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Introduction

Many structures are too complex for analysis via classical method. Closed-form solutions
are thus unavailable for these structures.

For example, a structure may be composed of several different materials. Some of the
materials may be anisotropic. Furthermore, the structure may be an assembly of plates,
beams, and other components.

Consider three examples:

1. A circuit board has numerous chips, crystal oscillators, diodes, connectors,
capacitors, jump wires, and other piece parts.

2. A large aircraft consisting of a fuselage, wing sections, tail section, engines, etc.

3. A building has plies, foundation, beams, floor sections, and load-bearing walls.

The finite element method is a numerical method that can be used to analyze complex
structures, such as the three examples.

The purpose of this tutorial is to derive for a method for analyzing beam vibration using
the finite element method. The method is based on Reference 1.

Theory

Consider a beam, such as the cantilever beam in Figure 1.
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Figure 1.
where

E is the modulus of elasticity.
| is the area moment of inertia.



L s the length.
p is mass per length.

The product El is the bending stiffness.

The vibration modes of the cantilever beam can be found by classical methods.
Specifically, the fundamental frequency is
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This problem presents a good opportunity to compare the accuracy of the finite element
method to the classical solution.

Let y(x,t) represent the displacement of the beam as a function of space and time.
The free, transverse vibration of the beam is governed by the equation:
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Equation (2) neglects rotary inertia and shear deformation. Note that it is also independent
of the boundary conditions, which are applied as constraint equations.

Assume that the solution of equation (1) is separable in time and space.

y(x,t) = Y(x)f(t) 3)
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The partial derivatives change to ordinary derivatives.
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The left-hand side of equation (6) depends on x only. The right hand side depends on t
only. Both x and t are independent variables. Thus equation (6) only has a solution if both

sides are constant. Let c02 be the constant.
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Equation (7) yields two independent equations.
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Equation (8) is a homogeneous, forth order, ordinary differential equation.

The weighted residual method is applied to equation (8). This method is suitable for
boundary value problems. An alternative method would be the energy method. The
energy method is introduced in Appendix A.

There are numerous techniques for applying the weighted residual method. Specifically,
the Galerkin approach is used in this tutorial.

The differential equation (8) is multiplied by a test function ¢(x). Note that the test
function ¢(x) must satisfy the homogeneous essential boundary conditions. The essential
boundary conditions are the prescribed values of Y and its first derivative.

The test function is not required to satisfy the differential equation, however.

The product of the test function and the differential equation is integrated over the domain.
The integral is set equation to zero.
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The test function ¢(x) can be regarded as a virtual displacement. The differential equation

in the brackets represents an internal force. This term is also regarded as the residual.
Thus, the integral represents virtual work, which should vanish at the equilibrium
condition.

Define the domain over the limits from a to b. These limits represent the boundary points
of the entire beam.
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Integrate the first integral by parts.
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{q)(x) —[El(X)—Y(X)} } _Ia {&q)(x)}{ &[EI(X)dX_ZY(X)] }dx
a
b
-[ 400 1p00 02 Y0 ik =0
(14)



b

b(d d d2
_ ja {&Mx)}{ &[El(x)dx—zY(x)] } dx

- jab¢(x) 1000 02 Y09 fix = 0

d d2
{d)(x) &!EI(X)dX_ZY(X)} }

a

(15)
Integrate by parts again.
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The essential boundary conditions for a cantilever beam are
Y(@)=0 (18)
dy =0 (19)
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Thus, the test functions must satisfy

¢(@)=0 (20)
do | _
x| 0 (1)

The natural boundary conditions are

2
i[El(x)d—Y(x)] =0 (22)
dx dX2
x=b
R
El(x)—zY(x) =0 (23)
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x=b
Equation (23) requires
d2
[El(x) —2¢(x)} =0 (24)
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x=b
Apply equations (20), (21), and (24) to equation (17). The result is
b d2 G b )
I ——4(x) | | ENO-—5 Y (x)| fdx— I (x) {p(x)(o Y(x)}dx:O
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(25)

Note that equation (25) would also be obtained for other simple boundary condition cases.

