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Introduction

The Rayleigh-Ritz method is an extension of the Rayleigh method. The Rayleigh-Ritz

method has two important benefits

1. It provides a more accurate estimate of the fundamental frequency.
2. It gives an approximation to higher frequencies and mode shapes.

The Ritz method uses a series of displacement functions multiplied by constant

coefficients. The coefficients are adjusted by minimizing the frequency with respect to

each of the coefficients.

Theory

Recall Rayleigh's equation for the kinetic energy T and the potential energy U.

Tmax = Umax

Let
W2Tmax = Tmax

where w isthe natural frequency.
By substitution,

Wz-fmax = Umax

2= U
Tmax

The Ritz method assumes that the displacement function y(x) is the sum of severad
displacement functions f(x) multiplied by constants C; .

(A-1)

(A-2)

(A-3)

(A-4)



y(x) =Cpfa(x) + Cofo(x) +... + Cpfn(x) (A-5)

The displacement functions f j(x) are admissible functions that must satisfy the
geometric boundary conditions.

The energy terms can be expressed as
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The partial derivatives with respect to C; are.
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The stiffness coefficients ki; and the mass coefficients mj; depend on the type of the
problem.

The longitudinal oscillation of arod has the following stiffness and mass coefficients

kijZCEAfi'fj'dX (A-8)

mij:(‘mfifjdx (A-9)

Note that m is the mass per unit length.

The bending oscillation of a beam has the following stiffness and mass coefficients

kijZCElfi"fj"dX (A-10)



The next step isto minimize the natural frequency w by differentiating it with respect to

each of the constants. Apply the differentiation to equation (A-4).

T2 = T Bmax? (A-12)
1G; 1Ci & Tmax &

Apply the chain rule.
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Now set the expression equal to zero for the purpose of minimizing the natural frequency.

T w2 =0 (A-16)
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TUmax  @max 0 T Tmax

—max 2 =0 (A-19)
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Now substitute equation (A-4) into (A-19).
TUmax _ 2 TTmax  _ (A-20)
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Substitute equations (A-7a) and (A-7b) into (A-20).
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Consider a system with n displacement functions. Equation (A-21) can be represented as

[ki1C1+ki2C2+...+kinCn]- W2 [mi101+mi202+...+mincn] =0

(A-22)

(kil' vvzmil) C1+(ki2- Wzmiz) C2+...+(kin- Wzmin)Cn =0 (A-23)

Theindex i alsovariesfrom 1ton. Thusequation (A-23) can be expressed in matrix
from.
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The Rayleigh-Ritz method thus reduces the system to a generalized eigenval ue problem.
The natural frequencies are found by setting the determinant of the coefficient matrix



equal to zero. The coefficients for each mode shape are found by substituting each
natural frequency separately into the coefficient matrix and then by solving for the C;

values. Each mode shape has a set of these val ues.
Example 1

Consider a cantilever beam with mass per length r. Assume that the beam has a uniform
Cross section.
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Figure B-1.

This beam was previously analyzed in Reference 1. The Rayleigh yielded a natural
frequency estimate of

f, »i:%” \/7 (B-1)
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The "exact" solution is
f= L 1 e351256u (B-2)
2pe L avr

Use the Rayleigh-Ritz method with a three-term displacement series to refine the estimate
of the fundamental frequency. Also, estimate the second and third natural frequencies.

The boundary conditions at the fixed end x = 0 are

y(0)=0 (zero displacement) (B-3)
dy

— =0 (zero dope) (B-4)
dx x=0



The boundary conditions at thefreeend x = L are

d2y ,
— =0 (zero bending moment)
x| _
x=L
3

d

£y =0  (zeroshear force)

ax3

x=L

y(x) =Cpfq(x) + Caf 2(x) + Caf 3(x)
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Assume the following displacement functions, shown with their respective derivatives.
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The bending oscillation of a beam has the following stiffness and mass coefficients

Kij= CEIfi"f " o (B-17)
mjj=(mfif;dx (B-18)
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myp=0.2268 1 L (B-25)
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My = 0.5756 1 L (B-46)
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my3 = [1.0849]r L
Mass summary:

mp1 =0.2268 r L
myo = 0.5756 1 L
my3 =0.2361rL
Moo =1.9244r1 L
mo3 =1.0849r L

Mg33 =1.2454r L
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Note that equation (B-18) yields the following symmetry condition:
mjj = mjj (B-69)
Solve for the stiffness coefficients using equation (B-17).
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Stiffness summary:

K 11=3.0440 0 EL 2
3_
&L°4
k12:0
k13:0
0
K 2= 24657 600 =
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k23:0
k13190252 6 EL 2
§°5

Note that equation (B-17) yieds the following symmetry condition:

kij = kji

Recall the generalized eigenproblem.
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Substitute the mass and stiffness coefficients into the matrix. Represent the matrix in
upper triangular form due to the symmetry.

lK . W2|V|J =
é 6 V
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¢ &% a
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(B-111)
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By substitution,
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(B-113)
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The eilgenvalues are calculated by taking the determinant of the coefficient matrix in
equation (B-113) and by setting the determinant equal to zero. Details of this solution
method are given in References 2 and 3. The resulting natural frequencies are shown in
Table 1. Notethat the exact values are calculated from the governing partial differential
equation as given in Reference 1.

Table 1.
Root I h Rayleigh-Ritz Exact
Number W, Wp,

1 12.39 3.520 £|4 3.516 £|4
rL rL

2 493.6 22.217 £|4 22.034 £|4
rL rL

3 4526. 67.276 £|4 61.697 £|4
rL rL

The accuracy of the first and second natural frequenciesis excellent. The third Rayleigh-
Ritz frequency is 9% higher than the exact value.
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