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Introduction
The objective is to derive a Miles equation which gives the overall response of a single-degree-

of-freedom system to an applied force, where the excitation is in the form of a random vibration
acceleration power spectral density.

Derivation

Consider a single-degree-of-freedom system.
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where

m s the mass

c isthe viscous damping coefficient
k s the stiffness

X is the displacement of the mass

f(t) isthe applied force

—*

Note that the double-dot denotes acceleration.



The free-body diagram is
f(t)
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o b b e

Summation of forces in the vertical direction

D F=mx

mX =—cX — kx +f(t)

mX + cX + kx = f(t)
X+ (c/m)x+ (k/m)x = 1/ m)f(t)

By convention,

(c/m) =2&mp
(k/m) = op2

where oy, is the natural frequency in (radians/sec), and & is the damping ratio.

% + 2E0n X + or2X = L/ mf (t)

%+ 2E0n X+ or2x = (o2 1K) (t)
Let
f(t) = Fexp(jot)

x(t) = )A(exp(jmt)
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[— 02 + J28oop + oonz })A( exp(jot) = (oan2 / k)IA:eXp(joot)

Take the Fourier transform of each side.
[— ©2 + j28wmn + con2 }X((o) = ((on2 1K)F(o)

(o2 1K)F(o)

Xo) =
[—m +op +j2<‘,030)n}

(Fn2 1K)F(F)

X(f):[—f2+fn2+j2§ffn}

@/ K)F(F)
1-p2 4 j2zp]

X(f)=

@/ K)F(f)
[1—p2 +J'2§p}

X(f)=

Multiply each side by its complex conjugate.

*(F)_ (1/k) (1/k) *
M 1-p2 4 j2zp] [1—p2—12ap}F(f)F "
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(f)_ 1/K) 1/K) .
XXt [pz—lﬂ'ZépMpz —l—jZE..p}F(f)F "

The transfer function H(p)times its complex conjugate is

1/k 1k
H(p)H*(p)—[ 5 " — ]
pT—J28p-1]| p= +]28p-1

Solve for the roots R1 and R2 of the first denominator.

26+ (- j2e)? — 4(-1)
2

R1L,R2 =

j2e++ —4E% + 4
2

RLR2 = jé+4/1-£2

Solve for the roots R3 and R4 of the second denominator.

RLR2 =

e 22 (22 -4

—j2g 4y —4E% + 4
2

R3,R4=—jc+1-£2

R3,R4 =

Summary,

Rl=+j&+y1-£2
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(21)
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R2=+jé—+ 1-&2 (26)

R3=—jé+y1-£2 (27)

R4 =—je—+1-&2 (28)
Note
R2 = -R1* (29)
R3 = R1* (30)
R4 = -R1* (31)

Now substitute into the denominators.

2
H(p)H*(p)= Lk
(p—ja— 1—§2j(P—J'iﬂ/l—izj(PJrJé—\/l—ciz)(pﬂiﬂ/l—izj
(32)
H(p)H *(p) = 1/k? 33
P (= R1)p-R2)p—R3)p—R4) (39

H(p)H*(p)- K @0
P = b —R1)p + RL*Yp - RL*)p + RY)



Expand into partial fractions.

1 o
= +
{(p ~R1)(p+R1*)p~R1*)p+ Rl)} (p-R1)
p
(P—R1%)
A
(p+R1%)
(@)
(p+R1)
(35)
Multiply through by the denominator on the left-hand side of equation (35).
o * _ *
1= + (p_Rl)(p—Rl)(p+Rl Xp—R1*)p +R1)
T (p—RLfp+R1*}p—R1*fp+R1)
R (P~ R1)p+R1*p - R1*fp+R1)
+ o+ RD (p—R1)p+R1*)p—R1*)p+R1)
(36)
1= (p—R1*)p+R1*)p+R1)

+B (p—R1L)(p+R1*)p+R1)
+2 (p—R1)p-R1*)p +R1)
+06 (p—R1)p—R1*)p+R1*)