Now consider that the beam consists of number of segments, or elements. The elements
are arranged geometrically in series form.

Furthermore, the endpoints of each element are called nodes.



The following equation must be satisfied for each element.
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Furthermore, consider that the stiffness and mass properties are constant for a given
element.
d? 2
EII ¢( )| |5 Y(x)| fdx-po j o(x) Y(x) dx = 0
dx2
(27)

Now express the displacement function Y(x) in terms of nodal displacements y; 1 and y;

as well as the rotations 6 j_1 and 6 j .
Y(X)=L1yja+Loyj+Lah0jg+Lah0jy,  (j-Dh <x<jh (28)
Note that h is the element length. In addition, each L coefficients is a function of x.
Now introduce a nondimensional natural coordinate § .
&=j—x/h (29)
Note that h is the segment length.

The displacement function becomes.

Y@ =L1yj1+Loh6jg+L3yj+Lgh0jy, 0 <E<I (30)

The slope equation is
Y@ =L'"Yyj1+L2h0j1+L3"yj +Lg'h0j1, 0 <E<1 (31)

The displacement function is represented terms of natural coordinates in Figure 2.
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Represent each L coefficient in terms of a cubic polynomial.

Li = Cig +Cip&+CijgE2 +Cjg 2, i=1,2,3 4
(32)
Y(E) = {011+012i+013§2 +C14 §3}yj—1
+{C21+022§+023<22+024é3}h9j—1
2
+{C31+C32i+033§ +C34E.>3}Yj
+{C41+C42§+C43§2+C44§3}h9j’ 0 <&<1
(33)



Y€)= {012+2C13§+3014§2}Yj—1
+ {C22+2C23§+3024§2}h9j_l
+ {C32+2C33ﬁ+3C34§2&j

+{c42+2043§+SC44<§2}h6j, 0 <g¢<1

(34)
Solve for the coefficients ¢ j. The constraint equations are
Y(0) = yj (39)
Y1) =yj1 (36)
Y '(0) = -hoj (37)
Y')=-h0j4 (38)
Evaluate the displacement at& = 0.
Y(0) ={c11)yj-1+{Co1fn0j-1 + {Carfyj +1{ca1/h0] (39)
Boundary condition (35) requires
{onfyja+{ca1fh0jg +{canfyj +{carfhoj = ;i (39)
€11 =0 (40)
C21=0 (41)
cay =1 (42)
c41 =0 (43)



The displacement equations becomes

Y(E) =+ {0125#013@2 +C14§3}Yj—1
+ {022§+023§2 +024§3}ﬂ9j—1
+ {1+ c32&+C33E° +C34§3}Yj

+{C42§+C43§2+C44i3}hej , 0 <g<l

The slope equations becomes

Y'(€) = {012+2C13§+3C14 g2 }Yj—l
+{022+2C23§+3024<€2}h9j—1
+{032+2033§+3C34§2}yj
+{c42+2c43§+3c44g2}hej , 0 <e<1

Evaluate the slope at £ = 0.

Y'(0)= {c12)Yj1+1{C22 h0j1+{c32yj +|caz [0

Boundary condition (37) requires.
1012 }Yja + {22 0j1 +{cs2 yj +1{caz[h6j=-ho;

c12 =0

Cy2 =0

c32 =0

Cqp =-1
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The displacement equations becomes

