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Variables
y(x,t) = Transverse displacement
E = Elastic modulus
G = Shear modulus
I = Area moment of inertia
A = Cross-section area
r = Radius of gyration
k =  Shear factor
P = Mass/volume

Equation of Motion

Consider the bending vibration of a beam including both shear and rotary inertia effects.
Assume that the beam is uniform. The equations of motion is
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Assume that the displacement can be separated into spatial and temporal variables.

y(x, 1) =Y)T()
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Assume that the temporal function can be represented as
T(t) = An COS(Dnt + Bn sin COnt

T'(t) =n {-An sin Q)nt+ Bn COSCOnt}
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By substitution,
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Assume a displacement function

Y (x) = aq sinh(Bx)+ a2 cosh(Bx)+ag sin(Bx)+ a4 cos(Bx)

dY(x)
dx
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a3 Y(x)
dx3
d4Y(x)
dx4

a1p cosh(Bx) +aop sinh(Bx) +asp cos(Bx) —a4p sin(Bx)
— a1B2 sinh(Bx )+ aop2 cosh(Bx)—agp sin(Bx)—asB2 cos(px)
= a1[33 cosh(Bx) + 3253 sinh(Bx) - a3[33 cos(Bx) + a4[33 sin(Bx)

= a1p? sinh(Bx )+ aop? cosh(Bx)+azp? sin(Bx)+asp? cos(px)
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APPENDIX A

Simply-Supported

The boundary conditions at the left end x = 0 are

Y(0)=0 (zero displacement)

2
d—\z( =0 (zero bending moment)
dx“ |, _o

The boundary conditions at the free end x = L are

Y(L)=0 (zero displacement)

2
dey
> =0 (zero bending moment)
dx el

Apply boundary condition (A-1) to equation (17).
do +dy = 0

dg =—as

Apply boundary condition (A-2) to equation (19).
ap—ay =0
ap =ay
Equations (A-7) and (A-8) can only be satisfied if
ar =0

and
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The spatial equations thus simplify to

Y (x) = ag sinh(Bx) + a3 sin(Bx) (A-11)
d2Y(x) 2 . 2 .
2 = a1B sinh(Bx) —azp“ sin(px) (A-12)

Apply boundary condition (A-6) to equation (17).
ag sinh(BL)+agsin(BL) =0 (A-13)
Apply boundary condition (A-7) to equation (19).
2 . 2 . 3
a1 < sinh(BL)—azp“ sin(BL) =0 (A-14)
ay sinh(BL) - agsin(BL) = 0 (A-15)
sinh(BL) sin(BL) a 0

= (A-16)
sinh(BL) —sin(BL) as 0

By inspection, equation (A-19) can only be satisfied if a1 = 0 and a3 = 0. Set the determinant to
zero in order to obtain a nontrivial solution.

—sin(BL)sinh(BL) - sin(BL)sinh(BL) = 0 (A-17)
—2sin(BL)sinh(BL) = 0 (A-18)
sin(BL)sinh(BL) = 0 (A-19)

Equation (A-19) is satisfied if

BhL=nmt, n=123,... (A-20)
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The displacement function is

Y (x) = a1{ sin(BL)sinh(Bx)+ sinh(BL )sin(Bx) }

Y' (x) = 41B{ sin(BL )cosh(Bx)+sinh(BL )cos(Bx) }

Y*(x) = 4182 { sin(BL)sinh(Bx) - sinh(BL)sin(Bx) }

Y"(x) = a183{ sin(BL)cosh(Bx) - sinh(BL)cos(Bx) }

Y (x) = 418 { sin(BL)sinh(Bx) + sinh(BL)sin(Bx) }

a2 a1p*{ sin(BL)sinh(Bx )+ sinh(BL)sin(Bx) }

+ oplré {1+ %}élﬁz { sin(BL)sinh(Bx)—sinh(BL )sin(Bx) }

+ mnz{mnzrz % —1}&1{ sin(BL)sinh(Bx )+ sinh(BL )sin(Bx) }=0
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Note the shear modulus can be expressed as
__E (A-35)
2(1+v)
where v is the Poisson’s ratio.
Recall
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