(37)



1= +a(p2 —Rl*ZXp+ R1)
+B lp? + (- R1+R1*)p—RIR1*[p + R1)
+2 [p? +(~R1-R1*)p + RIR1*[p + R1)
+6(p? +(~R1-R1*)p+ RIR1*[p + R1*)

(38)
1= +a(p®+R1p? ~R1%% p— RIR1*?)
+B| p> +(RL-R1+R1*)p? + [ RIR1*-R1? + RlRl*)p ~R12 Rl*)
2 (p%+(R1-R1-R1*)p? + RIR1*—R1? - R1R1*)p +R1 Rl*)
+o | p3 +(R1*~R1-R1*)p? + [- RIR1*~RIR1*-R1*? )p + R1R1*2)

(39)
1= +o | pd +R1p2 —R1*2 p— RIR1*?
+8(p3 +R1*p? —R1? p—R1%R1*
+a | p® —R1*p? —R1% p + R1°R1*
+o|p3 —R1p2 —R1*% o+ R1R1*2)
(40)
1= +[o+B+r+c]p

+[ Rla+R1*B—R1*A - Rlc]p2
+[—R1*2a—R12[3—R12x—R1*2 G]p

*2 2 * 2 * *2
+[—R1R1 o—R1°R1*B+R1°R1*A + RIR1 c]

(41)



1= +la+B+r+o]p’

+[R1la.+ R1*B—R1*A —R1c|p2
+ [— R1*% o,— R1% B~ R1%) — R1*2 G]p

+[-R1*0.— R1B+ R1% + R1* G| RIR1*

(42)
Equation (42) can be broken up into four separate equations,
oa+PB+A+c=0 (43)
[ Rlo+ R1*B—R1*\—Rls]|=0 (44)
[—Rl*z o —R1%B—R1%) — R1*2 c} -0 (45)
[ -R1*a—R1p+RI1L+R1*c|RIR1* =1 (46)
The four equations are assembled into matrix form.
1 1 1 1 Yol [ 0 ]
R1 R1* -R1* -R1 [|B]| 0
~R1*> _R1> -R1> -R1**||n| | ©
| -R1* -R1 +Rl1 +R1* ||o| |1/RIR1*|
(47)

Recall

RL=+j&+4/1— &2 (48)
R1R1*={+j§+\/1—§2}[—j§+\/1—§2} (49)



R1 R1* =1 (50)

1 1 1 1 (o] [O]
R1 R1* -R1* —R1 ||B| |0
_R1*2 _R1Z2 _R12 —R1*%||a]| |0
| -R1* -Rl1 +Rl +R1* ||| |1
(51)
Multiply the first row by R1*2 and add to the third row.
1 1 1 1 la] [O]
R1 R1* —R1* -R1||B| |0
0 —R1+R1*¢ —R12+R1*2 0 ||a]| |0
| —R1* -R1 +R1 +R1*||c| |1]
(52)
Scale the third row.
1 1 1 1 lla] [0O]
Rl R1* —-R1* —R1||B| |0
0 1 1 0 [[a] |0
-R1* -R1 +R1 +R1*||c| [1]
(53a)
Multiply the third row by -1 and add to the first row.
1 0 0 1 lla] [0O]
Rl RI* —-R1* —-R1||B| (O
0 1 1 0o ||a| |0
-R1* —-R1 +Rl1 +Rl*||c| [1]

(54b)



Multiply the first row by -R1 and add to the second row. Also multiply the first row by R1* and
add to the fourth row.

1 0 0 1 o] [0
0 R1* —R1* -2RL||B| |0
0 1 1 0 Al |0
0 -Rl +Rl +2R1*||c| [1]

(55)

Multiply the third row by -R1* and add to the second row. Also, multiply the third row by R1
and add to the fourth row.