Y(E) =+ {013 g% +c1g §3}Yj—1
+ {Cz3éz +Cz4~i3}h9j—1
+ {l+033§2 +C34§3}yj

+ {—<§+c43§2+c44§3}hej ,

The slope equations becomes

Y'(€) = {2013§+3614?’;2 } Yj-1+ {2023<§+3024é2 }hej—l

+ {2C33§+3c34§2}yj +{—1+2c43g+3c44<§2}hej,

Y1) = {C13+ C14 }yj—l + {C23+ Co4 }hej—l
+ {1+C33+034 }yj + {—1+c43+c44 }hej

Boundary condition (36) requires

0 <g<1

{C13+C14 [Yj1 + {C23+C24 N0
+{1+C33+C34}yj +{—1+c43+c44}h9j = Yj1

C13+C14 =1

C13= —C14 +1

C23+C24 =0

C23=-C24

11

0 <g<1

(52)

(53)

(54)

(55)

(56)

(57)

(58)

(59)



1+c33+C34=0 (60)

C33=-1-C34 (61)
—1+cg3+Cq4=0 (62)
C43=1-Cy4 (63)

The displacement equation becomes

Y€)=+ {[1—014]?;2 +014§3}Yj—1
+ {[— 024]§2 +024§3}h9j—1
+ {1+[—1—C34] &2 +C34§3}yj

+{—<§+[1— C44]§2+C44§3}h9j , 0<g<l

(64)
The slope equation becomes

Y (@) =+ {2[1—014]i+3014i2}yj—1
+{—2c24g+3c24g2}hej_1

{2[—1—C34] §+3C34i2}yj

+{—1+2[1— C44] <§+3C44§2}h9j , 0<g<1

+

(65)
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The slope equation becomes
Y'D)=+ {2'_1—C14J+3C14 }yj_l
+ {— 2Co4 +3Coy }hej_l

+{2[—1—034] +3C34 }yj
+{-142[1- c44] +3C44}hej

Boundary condition (38) requires

{2|_l C14J+3C14 }yj_l
2Co4 +3Coy }hej_l

+{-
{ [ 1- (;34]+3034}yJ
o

1+2[1— C44]+3C44}h91 —h6j4

[2-2c14]+3c14 fyj1
2Co4 +3Coy }hej_l

+1{
+{-
+{[ 2— ZC34]+3C34}yJ
o

1+[2 2C44]+3C44}h91 —h6j4

2+C14 =0

Clq =2

Co4=-1

—2+cC34=0

C34 =2

13

(66)

(67)

(68)

(69)

(70)

(71)

(72)

(73)



1+cyq =0 (74)

Cqq = -1 (75)

The displacement equation becomes

Y () =+ {[1—(— 2)|e? —2é3}vj'—1
- Coe2-1gnop
n {1+[—1—2] 2 +2<§3}yj
el COR20he; . 0 <zel

(76)
() =+ {382 -2e8y . + | 2-3fhoy
+{1—3 §2+2§3}yj +{—§+2§2—§3}h6j . 0 <e<1
(77)
Recall
£=j—x/h (78)
Thus
dé = —dx/h (79a)
—hde = dx (79b)
g _
o ="n (80)
Note
d _dgd (81)

dx dxd§
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Y00 =+ (382263 yjg + | 2oy,
+{1—3 a2+2a3}yj +{—§+2§2 —@3}hej ,

(j-Dh<x<jh, &=j-x/h, 0 <&<1

%Y(x) ={-1/h} {[6 §—6§2]yj_1 + [2<§—3é2]h9j—1

+[1—6 a+6g2]yj +[—1+4g—3g2]hej }
(j-Dh<x<jh, &=j-x/h, 0 <&<1
42

d><_2Y(X) = {1/h2}{ [6-12¢]yj1 +[2-6E]h0j4

+[ -6 +12¢]y; +[4-6¢]ho; |,

(j-Dh<x<jh, &=j-x/h, 0 <&<1

Now Let

Y)=L' @&, (j-Dh<x<jh, &=j-x/h
where

Ly =382 -2¢3

Lp=g’-¢

L3=1-3 &2 +2¢3

Ly =-g+26% ¢’

15
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§=[ yj_l hej_l yj hej ]T (90)

The derivative terms are

iY(x)z(_—lj L‘Té, (j-Dh<x<jh, &=j—x/h (91)
dx h

2

d—ZY(x):(%)gT a, (j-Dh<x<jh, &=j-x/h (92)
dx h

Note that primes indicate derivatives with respect to &.

