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This is an unfinished, work-in-progress.
Introduction

Four-Node, Two-Dimensional Isoparametric Plate Element

Note that

-1 < r < +1

-1 < s < +1

Displacement variables:

	u
	The in-plane displacement along the x-axis

	v
	The in-plane displacement along the y-axis

	w
	The out-of-plane displacement along the z-axis
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	The rotation about the x-axis
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	The rotation about the y-axis


Stress and Strain

The element strains are 
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The in-plane translational displacement are related to the rotational displacements by


[image: image7.wmf])

y

,

x

(

z

u

b

=

                                                                                                        (5)

[image: image8.wmf])

y

,

x

(

z

v

a

-

=

                                                                                                      (6)

This is small-displacement theory.  The bending strains vary linearly throughout the thickness of the plate.
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The transverse shear strains are assumed to be constant throughout the plate thickness.
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Assume plane stress.  The resulting stress-strain relationship is
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where

	h
	is the plate thickness

	A
	is the surface area
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	is the shear factor



[image: image17.wmf][

]

dA

dz

A

2

/

h

2

/

h

x

/

w

y

/

w

1

0

0

1

x

w

y

w

)

1

(

2

E

2

k

ˆ

dA

dz

A

2

/

h

2

/

h

xy

yy

xx

2

1

0

0

0

1

0

1

xy

yy

xx

2

1

E

2

1

U

ò

ò

ò

ò

-

þ

ý

ü

î

í

ì

ú

û

ù

ê

ë

é

b

-

¶

¶

b

-

¶

¶

ú

û

ù

ê

ë

é

ú

û

ù

ê

ë

é

b

-

¶

¶

a

-

¶

¶

ú

û

ù

ê

ë

é

m

+

+

-

ï

ï

þ

ï

ï

ý

ü

ï

ï

î

ï

ï

í

ì

ú

ú

ú

û

ù

ê

ê

ê

ë

é

g

e

e

ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ë

é

m

-

m

m

g

e

e

ú

ú

û

ù

ê

ê

ë

é

m

-

=

                                           

(14)


[image: image18.wmf]dA

dz

A

2

/

h

2

/

h

x

/

w

y

/

w

1

0

0

1

x

w

y

w

)

1

(

2

E

2

k

ˆ

dA

dz

A

2

/

h

2

/

h

x

/

y

/

y

/

x

/

2

1

0

0

0

1

0

1

y

x

y

x

2

z

2

1

E

2

1

U

ò

ò

ò

ò

-

þ

ý

ü

î

í

ì

ú

û

ù

ê

ë

é

b

-

¶

¶

a

-

¶

¶

ú

û

ù

ê

ë

é

ú

û

ù

ê

ë

é

b

-

¶

¶

a

-

¶

¶

ú

û

ù

ê

ë

é

m

+

+

-

ï

ï

þ

ï

ï

ý

ü

ï

ï

î

ï

ï

í

ì

ú

ú

ú

û

ù

ê

ê

ê

ë

é

¶

a

¶

-

¶

b

¶

¶

a

¶

-

¶

b

¶

ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ë

é

m

-

m

m

ú

û

ù

ê

ë

é

¶

a

¶

-

¶

b

¶

¶

a

¶

-

¶

b

¶

ú

ú

û

ù

ê

ê

ë

é

m

-

=

 (15)


[image: image19.wmf]dA

A

x

/

w

y

/

w

1

0

0

1

x

w

y

w

)

1

(

2

k

ˆ

Eh

2

1

dA

A

x

/

y

/

y

/

x

/

2

1

0

0

0

1

0

1

y

x

y

x

2

1

3

Eh

12

1

2

1

U

ò

ò

þ

ý

ü

î

í

ì

ú

û

ù

ê

ë

é

b

-

¶

¶

a

-

¶

¶

ú

û

ù

ê

ë

é

ú

û

ù

ê

ë

é

b

-

¶

¶

a

-

¶

¶

ú

ú

û

ù

ê

ê

ë

é

m

+

+

ï

ï

þ

ï

ï

ý

ü

ï

ï

î

ï

ï

í

ì

ú

ú

ú

û

ù

ê

ê

ê

ë

é

¶

a

¶

-

¶

b

¶

¶

a

¶

-

¶

b

¶

ú

ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ê

ë

é

m

-

m

m

ú

û

ù

ê

ë

é

¶

a

¶

-

¶

b

¶

¶

a

¶

-

¶

b

¶

ú

ú

û

ù

ê

ê

ë

é

m

-

ú

û

ù

ê

ë

é

=

                                           

(16)

Let
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The elemental displacement vector is 
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Let
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The B and V matrices are defined via interpolation functions in the appendices.

By substitution,
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The stiffness matrix can thus be represented as
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Note that 

dA = (A/4) dr ds                                                                                                    (27)                                               

Mass Matrix

Let the coordinates of the element center of gravity be 
[image: image30.wmf](
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The total kinetric energy T of the plate element is
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where 
[image: image32.wmf]r

 is the surface mass density.
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The mass matrix is thus
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P and 
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 are given in Appendix D.
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                                                         APPENDIX A

Jacobian Matrix
The coordinate interpolation is
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The Jacobian matrix J is
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Now evaluate J at 
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Let
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                                                               APPENDIX B

Displacement Interpolation for First Stiffness Matrix
The displacement interpolation is
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Evaluate the derivatives of displacement at 
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                                                               APPENDIX C

Displacement Interpolation for Second Stiffness Matrix
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The displacement interpolation is
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                                                               APPENDIX D

Displacement Interpolation for Mass Matrix

Again, the mass matrix is 
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The following substitutions must be made into
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                                                   APPENDIX E
Alternate Approach

The following approach is taken from Reference 2.

The bending moment and twist terms are related to the derivatives of the displacement by
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This is the moment-curvature relationship for the Mindlin plate theory for thin plates where shear deformation is ignored.  The M terms on the left-hand-side are moment per unit length. 
Isotropic material
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The stiffness matrix is
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