28)% - 4(-1)

R3,R4 = 5 (47)
S

R3,R4= _J25% 2_4§ 4 (48)

R3,R4 = —je+1-&2 (49)

(50)

Summary,

Rl=+jE+1-£2 (51)

R2=4je—y1-¢£2 (52)

R3=—je+1-£2 (53)

R4=-j&—1-&° (54)



Note

R2 = -R1* (55)
R3 = R1* (56)
R4 = -R1* (57)

Now substitute into the denominators.

ok o)~ L 457"
(p—j&— 1—a2](p—ja+\/1—a2j[pﬂa—\/l—azj[wja+\/1—a2]
(58)
R 1+ 4£2 p?
Ho)H (p){(p—Rl)(p—RZ)(pi)RB)(p—R‘l)} 9

Substitute equations (55) through (57) into equation (59).

i 1+ 482 p2
He)H*(p )_[(p—Rl)(p+Rl*)(pr1*)(p+Rl)} (60)



Expand into partial fractions.

1+ 482 p?
(p—R1)p +R1*)p - R1*)p + R1)

(61)
Multiply through by the denominator on the left-hand side of equation (61).

[1+ 4g2p2J=

+

Ry PR+ R RLKp + )

E S A

LA
(p+R1%)

(p—R1)p +R1*)p - R1*)p + R1)

+

G+ RD (p—R1)p+R1*p —R1*)p+R1)

(62)



[1+ 4a2p2J:

+a (p—R1*)p+R1*)p+R1)
+B (p—R1)p+R1*)p +R1)
+X (p—R1)p—R1*)p+R1)
+6 (p—RL)p—R1*)p+R1*)

(63)
[1+ 482 p2J=
+o (p2 —R1*2 }p +R1)
+8 [p? + (- R1+ R1*)p — RIR1*[p + R1)
+2 |p? + (- RL-R1*)p + RIRL*[p + R1)
+6 [p? +(~R1-R1*)p + RIRL*[p + R1*)
(64)
[1+ 482 pZJ:

+a ( 03+ R1pZ —R1*2 o — R1R1*2)

+8{ p3+(R1-R1+R1*)p? + [ RIR1*—R1% + RlRl*)p ~R12 Rl*)
1| p3 +(R1-R1-R1*)p? + [RIRL*—R1% - RlRl*)p +R12 Rl*)
+o | p?+(RL*~R1-R1*)p? + |- RIRL*—RIR1*—R1*? )p + R1R1*2)

(65)

10



|1+ 2222 |-

+o ( p% + R1p? - R1*2 p — RIR1*?
+B | p3 +R1*p2 —R1%p - R12R1*
+2 | p® —~R1*p? —R12p + R12R1*
+o(p-R1p? -R1*p+ R1R1*2)

(66)
[1+ 4¢? p2J=
3
+[a+p+r+o]p
+[ Rla+R1*B - R1*A - Rlc]p2
+[—R1*2 o — R12B - R1%) — R1*2 G]p
+ [ ~RIR1*2 ¢ - R1R1*B + R1R1* ) + RIR1*2 c]
(67)

[1+ 4§2p2J=
+[oc+[3+7»+cs]p3

+[Rlo+R1*B —R1*A — R1c]p2

+[—R1*2 a - R1%B—R1%% — R1*? G]p

+[ —=R1*a —R1B+R1A + R1* ] RIR1*

(68)

11



Equation (68) can be broken up into four separate equations, (69) through (72).

a+B+A+0c=0 (69)
[ Rlo + R1*B - R1* 1 — Rls] = 42 (70)
[—Rl*z o — R1%B — R1%A — R1*2 0J=o (71)
[ -R1*a - R1B+RI1A + R1*| RIRI* =1 (72)

The four equations are assembled into matrix form.

1 1 1 1 o 0
Rl Rl1* -R1* -Rl [|B 42

~R1*2 _R1Z _R1Z2 -R1¥2||a| | o0

~-R1* —-Rl1 +Rl +R1* ||c| |1/(RIR1*)

(73)

RL=+j&+4/1— &2 (74)
R1R1*={+j§+\/1—§2}[—j§+\/1—§2} (75)

Recall

R1R1* =1 (76)

Substitute equation (76) into (73).

_R1*2 _R1?2 _R1Z _R1*?

o
RL RL* —Rl1* —R1l ||p| |42
s
~R1* -Rl +Rl +Rl*||o

(77)

12



Multiply the first row by R1*2 and add to the third row.