In summary.

PEIE
2

Lo &-g

~ o |1-3824288

| -g+282 8]

(90)

6-6¢°
| 2e-3ef
~ | -6 &+6E2
| —1+42-3¢2 |

(91)

6 -12¢
2—6¢

-6 +12¢
4-6¢

(92)
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Recall

2 2
EIJ 9% 60 d—Y(x) dx—pwzj o(x) Y(x) dx = 0
dx? dx?

(93)
The essence of the Galerkin method is that the test function is chosen as
d(x) = Y(x) (94)
Thus
2 2
EII d—ZY(x) d Y(x) dx —pcozj. [Y(x)] 2 4x =0
dx dx
(95)

Change the integration variable using equation (79b). Also, apply the integration limits.

h EI j { {—Y(x)} !dX—ZY(x)] }dahpmz E [Y(x)] 2 d&=0

(96)

(97)
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(98)

(99)

(LjEl ;{ al Lt a}da _hp(,)ZI; { aTLLT é}dazo

(100)

I; [ L"T}dg—hp(,)ZJ'; (LT }dg}azo (101)

(%J J; {L" L"T}dﬁ—hpwzf; {LLT }dg:o (102)

For a system of n elements,
Kj-0?Mj=0, j=12,..n (103)

where

Kj = [EJ j; LT e (104)

18



1
M= hpl fLLT Jee (105)
6-12¢ |[6-126 2-65 -6 +12¢ 4-6E]
LrTo| 270
== ~6 +12¢
4-6E
(106)
L=

(6 -12&)6-12¢) (6-12&)2-68) (6-128)-6 +128)  (6-12&)4—-6¢8)
(2-6e)2-68)  (2-6c)-6 +12¢)  (2-6E)4-68)

(-6 +12&)-6 +12&) (-6 +12&)4-68)
(4—6E)4-6¢)

(107)
Note that only the upper triangular components are shown due to symmetry.
L=
(6 -12¢)6-128) (6-12&)2-68) (6-12&)-6 +128)  (6-12&)4-6%)
(2-68)2-65) (2-6E)-6 +128)  (2-6E)4-65)

(-6 +12&)-6 +12&) (-6 +12&)4-68)
(4-65)(4-6¢)

(108)
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L=

(6 -12¢)(-6 +12¢)
(2-68)-6 +12¢)

(6-12¢)6-12¢) (6-12&)2-68)
(2-6¢)2-6¢)

(6 -12£)(4-6¢)
(2-62)(4-6¢)

(-6 +12&) (-6 +12&) (-6 +12&)4-6¢)

Lll LIIT —

361442 +14482 1260+ 7262 —36+144E 14482
4-248+368% —12+ 605 — 7282
36 —144¢ + 14482

(4-65)4-65)
(109)
24845 +7262 |
8- 36¢ + 3682
— 24+ 84¢ - 7282
16— 48 + 362 |
(110)

36-144¢ +14422 12602 + 7262 —36+1448 — 14422
4-248+3652  —12+ 608 — 7262
36 - 144¢ + 1442

20

24 -84 + 7262 |
8- 36¢ + 3682
— 24+ 845 — 7282

16— 482 + 3652 |

(111)

dg



365 - 7262 + 4853 1263082 + 2483 365+ 7262 —48 €3
(EIJ 45 -1282 41263 —128 43082 — 2483
36E — 7282 + 4883

Kj =

36-72+48 12-30+24 —36+72-48 24-42+24
El 4-12+12 -12+30-24 8-18+12
h3 36-72+48 —24+42-24
16 -24+12

