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Introduction 
 

Consider a free-free beam that is mounted on an elastic foundation. 
 

 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 

 
 
 

Figure 1. 
 
 
The governing differential equation is  
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where 
 

E is the modulus of elasticity 

I is the area moment of inertia 

L is the length 
  is the mass density (mass/length) 

kf is the foundation stiffness per length (force/length^2) 

 
 
Note that this equation neglects shear deformation and rotary inertia. 
 

Separate the dependent variable. 
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Let c be a constant 
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Separate the time variable. 
 
 

d

dt
T(t

T(t
c

2

2
2

)

)











                                                                               (7) 

 

d

dt
T(t c T(t

2

2
2 0) )                                                                           (8) 

 
 

Propose a solution 
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Separate the spatial variable. 
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A solution for equation (16) is 
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The equation is satisfied if 
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Apply the boundary conditions. 
 

 

0

0x
2dx

Y2d




        (zero bending moment)                                   (26)                    

 
 

04a2a                                                                                   (27) 
 

2a4a                                                                                        (28) 
 
 

0

0x
3dx

Y3d




       (zero shear force)                                             (29) 

 
 

03a1a                                                                                   (30) 

 

1a3a                                                                                         (31) 

 
 



 6

         xcosxcosh2
2axsinxsinh2

1a
2dx

)x(Y2d
                           (32) 

 
 

         xsinxsinh3
2axcosxcosh3

1a
3dx

)x(Y3d
                           (33) 

 
 
 

d Y

dx
x L

2

2
0



         (zero bending moment)                                   (34)                    

 
 

          0LcosLcosh2aLsinLsinh1a                                     (35) 
 
 
 

d Y

dx
x L

3

3
0



        (zero shear force)                                           (36) 

 
 

          0LsinLsinh2aLcosLcosh1a                                (37) 
                              

 
 
Equation (35) and (37) can be arranged in matrix form. 
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Set the determinant equal to zero. 

 
 

               02LcosLcoshLsinLsinhLsinLsinh                    (39) 
 
 



 7

            0L2cosLcosLcosh2L2coshL2sinL2sinh                    (40) 
 
 

    02LcosLcosh2                                                              (41) 
 

    01LcosLcosh                                                                 (42) 
 

The roots can be found via the Newton-Raphson method, Reference 2.  The first root is 
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The fundamental bending frequency is 
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Again, 
 

  is the mass density (mass/length) 

kf is the foundation stiffness per length (force/length^2)
 
 
 
 
In addition, there are two modes whereby the beam behaves as a rigid body as shown in 
Appendix A. 
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APPENDIX A 

 
 

Consider the beam as behaving as a rigid mass. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
Assume that the CG is at:   x = L/2. 

 
Again, 
 

  is the mass density (mass/length) 

kf is the foundation stiffness per length (force/length^2)

 
 

The kinetic energy is 
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The total energy of a conservative system is constant.  Thus, 
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Note that for a uniform beam, 
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