1 1 1 1 e 0
R1 R1* —R1* ~RL||B|_ 422
0 —RIZ+R1*¢ —R1+R1*2 0 ||a] | 0
—R1* ~R1 +R1 +R1*|| o 1
(78)
Scale the third row.
1 1 1 1 1l 0
Rl R1* -R1* —RL||B|_ 42
0 1 1 0 Al
~R1* —-R1 +Rl1 +R1*||c
(79a)
Multiply the third row by -1 and add to the first row.
1 0 0 1 1« 0
RL RL* -R1* —R1||p| |4&?
0 1 1 0 Al
~R1* —-R1 +Rl1 +R1*||c
(79b)

Multiply the first row by -R1 and add to the second row. Also multiply the first row by R1*
and add to the fourth row.

1 0 0 1 Jfa] [0
0 RL* —R1* —2RL||p| |4€°
0o 1 1 0 Al ] 0
0 -Rl +Rl +2R1*|[s| | 1

(80)

Multiply the third row by -R1* and add to the second row. Also, multiply the third row by R1
and add to the fourth row.

13



0 0 1 o
0 -2R1* -2R1 ||B
1 1 0 A
0 +2R1 +2R1* ||o

o O o+

The first row equation yields

The third row equation yields

Equation (81) thus reduces to
—2R1* -2RL[A] |42
+2R1 +2R1*||c| | 1

Complete the solution using Cramer's rule.

—2R1* —-2R1 || A
determinant{ M }:4[ Rl2 —Rl*2 }

+2R1 +2R1*||o

Recall

R1=+jé+41-£2
R1% = [+ j&,+\/1—§2}_+j§+\/1—5_,2}

[S—

R12 = &2 +(1—g2)+ '_2g 1—@2}

R1Z = (1—2@2)+ j{Z& 1—&2}
RI* = —j& +/1— &2

14

(81)

(82)

(83)

(84)

(85)

(86)

(87)

(88)

(89)

(90)



R1* = {— j§+\/1—§2]— j§+\/1—§2} (91)

R1*2=—a’;2+(1—§2)—j_2§ 1—&2} (92)
Rl*2=(1—2§2)— j{zg 1—&2} (93)
Thus,
R12 - R1*% = j[4§ 1—@2} (94)
4[R12—R1*2 ]zj[lGF, 1—&2} (95)
_[-2R1* —2RL|A] . 2
determmantLr2Rl +2R1*MJ—J[16§ 1-¢ } (96)
2
A= L deter min ant{% —2R1 }
1[16& 1_§2} 1 +2R1*
(97)
(4&2)(2R1*)+ 2R1
A= (98)
j[lﬁa 1—&2}
[4&2)(R1*)+ R1
A= (99)
J[Si 1—a2}
Recall,

R1=+j&+1-£2 (100)

15



(462)[ - iz ra1-e2 | e oo g

A=
J{Sé 1-@2}

(“4‘32) (Q)H&(l—m@zj

A=
j[8§ 1-@2}

+414@ZE](1+4?WJ

deter minant{

}\,:

—2R1* 4{;2
2R1 1

_ 1
T iteeig]

__|-2rer—{azJera)

jjieei-e?

| -rexla)ro)

jjoai-e? |
R1=+je+1-¢2

{_(‘K*@)-(“&Z)@m@ﬂ
i|sah-¢?|

O =

16

(101)

(102)

(103)

(104)

(105)

(106)

(107)

(108)



[ T

i|sai-¢ ]

O =

[—(1+4g2 1—§2+¢§(1—4§2ﬂ
j|se-¢?)

O =

[-+(1-4gz)+j(1+—4§2}Jf:E?]
jlecii-e?

O =

Recall,
o =-—-0

r=—p

The complete solution set is thus

-(1—4&2j—1(1+4§2
{g} . —(1—4g2)+1(1+4g2
2 8e \[1— &2 +[1—4§2j—1(1+4§2
+(1—4g2j+1[1+4g2

17

(109)

(110)

(111)

(112)

(113)

(114)



The partial fraction expansion is thus

H(p)H*(p) =
" o-RY
. B
(p—R1%)
LA
(p+R1¥)

N c
(p+R1)

(115)

The overall response X grms can be obtained by integrating X APsD () across the frequency
spectrum and then taking the square root of the area per References 1 and 2.

toruslin £)= | [ HEH*6) Vapso e (16

truslin €)= | o [ HOH* (o) Fapso()cp 17

Now assume that \A{A psp (f) is a constant level represented by the variable A. Furthermore,
assume the level is constant over an infinite frequency range, starting at zero.