12 6 -12 6

4 -6 2

h3 12 -6

4

21

1
248 — 4282 1 2423

8¢ —18£2 +12¢3
— 248 + 4282 — 2483

16t - 2487 +128° ||

(112)

(113)

(114)



i 3&2—2&3 1 3&2—2§3 a2_§3 1_3§2+2§3
T £2 3
~ |1-3824283

| —g+2g2 &7 |
LT =

(3 &2—2§3)2 (3@2_2§3X@2_‘33) (3(22_2&3%_3 §2+2§3)
(&2_(33)2 (&2_§3X1_3 &2+2§3)
ﬁ—3 g2+2g3)2

all al2 al3 al4d
a22 a23 a24

a33 a34

ad4

all=9:% —12e° 4 4¢8
a12 = 3¢4 —5e° 4 2¢0

al3=3¢2 - 263 —9e? 11265 — 420

22

—g+282 g8

(115)

(3 g2 —2a3X—a+2a2—a3)
(&2 —&3X—a+2&2—&3)

(1—3 g2 +2a3X—a+2a2 —a3)

[e+2e2—3f

(116)

(117)

(118)
(119)

(120)




ald = -3e3 1 88 —78° 4 2e8
a22 =% 2854 g8
a23=¢2 g3 34 455 _2eb
a24 = &3 4 3e4 — 365 1. 6
a33=1-6&2 +4£3 1984 ~128° 4 4¢8
a34 = —&+282 4263 _ged 4 762 260

ad4 = g2 —4g3 + 6% - 4g® + £

Recall

M= hpfl {LLT e

Mj 11 = ph J'; {9&4—12<i5+4§6}d<i

1
9 4
Mj. 11 = ph [g§5—2§6+7§7}

0

9 4
Mj, =ph |=-2+—=
11 p L_) 7}

13
M;, = ph | —
jr 11 P (35j

156
Mi 11 = ph |2
p =P (420)

23

(121)

(122)

(123)

(124)

(125)

(126)

(127)

(128)

(129)

(130)

(131)

(132)

(133)



Mi1z = ph | 3t —55 4220 Joe

1

3.5 5.6 2.7
M, = ph | =" -—=£ +—
jp12 =P Lﬁ 6& 7&}

0

22
Mj. 12 = ph (—j

1
Mj,13 = ph jo {3&2—2§3—9§4+12§5—4§6}d§

9
= on o (-G ()

0

24

(134)

(135)

(136)

(137)

(138)

(139)

(140)

(141)

(142)

(143)



Mj, 14 = ph j; {—3§3+8§4—7§5+2§6 }dg
- L3 GF
myss = o |1 (35

-13
M;, = ph | —
J» 14 p (420j

Mj. 22 = oh [} { €t -2c8 e foe
o [P
vz o |(GE)+(3)

1
Mi, 99 = ph [
pa2=p (105)

4
M;, = ph | —
jr 22 P (420j

Mj. 23 = ph j; 82283t se5 2z fa:
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(139)

(140)

(141)

(142)

(143)

(144)

(145)

(146)

(147)

(148)



o - [SE-GH6)
Mj2s = ph o -2t -s8 e o
o [
- [ G

1
Mj, 33 = ph IO {1—6§2+4§3+9a4—12g5+4a6 }da

Mj a3 = ph {a—zaﬂa“{%}?—zaﬁ{f

i

[ )
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1

0

(149)

(150)

(151)

(152)

(153)

(154)

(155)

(156)

(157)

(158)



156
Mj, 33 = ph [4—2()] (159)

1
Mj, 34 = ph IO {7§+2§2+2§3—8§4+7§5—2§6 }d}jJ (160)

- [ (R 8 G 2

0
(161)
1) (2) (1) (8) (7) (2
Miaa = o Hi)@@@@bﬂ
(162)
—22
M a4 = ph (4_2()) (163)
Mi, 44 = ph jl {§2—4g3+6§4—4§5+a6 }dg (164)
jp44 = P 0
1
(165)

oo ({5
o 3]