1 0 0 1 ‘o] [O]
0 0 —-2R1* -2R1 ||PB B 0
01 1 0 Al |0
0 0 +2R1 +2R1* ||[c| [1]
(56)
The first row equation yields
The third row equation yields
B=-Xr (58)
Equation (56) thus reduces to
—-2R1* -2R1 || A 0
= (59)
+2R1 +2R1*||c 1
—2R1*L-2R16=0 (60)
~R1*L=Rlo (61)
-R1
A= 62
o © (62)
2R1LA +2R1*c =1 (63)
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-R1

2Rl —— o | +2R1*c =1
R1*

ri| =R | L Rixls =t
R1* 2

1 R1*
2[-R12 +R1*?]

(¢

kz_Rl c
R1*
- 1 R1

2[-R1% +R1*?]

Recall,

a ~R1*
Bl 1 1 R1
M2 _ri2 4 Rri#2g| -R
o R1*

11

1

(64)

(65)

(66)

(67)

(68)

(69)

(70)

(71)

(72)



Note that

_R1% +R1*% = {4@ 1—&2} (73)

g2 e
g2 4 ]
B
g2 e

N

1
—1[4& 1—&2}

Je

1
2

aQa > ™ R

) (74)

g% 4
0| gl

[8@ 1—&2} —\/——%2—1&
| +y1-g% e

N

a > ™ R
iy

(75)

—g-jy1-¢°
N
{8@ 1—@2} rE—j1-¢2
e+ 182

a > ™ Q
[EEN

(76)

Let

(77)

12



o -y -]
Bl 1| -w+]j
A BE|+y—]
c +y+]

R1=+j&+1-£2

= +

[(p ~R1)p+R1*Mp~RL*p+ Rl)}

The overall displacement is found by integration.

[ rms(fn €)% = [ H)H*(p) Fpsp () df

(rms(fn ) = fn [ HEH* () Fpsp (F)dp

Assume that the force PSD is constant

Fpsp(f)=A
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X rms(Fn . €)]2

{xrms (fn. &) 12 At

&gkz]:

{ Xrwms (fn. &) }2{8&1

At

Note that

= Afp [ Hip)H*(p) dp (84)
© -v—j
+I dp
0 .
(p—\/l—&z —Jij
o —y+]
+j dp
0
(p—Vl—aZ +jaj
o +ty—j
+j dp
0
(pwl—az —j&j
o tyt]
+ dp
0
(pﬂ/l—az +i&j
(85)
+(—\v—J)|n(p—\/1—é2 - ¢
0
+(—\If+j)|”(P—\/1—§2 +J&
0
+(+\v—j)|n(p+\/1—i2 - jg
0
+(+\|/+j)ln(p+\ll—§2 +jE
0
(86)
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In[x + jy ]:In[ x2 +y2}+jarctan[¥} (87)

{ Xrms (fn,€) }2{@}

At

+(_\|,_j) |n\/(p—\/:j +§ + j arctan| ——————

+(-y+j) In\/(p—\/:j +E +jarctan[ II

G (A R J&TZ} :

2
+(+y+j) |n\/(p+\/l £ j +E +Jarctan#

(88)

Both the real and imaginary components of the natural log terms cancel out at the lower
integration limit.

The imaginary components of the natural log terms cancel out at the upper limit.

The sum of the real components of the natural log terms approaches zero as the upper limit
approaches infinity.
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{ Xrwms (fn. &) }2{%; =

+(-y-j) {— j arctan[ —
+(-y+ j)[ j arctan[

+(+v-1J)

+(+y+])

— jarctan

— jarctan

2

[EN
Je

g

N

N—

e — |

&
=
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{ xrms (fn. &) } {Afn}

+ O j arctan —6
1-¢2

+(—y+j)|0—jarctan

. azJ
|

+(+y+j)| 0—jarctan

+(+y—j)|0- Jarctan[ —&

(90)
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2
{ Xrms (fn. €) }Z{ié:n =

+(-1+jy) arctan{

+(+1+ jy) arctan[

+(-1-jy) arctan{

+(+1-jy) arctan[ 3 ]

#y1-¢2 |

18

(91)



8¢ k2

{xrms (fn. &) 12 AT

+(=1+ jy)| - +arctan 5
i 1-¢?

