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Introduction

The Rayleigh method uses static displacement functions to determine the natural
frequencies of certain systems.

Thistutorial derives static displacement functions to support vibration analysis viathe
Rayleigh method.

Simply-supported Beam subjected to a Concentrated L oad

Consder the beam in Figure A-1.

El

Figure A-1.

E isthe modulus of dasticity.
| isthe area moment of inertia.
L isthelength.

W isthe applied |oad.

Neglect the mass of the beam.

The free-body diagram of the system is given in Figure A-2.
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Figure A-2.

Ra and Ry are reaction forces.

Apply Newton’s law for static equilibrium.
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Ra+Rp-W=0

Ra=W-Rp

At the | eft boundary,

Q + é moments=10
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RpL=W a
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Now consider a segment of the beam, starting from the left boundary.
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Figure A-3.
V isthe shear force.
M isthe bending moment.
y1 isthe deflection at position x1.
Sum the moments at the right side of the segment, for x1 < a.
Q + é moments =0 (A-12)
-M-Rax1 = 0 (A-13)
M = -Rgx1 (A-14)
The moment M and the deflection y are related by the equation
2
M = Ely, (A-15)



Ely; =-Raxg
2 Ra
=- —2X
Y1 £l L
Integrating,
¢_ Ra 2
=- 2 xi“+¢
Y1 2F] 1 1

Integrating again,

I:\’a 3
=-—=2 X1"+t¢Xg+cC
Y1 6El 1 141 T L2

A boundary condition at theleft end is
y1(0)=0 (zero displacement)
Thus

co =0

I:\’a 3
=-—= X1"+¢X
Y1 6El 1 141

The displacement function is thus

Wb 3
X1)=- X1°+¢x1, OE£Exq£a
Y1( 1) 6EIL 1 11 1
The dope equation is
Wb -

X1)=- X1“+c¢, OExq£Ea
Y1¢(1) 2EIL 1 1 1

Consider the beam segment on the right side of the applied load.
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Sum the moments at the | eft side of the segment, for xo < b.

<,+ é moments= 0 (A-25)
M + Rb X2 = O (A'26)
M =-Rp X2 (A-27)

The moment M and the deflection y are related by the equation

M =Elyy (A-29)
Ely, =-RpX2 (A-29)
2 R
Yo =-—2x; (A-30)
El
Integrating,
y2¢= -Rp Xp° +C3 (A-31)



Integrating again,

y Rb by 3+coxs+c
2= 6El 2 3r2 T4

A boundary condition at theright end is

y2(0)=0 (zero displacement)
Thus
c3=0
yo =- R— X3 + + CaX
2= 6El 2 3R 2

The displacement function is thus

Wa 3
X9)=-——— Xo°+CaXo, OEXo£Db
YZ( 2) 6EIL 2 382 2

The dope equation is

2
+c3, OExoED
YZ¢( 2E|L X2 3 2

The boundary condition at the load point is

y1(a) = y2(b)

Apply the boundary condition to equations (A-23) and (A-36).

- aS+c ca —-ﬁ b3+cb
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The second boundary condition at the load point is

yi'(@)=-y2(b)

Apply the boundary condition to equations (A-24) and (A-37).

- 8.2+C1:M b2_ C3
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1787 %EIL 2EIL
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IL
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Substitute equation (A-58) into (A-48).

01:-‘%1— i(oa+b} + Waﬁ (a+b)
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Wab ij
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Note that the displacement in equation (A-68) isthe same asin (A-74), as expected from

the intermediate boundary condition. The stiffnessk at the load point is thus
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Bending Moment and Bending Stress

Consider the bending moment for the left segment. Recall that the moment M and the

deflection y are related by the equation

2
M = Ely;
Elyr =-Raxp
2 Ra
=-—9x
Y1 El 1
b
Ra:WE
2 b
Y1 EIL 1

b
Mq=-W—x
1 L 1
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The maximum bending stress, or fiber stress, s occurs at the point, or points, furthest
from the neutral axis. Let ¢ be the distance to the furthest point from the neutral axis.
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Repeat the bending stress analysis for the right segment.

The moment M and the deflection y are related by the equation

M = Elyy (A-86)
Ely, =-RpX2 (A-87)
2 R
y2 =- 22 (A-88)
a
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Shear Force and Shear Stress

The shear force V isreated to the bending moment M by

v="m (A-95)
dx

The shear force for the left segment is

- W—xlg (A-96)

Vi =- W% (A-97)
The shear force for the right segment is

Vo = % 223 (A-98)

il
o
Vo =-W= (A-99)

The maximum shear stressin the beam occurs at the section of greatest vertical shear.
The maximum shear stress at any section occurs at the neutral axis, assuming a uniform
Cross-section.

The maximum shear stress t is given by

t=a— (A-100)

The term V/A isthe average shear stress on the section. The coefficient a is afactor
that depends on the cross-section form.
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The shear factors for two cross-sections are given in Table A-1.

Table A-1. Shear Factors

Cross-Section Shear Factor a
Rectangular 2/3
Solid Circular 3/4
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