4
Mj, 44 = ph (@j (167)
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Recall

0
szhpo{gf}da
12 6 -12 6
4 -6 2
5= [
h 12 -6
4

156 22 54 -13

M m 4 13 -3
1™ 1420 156 —22
4
Example 1

(168)

(169)

(170)

(171)

Model the cantilever beam in Figure 1 as a single element using the mass and stiffness
matrices in equations (170) and (171). The model consists of one element and two nodes

as shown in Figure 3.

E1l
@ ®
N1 N2
Figure 3.

Note that h=L.
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The eigen problem is
156 22 54 -13|| y;

12 6 -12 6 || y;
ElIY 6 4 -6 2| ho (Lp) 2122 4 13 -3 || h6
— =|—|®
13))-12 -6 12 -6 Yy» 420 54 13 156 -22|| Yy,
6 2 -6 4| hoy -13 -3 -22 4 |ho,
(172)
12 6 -12 6 | y1 156 22 54 -13| y1
6 4 -6 2| ho 22 4 13 -3 |/ ho
~12 -6 12 -6y, | |54 13 15 -22| >
6 2 -6 4| h6y -13 -3 -22 4 |/ h6y
(173)
where
4
R (174a)
420 El
o= 423E' J (174b)
L'p
The boundary conditions at node 1 are
y1 =0 (175)
61=0 (176)

The first two columns and the first two rows of each matrix in equation (173) can thus be

struck out.
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The resulting eigen equation is thus

R A

e

The eigenvalues are found using the method in Reference 2.

0.029715
2.8846

[0.1724
11.6984

The finite element results for the natural frequencies are thus

pL*

El [3.5331
oLt |34.807

The finite element results are compared to the classical results in Table 1.

420 EI |0.1724
1.6984

Table 1. Natural Frequency Comparison, 1 Element

Finite Element Classical

Model Solution

Index

4 4

o P o P

El El
3.5331 3.5160
34.807 22.034
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(177)

(178a)

(178b)
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The classical results are taken from Reference 3. The finite element results thus over-
predicted the natural frequencies. Nevertheless, good agreement is obtained for the first
frequency.

Example 2

Model the cantilever beam in Figure 1 with two elements using the mass and stiffness
matrices in equations (170) and (171). Let each element have equal length.

The model consists of two elements and three nodes as shown in Figure 4.

El E2

N1 N2 N3

Figure 4.

There are several keys to this problem. One is that h=L/2. The other is that node N2
receives mass and stiffness contributions from both elements E1 and E2. Thus, the

resulting global matrices have dimension 6 x 6 prior to the application of the boundary
conditions.

The local stiffness matrix for element 1 is
12 6 -12 6 Y1

El 6 4 -6 2| hp
(|_/2)3 -12 -6 12 -6]|ly?2

6 2 -6 4| ho

(181)
The displacement vector is also shown in equation (181) for reference.
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The local stiffness matrix for element 2 is

12 6 -12 6y,

El |6 4 -6 2|ho, (182)
(L/2®)-12 -6 12 -6 y;
6 2 -6 4 | hog

The local mass matrix for element 1 is

156 22 54 -13] vy,
((L/Z)p} 22 4 13 -3| hoy (183)
420 ) 54 13 156 -22|y,

-13 -3 -22 4 ||he,

The local mass matrix for element 2 is

156 22 54 -13][ y,
((L/Z)pj 22 4 13 -3 h6, (184)
420 ) 54 13 156 -22|| y3

-13 -3 -22 4 | hég

The global eigen problem assembled from the local matrices is

(12 6 -12 6 0 0wy
6 4 -6 2 0 0|[he
El |-12 -6 24 0 -12 6 |y,

[(._,2)3 6 2 0 8 -6 2 |ho,

0 0 -12 -6 12 —6| y3

0 0 6 2 -6 4 |heg]

(156 22 54 -13 0 0 v
22 4 13 -3 0 0 |ho
((Li2)p) o/ 54 13 312 0 54 -13|y,
_( 420 j ~13 -3 0 8 13 -3 |he,
0 0 54 13 156 -22| vy
0 0 -13 -3 -22 4 |hez

(185)
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Again, the boundary conditions at node 1 are
y1=0 (186)
61=0 (187)

The first two columns and the first two rows of each matrix in equation (185) can thus be
struck out.