+(+1+ jy)| - —arctan 5
I 1-¢°

i g
+(-1-jy) _ —2n— arctan[ﬁﬂ

+(+1- jy) arctan[ 5 ]

i 1-¢
(92)
k2
{XRMS(fnli)}Z i\&fn =2n (93)
;
{Xrus (. &) 12 2{4—2} Akzn (94)

19



TCA fn
4tk

Xrms (fn. €)=

XRMS =

The RMS displacement is finally

A 1/2 1 1/4 1 3/4
g BT

AS a review,
m is the mass
k isthe stiffness
¢  isviscous damping ratio
A frequency

20

(95)

(96)

(97)

is the amplitude of the force PSD in dimensions of [force”2 / Hz] at the natural



APPENDIX A

Velocity Response

Recall

@/ K)F(F)

X0 [l—pz+12§p]

The corresponding velocity V(f) is

V() S TOF()
2

[1 o +12&p}

Vi) 1, 1@ 1 F(T)

1-p%+ j28p |

V(f) = j{Zn fn}[ pF(f)

< J1-p? o+ jagp)

Multiply each side by its complex conjugate.

k

V(f) *(f):_{zmcnr [ p p

21

1-p%+ jZ&D} [1—92 = chipJ

F(F)F*(f)

(A-14)

(A-14)

(A-14)

(A-14)

(A-15)



ir *<f>—[2“fnf[p : il

k 2—1+12ap} [pz—l—jzap

The transfer function H(p)times its complex conjugate is

w(_ | 2nfp 2 p p
H(p)H (p)_ |: k :l [pz_jzap_]_][pzq_jﬂ;p—l]

Solve for the roots R1 and R2 of the first denominator.

r R 26V R

j2e £/ —4E% + 4
2

RLR2 = jé+4/1-£2

Solve for the roots R3 and R4 of the second denominator.

R1L,R2 =

~je+ (122)2 —a(-)

R3,R4=
2

— 2ty —4E% 1+ 4
2

R3,R4=—je+q1-£2

R3,R4 =

Summary,

22

(A-16)

(A-17)

(A-18)

(A-19)

(A-20)

(A-21)

(A-22)

(A-23)

(A-24)



Rl=+j&+y1-&2 (A-25)

R2=+jé—+/1-£2 (A-26)
R3=—jE+y1-£2 (A-27)
R4=—j&—1-&2 (A-28)

Note
R2 = -R1* (A-29)
R3 = R1* (A-30)
R4 = -R1* (A-31)

Now substitute into the denominators.

H(p)H*(p)

_ [Zchn p2

il ey e ey vy

(A-32)

2

H(p)H*(p) = [an” ﬂ : } (A-33)

k 1| (p-Ri)p-R2)p-R3)fp-R4)

23



2nfp 2 2 i
o) =| 2 [<p-m><p+mf><p-m*><p+m) (A8

24



Expand into partial fractions.

p? o
(p-R1)p+R1*}p-R1*(p+R1) | "p-RY)
p
(p—RL¥)
A
(p+R1%)
(¢}
(p+R1)
(A-35)
Multiply through by the denominator on the left-hand side of equation (A-35).
2 a
p< = + (p—R1)p +R1*)p - R1*)p + R1)
(p-R1)
+ p—Rl)p+R1*)p-R1*)p+R1
(o= P R+ RL%Hp - RLYp + RY)
—R1)p+R1*)p-R1*)p+R1
+(p+R1*)(p )p +RL*)p — R1*)p +R1)
—R1)p+R1*)p-R1*)p+R1
+(p+R1)(p Yo +R1*Np —R1*Np+R1)
(A-36)
p2 = +a (p—R1¥)p+R1*)p +R1)

