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Introduction 

 

The following example is taken from Reference 1. Consider the automobile in Figure 1.  The 

translation and rotation are both referenced to the center-of-gravity. The vehicle is modeled 

as a two-degree-of-freedom system as shown in Figure 2.   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 1. 

 

Variables 
 

m mass 

J mass moment of inertia about the C.G. 

k spring stiffness 

L length from spring attachment to C.G. 
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Figure 2. 

 

 

Sign Convention: 

 

Translation: upward in vertical axis is positive. 

Rotation: counter-clockwise is positive. 

 

Assume small angular displacement. 

 

Sum the forces in the vertical direction. 

 

  xmF                                                                                                             (1) 

 

) L+(x k-) L-(x kxm 2211                                                                         (2)                                                                                                             

 

0) L+(x k) L-(x kxm 2211                                                                     (3) 

 

0Lk+xkLk-xkxm 222111                                                                     (4) 

 

    0Lk+Lk-xkkxm 221121                                                                 (5) 

 

Sum the moments about the center of mass. 

 

  JM                                                                                                               (6) 
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Reference 

k2 (x+L2) 
k1 (x-L1) 

L1 

L2 
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) L+(xL k-) L-(xL kJ 222111                                                                          (7) 

 

0) L+(xL k) L-(xL kJ 222111                                                                  (8) 

 

0L k+xL kL kxL kJ
2

2222
2

1111                                                           (9) 

 

      0xL kL kL kL kJ 2211
2

22
2

11                                                    (10)                                                              
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The vibration modes have translation and rotation which will be coupled if   

 

2211 L kL k                                                                                       (12) 

 

 

Note that the moment of inertia J is   

 

2rmJ                                                                                                           (13) 

 

where r is the radius of gyration. 

 

 

Eigenvalues and Eigenvectors 

 

Equation (11) is coupled via the stiffness matrix. An intermediate goal is to decouple the 

equation. 

 

Simplify, 

 

0xKxM                                                                                                   (14) 

 

where 
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







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0

x
x                                                                                                       (17) 

 

Seek a solution of the form 

 

 tjexpqx                                                                                                        (18) 

 

The q vector is the generalized coordinate vector. 

 

Note that 

 

 

 tjexpqjx                                                                                                           (19) 

 

 tjexpqx 2                                                                                                       (20) 

 

Substitute equations (18) through (20) into equation (14). 

 

    0tjexpKtjexpqM2                                                                          (21)                                                                                     

 

    0tjexpqKqM2                                                                                    (22) 

 

0qKqM2                                                                                                    (23) 

 

  0qKM2                                                                                                  (24) 

 

  0qMK 2                                                                                                 (25) 

 

Equation (25) is an example of a generalized eigenvalue problem. The eigenvalues can 

be found by setting the determinant equal to zero. 

 

  0MKdet 2                                                                                                 (26) 
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 

  0
JL kL kL kL k

L kL kmkk
det

22
22

2
112211

2211
2

21 















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Table 1. Parameters 

Variable Value 

M 3500 lbm = 108.8 slugs = 108.8 lbf sec^2 /ft 

L1 4.4 ft 

L2 5.6 ft 

k1 2000 lbf / ft 

k2 2400 lbf / ft 

R 4.0 ft 

J 1741 slugs ft^2 = 1741 lbf ft sec^2 

 

 

 

k1 k22000 lbf / ft 2400 lbf / ft                                                                     (29) 

 

k1 k24400 lbf / ft                                                                                              (30) 

 

   ft6.5
ft

lbf
2400ft4.4

ft

lbf
2000L kL k 2211 

















                                         (31)                                                                                                   

 

k1L1 k2L2 4640 lbf                                                                                           (32) 

 

      222
22

2
11 ft6.5

ft

lbf
2400ft4.4

ft

lbf
2000L kL k 









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


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                                   (33) 

 

  ft lbf  051.140eL kL k
2

22
2

11                                                                        (34) 

 

 

 



 6 

   
0

secft  lbf 1741ft lbf  051.140elbf 4640

lbf 4640
ft

seclbf
8.108

ft

lbf
4400

det

22

2
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
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       (35)                                              

 

 

The units are consistent. Omit the units for brevity. 

 

 

 
0

1741051.140e 4640

46408.1084400
det

2

2

















                                                    (36) 

 

 

        046401741051.140e8.1084400 222                                             (37) 

 

 

      0464008e016.507e006.205e894.1 224                                    (38)                                          

 

      008e801.407e006.205e894.1 24                                           (39) 

 

048016.200894.1 24                                                                              (40) 

 

 

The eigenvalues are the roots of the polynomial. 

 

 894.12

)4801)(894.1(46.2006.200 2
2

1


                                                                (41) 

 

 894.12

)4801)(894.1(46.2006.200 2
2
2


                                                                (42) 

 

79.3

19.626.2002
1


                                                                                                (43) 

 

79.3

19.626.2002
2


                                                                                                (44) 

 

 22
1

sec/rad517.36                                                                                           (45) 
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 22
2

sec/rad404.69                                                                                         (46) 

 

 sec/rad043.61                                                                                              (47) 

 

 sec/rad331.82                                                                                             (48) 

 

 f1 0.962 Hz                                                                                               (49) 

 

f2 1.33 Hz                                                                                                 (50) 

 

The eigenvectors are found via the following equations. 

 

  0qMK 1
2

1                                                                                       (51) 

 

  0qMK 2
2

2                                                                                      (52) 

 

where 
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Note that the first component in each vector is a translation and that the second component 

is a rotation. 
 

Now solve for the first eigenvector. 
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Now solve for the second eigenvector. 



 8 

                                                   

 

   
0
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The first and second mode shapes are plotted in Figures 3 and 4, respectively. 

 

 

 

 
Figure 3. 
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The blue curve is the undeformed mode shape.  The circle indicates the C.G.  

 

The red curves are the mode shapes. 

 

 
 

Figure 4. 

 

 

The blue curve is the undeformed mode shape.  The circle indicates the C.G.  

 

The red curves are the mode shapes. 
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

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The displacement d1 as a function of the length u is 

 

d1 (u) u tan(0.092) 1                                                                               (62) 

 

d1(u) 0.092 u 1                                                                                       (63) 

 

 

Recall the second eigenvector. 

 



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The nodal point is found by setting the displacement equal to zero. The nodal point for the 

first mode is thus 10.87 ft forward of the center of mass. 

 

The displacement d2 as a function of the length u is 

 

d2(u) u tan(0.679) 1                                                                               (65) 

 

d2(u) 0.807 u 1                                                                                      (66) 

 

 

The nodal point for the second mode is thus 1.24 ft aft of the center of mass. 
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