24 0 -12 6y, 312 0 54 -13Ty,
El | O 8 -6 2|he, ((L/Z)pjz 0 8 13 -3|he,
= ()
(L/2®)-12 -6 12 -6 y; 420 54 13 156 -22| vy,
6 2 -6 4 |ho ~13 -3 -22 4 |heog
(188)

Let

(189)
El
o)
_ ((L/Z)(L/Z)g'p}nz (190)
420E|
L4
A= ( P }coz (191a)
6720 EI

m{ 6720 Ellﬁ (191b)
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The eigen problem in equation (188) becomes

24 0 -12 6y, 312 0 54 -13Ty,
0 8 -6 2|hop|_ |0 8 13 -3|no
~12 -6 12 -6| vy3 54 13 156 —22| ys
6 2 -6 4 |ho ~13 -3 —-22 4 |hog

(192)

The eigenvalues are found using the method in Reference 2. Equation (192) yields four

eigenvalues.

M| [0.0018414 ]
Ao 0.073481

A3 | | 0.84056
4| | 7.0810 |
(A | [0.042912]
Jho | | 0.27107
Jrs | | 091682
JAa | | 26610 |

The finite element results for the first two natural frequencies are thus

o1 | [6720 EI [0.042912
IRNE 0.27107

(O] . El 3.5177
o] VpL4 [22221

®2
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The finite element results are compared to the classical results in Table 2.

Table 2. Natural Frequency Comparison, 2 Elements
Finite Element Classical
Model Solution
Index
4 4
pL” o.|PE
El El
3.5177 3.5160
22.221 22.034

Excellent agreement is obtained for the first two roots.

The next step would be to solve for the eigenvectors, which represent the mode shapes. A
greater number of elements would be required to obtain accurate mode shapes, however.

Example 3

Repeat example 1 with 16 elements. Let each element have equal length. The global
stiffness and mass matrix are omitted for brevity.

The eigenvalue scale factor is

m{ 420(164)E|]ﬁ (196)
L4p

The model yields 32 eigenvalues. The first four are

A | [4.4913e-007
by | | 1.7639-005
A 0.0001383 (197)
0.00053121

>
M~ W
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JA | [ 0.00067017
JAa | | 0.0041999

JA3 0.01176

Ja 0.023048

o 0.00067017
oy | [420(6*)EI | 0.0041999
w3| | oLt 0.01176
w4 0.023048

W 3.5160

02| | El |22.035

o3| YpL4 |61698

o 120.92

The finite element results are compared to the classical results in Table 3.

Table 3. Natural Frequency Comparison, 16 Elements

Finite Element Classical
Model Solution

Index 4 4
o P ot

El El

1 3.5160 3.5160

2 22.035 22.034

3 61.698 61.697

4 120.92 120.90

Excellent agreement is obtained for the first four roots.

(198)

(199)

(200)

The corresponding mode shapes are shown in Figures 5 through 8. Note that each mode
shape is multiplied by an arbitrary amplitude scale factor. The absolute amplitude scale is

thus omitted from the plots.
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Displacement

Displacement

CANTILEVER BEAM, 16 ELEMENT MODEL, MODE 1

Figure 5.

CANTILEVER BEAM, 16 ELEMENT MODEL, MODE 2

Figure 6.
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Displacement

Displacement

CANTILEVER BEAM, 16 ELEMENT MODEL, MODE 3

Figure 7.