+B (p—RL)Yp+R1*)p+R1)
+A (p—RL)p-R1*)p +R1)
+C

(p—RL)p—R1*fp+R1*)

(A-37)

25



rofp?- Rl*zj(p +R1)

+B | p? +(-=RL+R1*)p - RlRl*)(p +R1)

2

+A[p+(-R1I-R1*)p+ RlRl*)(p +R1)

+o (pz +(-R1-R1*)p + RlRl*j(p +R1¥)

(A-38)
to ( 03 +R1p2 —R1*2 o — RlRl*Z)
+B ( 0%+ (RL-R1+R1*)p? + (— RIR1*-R12 + RlRl*)p ~R12 Rl*)
o ( 0%+ (R1-R1-R1*)p? + (le*—m2 - RlRl*)p +R12 Rl*j
‘o ( 0%+ (R1*-R1-R1*)p? + (— R1R1*—R1R1*—R1*2) o+ RlRl*Z)
(A-39)
+o ( 03 +R1p2 —R1*2 p— R1R1*2j
+B( 03 +R1*p2 —R1%p— R12R1*)
A ( 03 —R1*p2 —R1%p+ Rlle*)
(

+of pS—R1p? - Rl*2p+RlR1*2)

(A-40)
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p- = +[(x+B+7»+G]p3

+[ Rla+R1*B—R1*A - Rlc] p?

+| —R1*2 ¢ —R12B—R1%)% —R1*2 c} 0

+| —R1R1*2 o~ R1ZR1*B + R1ZR1* 2 + RIR1*2 c}

(A-41)
p2= +[oc+[3+k+c5]p3
+[Rlo + R1*B— R1* A — Rlc] p?
+[ ~R1*2 ¢~ R12p - R1%) — R1*2 c} N
+[ —=R1*a - R1p+ R1A + R1* 6] RIR1*
(A-42)
Equation (42) can be broken up into four separate equations,
o+B+A+0c=0 (A-43)
[ Rla + R1*B-R1*A —Rlc|=1 (A-44)
[—Rl*z o —R1%3 - R1%) — R1*2 c} -0 (A-45)

[ -R1*o0.—R1p+RIA +R1*c|RIR1* =0 (A-46)
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The four equations are assembled into matrix form.

1 1

RL  RL*
_R1*2 _R12
_R1* -RI1

Recall

R1=+j&+1-&2

RlRI*:[+j§+1h_gz}[_jg+ ﬁ_éz}

R1R1* =1
1 1
RL  RI*
_R1*2 _R12
_R1* -RI1

1 1
_R1* -R1
_R12 _R1*2
+R1 +R1*

1 1
_R1* -R1
_R12 _R1*2
+R1 +R1*

Multiply the first row by R1*? and add to the third row.

1 1

R1 R1*

0 —R1Z4+R1*
_RL* _R1

Scale the third row.

1
-R1*

—R1° +R1*

+R1

28

1
-R1
0
+R1*

o O +— O

o O +— O

o
B
A
c

o O +— O

(A-47)

(A-48)

(A-49)

(A-50)

(A-51)

(A-52)



1 1 1 1 a 0
Rl R1* —-R1* —-R1||B 1
o 1 1 o |[[»] |o
-R1* -R1 +Rl1 +Rl*||o 0
(A-53a)
Multiply the third row by -1 and add to the first row.
1 0 0 1 o 0
Rl R1* -R1* —-R1||B 1
o 1 1 o ||a] |o
-R1* -R1 +Rl1 +Rl*||o 0
(A-54b)

Multiply the first row by -R1 and add to the second row. Also multiply the first row by R1* and
add to the fourth row.

1 0 0 1 o] [0
0 R1* -R1* -2RL||B| |1
0 1 1 0 Al |0
0 —Rl +Rl +2Rl*||c| |0

(A-55)

Multiply the third row by -R1* and add to the second row. Also, multiply the third row by R1
and add to the fourth row.