% grms(fn.€) = \/Afn I;O H(p)H*(p)dp (118)

{ %6rRMs(n. &) 2 _ J'OOH(p)H *(p)dp

119
At 0 (119)

Substituting equation (115) into (119) yields

18



{xGRMS (fn. &) 2

At

{é&l—a2}=

|

+|

#|

#|

0

0

0

0

w—a(1—4g2)—j(1+4§2) 1-¢2

dp
p—y1-82 —j¢

w—g(1—4g2j+ j(1+4§2) 1-¢2

w+&[1—4&2)—j(1+4&2) 1-¢2

dp
p+yl-22 —jt

2 Ip
p—y1-&~ +j¢E

Oo+g(1—4a2)+ j(1+ 4@2) 1-¢2

19

dp
p+yl-82 +jt

(120)



{ XGRMASf(:n &) }2 {8& 1_§2 } -

+{_§(1_4a2j_j(1+4§2)W}J‘80p_\/%_jé

+_—g(1—4a2j+j(1+4§2j 1—‘32_J80 -

+_+§(1—4§2j—j(1+4§2) 1_§2_J.(;O -

+[+g(1_4g2)+1(1+4a2j@ﬁ8° \/1(% .
p+yl-¢~ +]

(121)

20



{ XGRMAsf(:n,é) 12 {% 1_(22}:

o0

+_—§(1—4§2j—j(1+4§2) 12 |Infp—y1-¢2 —i%}

0
. —@(1—4g2j+j[1+4a2j 1-22 |In| p—y1-22 + ¢
: 1L o
4 +a(1—4§2)—j(1+4a2j 182 |In| p+y1-£2 — ¢
: 1L 1o
+{+ 5(1—452)+j(1+4§2)\/1—§2} |n[p+\/l—§2 +j§}
0
(122)
Note that
In[x + jy] = In[(\/xz + yz)exp(j (¢ + 2kn) )} (123)
where
o= arctan[x} (124)
X
K=0,21%2, ... (125)

In[x +jy ]= In[w/x2+y2}+j[¢+2kn] (126)

21



Take k = 0.

{%GRMs (fn. &) }* {SQ 1_§2}:

S e e Y B vt

T el ]
[rdae?)- s )m]nj(mm R aazJ
N e e (= H_J

(127)

Both the real and imaginary components of the natural log terms cancel out at the lower
integration limit.

The imaginary components of the natural log terms cancel out at the upper limit.

The sum of the real components of the natural log terms approaches zero as the upper limit
approaches infinity.

22






{XGRYEg:%&)R{éél‘iz}:

SRR B (e amtan[\/l% J
:

- j{_g@—%z)ﬂ[l*“@z)@} aman[ 1-¢ J

7

—jPﬁ(l—“iz)‘j(““z)ﬁ}ama{ = J

1—@2}

-
g
e
N

j {+ g[l_ 4@2)+ j[1+ 4@2)\/1_?} arctan[
(129)

Now make trigonometric substitutions.
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{ XGRMASf(:n 8} {% |2 } _

+{j}{ [a(uazjj(1+4g2jﬁ}{n+man{ : ﬂ

TR

+[+g(1_4g2j_j(l+4gzjﬁ}{Zn_arctan{ : ]

o ref1g2) (1042 oo }{t[ éz]] }

1-¢

(130)

{XGRMS(fn,é)}‘Z{ _ 2}_ 2|1 2}
AT, 8ey1-¢ _{2n(1+4§ 1-¢ (131)
{ xcrms (fn &)} _ 2“(“4&2 1-¢° (132)

At N
{ %crms(fn. &) 12 {n(l“‘iz)} (133)
Afp, 48

2
xgrRms (. &)= \/ Al nj? ) (134)

25



For£<010, (1+422)~1 (135)

For small damping,

Kerms (fn,8)= | 2" (136)
1
QZZ_& (137)
%crms (fn. Q)= (gj fn Q A (138)

Now consider the realistic case where the acceleration power spectral density level varies with
frequency. Nevertheless, constrain the acceleration power spectral density level to be
constant within + 1 octave of the natural frequency.

A =Yapsp(fn) (139)

%crMs (fn. Q)= \/(gj fn Q Yapsp(fn) (140)

Note that equation (140), the Miles equation, may lead to error, particularly if the acceleration
power spectral density function has significant variation with frequency. Thus, the general
method in Reference 3 is the preferred method. The general method is shown as equation
(141).

{1+(2api)2}
i=11 | 1-p;? 2+[2§pi]2
(o] )

xcrms(fn. €)= Yapsp (A, pi =fj/f, (141)

26



The general method allows the power spectral density to vary with frequency. It also allows
for power spectral density inputs with finite frequency limits.
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