CANTILEVER BEAM, 16 ELEMENT MODEL, MODE 4

Figure 8.
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Additional examples are given in Appendix C.

Reference

1. L. Meirovitch, Computational Methods in Structural Dynamics, Sijthoff & Noordhoff,
The Netherlands, 1980.

2. T. Irvine, The Generalized Eigenvalue Problem, 1999.

3. W. Thomson, Theory of Vibration with Applications, Second Edition, Prentice-Hall,
New Jersey, 1981.

4. K. Bathe, Finite Element Procedures in Engineering Analysis, Prentice-Hall, New
Jersey, 1982.
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APPENDIX A

Energy Method

The total strain energy P of a beam is

JO - (dx JZ

The total kinetric energy T of a beam is
:_C‘)n jo Y]de

Again let
Y)=L' @&, (j-Dh<xs<ijh, &=j-x/h

Ivo=Z2 LTa,  (—phex<jh E=j-xih
dx h

d2 1 T
—Y(X) [ ] L" a, (j-Dh<x<jh, &E€=j-x/h
dx? h2

d& = —dx/h

Assume constant mass density and stiffness.
The strain energy is converted to a localized stiffness matrix as
El) (L { - }
K,-z(—}jo LT de

h3

40

(A-1)

(A-2)

(A-3)

(A-4)
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The kinetic energy is converted to a localized mass matrix as

Mj= “Pfcl, {LLT }d& (A-8)

The total strain energy is set equal to the total kinetic energy per the Rayleigh method. The
result is a generalized eigenvalue problem.

For a system of n elements,

Kj-0®Mj=0, j=12,..,n (A-9)
where
12 6 -12 6
4 -6 2
(2
h 12 -6
4
(A-10)

156 22 54 -13
4 13 -3
M j = e
420 156 -22
4
(A-11)
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APPENDIX B

Beam Bending - Alternate Matrix Format

The displacement matrix for beam bending is

Y1
0
' (B-1)
y2
02
The stiffness matrix for beam bending is
12 6h -12 6h
« _[E 4h? —ph 2n? -
) 12 -6h (8-2)
4h?2
The mass matrix for beam bending is
156 22h 54 -13h
uo_ (e 4h? 13 —3n° os
17 {420 156 —22h (B3
4h?
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APPENDIX C

Free-Free Beam

Repeat example 1 from the main text with a single element but with free-free boundary
conditions.

The eigen problem is

12 6 -12 6y 156 22 54 -13] y;
EIY 6 4 -6 2| ho (ijz 22 4 13 -3 | ho
_ = — ®
13)-12 -6 12 -6y, 420 54 13 156 -22| vy,
6 2 -6 4| he, -13 -3 -22 4 ||ho,
(C-1)
12 6 -12 6y 156 22 54 -13][ yg
6 4 -6 2|h6| 122 4 18 -3|ho
12 -6 12 -6y, | |54 13 156 -22| y»
6 2 -6 4] ho -13 -3 -22 4 | hoy
(C-2)
where
4
ho=| P |p2 (C-3)
420 EI
o-| [ZE 7 e
L'p
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The eigenvalues are found using the method in Reference 2. Equation (C-1) yields four

eigenvalues.

M 0
A2 | O
A3 | |1.7143
A 20
fa] [ o
NA2 | O
JA3 | [1.3093
Jha | 44721

The finite element results for the first four natural frequencies are thus

o] 0
02 | [420 EI 0
o3 p|_4 1.3093
o4 44721
o 0

02| | El 0

o3 p|_4 26.833
o4 91.652
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The finite element results are compared to the classical results in Table C-1.

Table C-1. Natural Frequency Comparison, 2 Elements
Finite Element Classical
Model Solution

Index
ol* ol*
El El

1 0 0

2 0 0
3 26.833 22.373
4 91.652 61.673
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