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TRANSVERSE VIBRATION OF A FIXED-FREE  
TIMOSHENKO BEAM 

 
 
By Tom Irvine 
Email: tomirvine@aol.com 
 
March 30, 2009 
 
______________________________________________________________________________ 
 
Variables 
 

y(x, t) = Transverse displacement 

E = Elastic modulus 

G = Shear modulus 

I = Area moment of inertia 

A = Cross-section area 

r = Radius of gyration 

k = Shear factor 

  = Mass/volume 

 
 
Note the shear modulus can be expressed as 
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where  is the Poisson’s ratio. 
 
 
Equation of Motion 
 
Consider the bending vibration of a beam including both shear and rotary inertia effects.  Assume 
that the beam is uniform.   
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The following coupled partial differential equations are taken from Reference 1. 
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Assume separation of variables. 
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By substitution, 
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Define a non-dimensional spatial variable. 
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The pair of equations of motion becomes 
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Take the derivative of equation (22). 
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Multiply through by L
3
/EI. 
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Recall 
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Take the derivative. 
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Recall 

 

0kAGI2V
d

d

L

kAG
2d

2d
2L

EI




 





                                                   (40) 

 
 
 





 





I2kAG

KAG

L
2d

2d

LkAG

EI
V

d

d
                                                      (41) 

 
 






 




 d

d
I2kAG

KAG

L
3d

3d

LkAG

EI
V

2d

2d
                                             (42) 

 
 






 




 2d

2d
I2kAG

KAG

L
4d

4d

LkAG

EI
V

3d

3d
                                            (43) 

 
 
 

0
2d

2d

L

kG
2d

2d
I2kAG

kAG

L
4d

4d

LkAG

EI
2L

kG

I2kAG
kAG

L
2d

2d

LkAG

EI2






















 




















 




 

 
(44) 

 



 7

0
2d

2d

L

kG
2d

2d
I2kAG

AL

1
4d

4d
3LA

EI

I2kAG
kAG

2L
2d

2d

LkAG

2EI






















 




















 








 

(45) 
 

 
 

0I2kAG
kAG

2L
2d

2d

L

kG
I2kAG

AL

1

LkAG

2EI
4d

4d
3LA

EI




 




















 





 

(46) 
 

0I2kAG
kAG

2L
2d

2d

AL

I2

LkAG

2EI
4d

4d
3LA

EI




 














 







                              (47) 

 

0I2kAG
EIkAG

A24L
2d

2d

AL

I2

LkAG

2EI

EI

3LA
4d

4d




 














 







                     (48)                       

 
 

0
kAG

I2
1

EI

A24L
2d

2d
2AL

I
2LkAG

EI

EI

4LA2

4d

4d












 























                     (49)   

 
 
    

By substitution, 
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Assume a displacement function of  
 
 

        bsin4cbcos3cbsinh2cbcosh1c)(V                                             (51)                        

 

       


bcosb4cbsinb3cbcoshb2cbsinhb1c)(V
d

d
                        (52)                         

 

               


bsin2b4cbcos2b3cbsinh2b2cbcosh2b1c)(V
2d

2d
   

(53) 
 

               


bcos3b4cbsin3b3cbcosh3b2cbsinh3b1c)(V
3d

3d
 

(54) 
 

               


bsin4b4cbcos4b3cbsinh4b2cbcosh4b1c)(V
4d

4d
 

(55) 
 

Also assume an angular displacement function of 
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Solve for  . 
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Require real, positive values.  In summary, 
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Further follow the branch such that 
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Equation (74) expresses the dispersion relationship. 
  
 
Recall the displacement functions. 
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Recall 
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  0bĉLcsbbc 11
222

1 
                                                                                      

(90) 
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Boundary Conditions 
 
The boundary conditions for a fixed-free beam are 
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First boundary condition, 
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0)1(V
d

d

L

1
)1( 


                                                                                          (125) 

 
 
 

       

                 0bcosb4cbsinb3cbcoshb2cbsinhb1cL

1
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The equations may be expressed in matrix format. 
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The roots are found from the determinant of the coefficient matrix.  A numerical method is 
required. 
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A simple, trial-and-error method is to substitute candidate values of   into the variable b.   The 
trial b value is in turn embedded into the system of equations.  
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APPENDIX A 
 

Example 
 

Consider a fixed-free beam, made from aluminum. 
 

The cross-section is circular with a diameter of 1 inch.  The length is 2 inches. 
 

The Bernoulli-Euler natural frequency for pure bending is 6871 Hz, per Reference 4. 
 

The Timoshenko natural frequency for bending, shear, and rotary inertia is 5995 Hz per the 
method in the main text. 
 

The difference is 15% referenced to the Timoshenko value. 

 

 

 

 

 

 

 