10 0 1 o 0
0 0 -2R1* -2R1 ||B| |1
0 1 1 0 Al |0
0 0 +2R1 +2R1* ||o 0
(A-56)
The first row equation yields
o=-0 (A-57)
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The third row equation yields

Equation (56) thus reduces to
—2R1* —2R1 || A B 1
+2R1 +2R1*||c| |0
Note that the determinant of the coefficient matrix from Reference 2 is

~4R1*2 4 4R1% = | {16& 1—@2}

Apply Cramer’s rule.

1 -2R1
h= : de{o 2R1*}
j@ﬁé 1—é2} "

1*
- 2R i}

jPﬁa 1-£2

2{—j§+\/1—§2—

=
jﬁﬁa 1—a2}

{&+1 1—&2}
y N —
o2

30

(A-58)

(A-59)

(A-94)

(A-67)

(A-67)

(A-67)

(A-67)



[ 2
B -
_8ey1-¢2

[ .2
- -
8e1- &2

Recall,

31

(A-67)

(A-67)

(A-67)

(A-67)

(A-67)

(A-67)

(A-70)

(A-71)



The complete solution set is thus

o rE-jy1-g
Bl 1 |+e+jy1-g?
A {8@ 1—@2} —E—jy1-g
(&) ) 2
e+ i1-€°
(A-74)
Let
V- (ATT)
1-¢
o +y—]
Bl_1|+w+]
Al 8Bl —y—j
c —-y+]
(A-78)
e it
(b R1Yp+ RLYp - R1p - A1) (o)
N +y+] _i_
[p—\/ ~g2 4 je L
P 2 I
[p-g? -
S
(p+ 1—a2+ja)—8§—

(A-80)
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The overall velocity is found by integration.

[%rus(fn &)F = [ H(pJH* (o) Fpsp (F)df (A-81)

[rms(fn. &) = [, HP)H*(p) Fpsp ()b (A-82)

Assume that the force PSD is constant

Fpsp(f) =A

[Xrus(fn £)]%= Afp Igo H(

{XRMS(fnié)}Z{ X T{ i }=

ZTCfn

(A-83)

pH*(p) dp (A-84)

(A-85)
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o0

{XRMS(fnyﬁ)}{Z;nT{AS—?JZ —(+W—J)|”(P—\/§—j§]
—(+w+J)|n(p—\/§+j§j
—(—w—j)ln(w@—j& ;

—(—w+j)|n(p+\/l—§2+ji

0

0
0

o0

(A-86)

Note that

In[x +jy |= In{ x2 +y2}+jarctan{%} (A-87)

34



{ Xrms(fn. &) }2[ X T[ & }:

ZTCfn A fn

—(+v-1i) In\/(p—\ll—é j +& +Jarctan[ =5 J
2
p—y1- &
—(+wy+j) In\/(p—\ll—ﬁ j +§& +jarctan[ 5 1
2
i p—y1- & 0
—(-y-1j) |n\/(p+\/l—§ j +E +Jarctan£ —& J
: -2 )]
2 o0
—(—y+])) |n\/(p+\/1 g j +£2 1 jarctan #J
p+y1-8% )| |

(A-88)

Both the real and imaginary components of the natural log terms cancel out at the lower
integration limit.

The imaginary components of the natural log terms cancel out at the upper limit.

The sum of the real components of the natural log terms approaches zero as the upper limit
approaches infinity.
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APPENDIX B

Acceleration Response

ACCELERANCE MAGNITUDE ( ACCELERATION / FORCE)
SDOF SYSTEM: mass=1kg fn=100Hz Damp=0.05
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Figure B-1.

An accelerance FRF curve is shown for a sample system in Figure B-1. Note that the normalized
accelerance converges to 1 as the excitation frequency becomes much larger than the natural
frequency.

As a result, the acceleration response would be infinitely high for a white noise force excitation
which extended up to an infinitely high frequency.

Thus, a Miles equation for the acceleration response to a white noise applied force cannot be
derived.
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