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Introduction
Consider the circular plate in Figure 1.
Y
r
0
X
0

Figure 1. View Top Looking Down

Let z(r,0,t) represent the out-of-plane displacement. The plate is subjected to uniform
base excitation W(t) as shown in Figure 2.
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Figure 2. Side View
The equation of motion is
2 2
Do V42(r,0,1) + pha—zz(r,e, t) = —phd—\ZN (1)
ot dt
The plate stiffness factor Dg is given by
3
Eh
De = — (2)
12 (1— u )
where
E = elastic modulus
h = plate thickness
u = Poisson's ratio
p = mass per volume

The term on the right-hand-side of equation (1) is the inertial force per unit area.



Note that

where ® is the natural frequency in (radians/sec).

1/4
B = wzph
De

Note the following relationship for the homogeneous problem from Reference 1.

v42(r,0,t) = p*2(r,0,1)

Substitute equation (5) into (1).

2
Do B*z(r,0, t)+pha— 2(r, 0, t)——phd—;\/
ot2 dt

Substitute equation (3) into (6).

02 d?w
® phz(r 0, t)+ph—z(r 0,1) ——ph—2
o2 dt
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The displacement is the double series of the mass-normalized mode shapes
Zmn Bmnr0) and the time function Ty (t).

o0

2(x,¥,1)= D > Zmn Bmnr.6) Tmn(t) )
m=0 n=0

Substitute equation (9) into (8).

0 0 2 0 2
o? > D Zmn Bmnr.0) Tmn(t)+— > Z Zmn Bmn'0) Tmn () =— d_\2N
m=0 n=0 ot m=0 n=0 dt
(10)
2
? Z z Zmn Bmn'0) Tmn (1) + Z Z Zmn (Bmnr,9) —Tmn(t)——d—2
m=0 n=0 m=0 n=0 dt
(11)

Multiply each term by Z,,, (Byy',0) . Omit the arguments for brevity.

2
2 dew
0" Zyy Z Z Zmn Tmn +Zuwv Z Z Zmn Tmn =Ly —5 5 (12)
m=0 n=0 m=0 n=0 dt

’ 0 0 0 0 d2 d2W
Z z ZyvZmn Tmn + Z Z ZyvZmn —2Tmn :—Zuv—z
-0 n=0 m=0 n=0 dt dt

(13)



Integrate with respect to area.

2nea 2 O X
0 J‘O © Z Z ZuwvZmn Tmn rdrdo
m=0 n=0

21— — d2 o a 42w
m=0 n=0 dt dt
(14)
2 S L 27 ra
o ) Z[O .[0 ZuwZmn rdrde}Tmn
m=0 n=0
L & [i2nca d2 d2w
+ > [0 Jy ZwZmn rdrde}—szn [ Jo Zuy rdrdﬁ} >
m=0 n=0 dt dt
(15)
The orthogonality relationship is
5 1,for u=mandv=n
0,for uzmorv=n
(16)
Thus
00 00 0 0 d2 d W
0* Y Y Tmn+ X 2 —5Tmn= [ Io Zmn drde} (17)
m=0 n=0 m=0 n=0 dt dt?
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Add a damping term. Also apply indices to the natural frequency.

2
d d
_dt Tmn + 28 mn®mn d—Tmn+wmn Tmn ——[ .[0 Zmn rdrde}

2 2
d d 2 dew
) Tmn +28mn®mn — Tmn * ©mn“ Tmn == I'mn o
dt dt dt

The participation factor I'\y,, is

27 ra

Take a Fourier transform of both sides of equation (20).
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d d .
J.oo{dt Tmn +2Emn®mn - " Tmn +@mnz-rmn}exli’(— jot)dt =
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d? _ q _
.Eooom_z-rmn exp (- jot)dt + 2&mnomn IiowaTmn exp(— jot )dt

. d? .
+ wmnzjiomen(t) exp(— jot)dt = - an_[jow?;veXp (- jot)t

(23)
7, T @0 jot)dt = jof ~ Trn(® e (- jot)dt 24)
Ii%Tmn (- jot)dt =0 [~ Tun() op(- jot)dt (25)

~0?[* Tmnn(®) o0 (- jot)dt+ 2Emnomne]Tmn(t) oo (- jot)dt

+ 0)ngJfOOOTmn(t) o (- jot)dt = - an.[iooo\)\'/(t) oxp (— jot Mt
(26)

[(‘Dmn2 ~0? )+ jz&mnwmn@]tooo-rmn(t) exp (— jot)dt = — anjiooow(t) exp (— joot it

(27)

Let

Tmn(®) = Ijooo Trn () exp (- jot it (28)

W(o)= ﬁooo""’(t) exp (— jot it (29)



Substitute equations (28) and (29) into (27).

[((’i)mn2 ~0? )+ jzimn@mnmhmn(w) == 1“mnW((D)
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9){ 2 2 .
(Omn” —0%) + j2Emnomp®

The relative displacement frequency response function Z(r, e,m) is

55

T'minZ(Bmn', 0) }

((Dmn2 —032) +J2Emn®mn®

The absolute acceleration frequency response function U(r, 0, w) is
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The mode shapes are defined by

ZmnBrmnt.0) =[C mn InBmn )+ D mn InBmn r)lcos(n6) (35)

The mode shape for a simply supported plate is

Z o (B 1,0) = Cmn{ I B 1,) —m—m I Bran 7.0) }cos(ne) (36)
where
Bmn =A/a
a is the radius
The roots are found via
In(1)9n42)+3n () na2()= B 1n ()] at 2=pa @
ph ¢ g“ Ze Brn 7.6) 2 rdodr =1 (38)



The coefficients C,, are found via

Jn(an) ?

phfg 021'c Cmn{ In Bmn rﬁ){m} In(Bmn r,e)}cos(ne) rdodr =1

(39)
The participation factor I'yy IS

Tin = ph J.g OZnCmn{ In(Bmn r){%r’::ﬂ In(Bmn r)}cos(ne) rdodr (38)

Note that

I'mn=0 forn>1 (40)

Example

Consider a 48 inch diameter, 0.5 inch thick, aluminum plate that is simply supported.
Each mode has a damping ratio of 0.05. The plate is subjected to uniform base
excitation. Determine the frequency response functions for the center of the plate.

The calculation is performed using Matlab script: circular_SS.m

>> circular SS

circular SS.m ver 2.1 February 28, 2012

by Tom Irvine Email: tomirvine@aol.com

This program calculates the natural frequencies of the
bending modes of a simply-supported circular plate

The solution is derived from Bessel functions.
It also calculates the base excitation transfer function.
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Enter unit type: 1=English 2=metric

1
Enter plate type:

l=homogeneous 2=honeycomb-sandwich

1

Enter diameter (inch) 48

Enter thickness (inch) O.

Enter material:
l=aluminum 2=steel

Structural mass =

5
3=G10 4=other 1
90.48 lbm

Add uniformly distributed non-structural mass ?

l=yes 2=no
2

Structural mass
Non-structural mass
Total mass

Total thickness
Diameter

Volume

Overall mass density

Plate Stiffness Factor D =
D/E =

Natural
Frequency
(Hz)
40.54
114.16
210.39
244 .49
328.21
398.62
466.89
575.94
609.72
625.93
776.62
844 .36
1000.39
1103.11

N>R WOONR_RPRPRWONRE OB
NEFEFNRPRPONRPFPORFRORE OOOR
BSOS DD WWWwwwdhhNDDND R

.94464
.48779
.94641
.94015
.35403
.33271
72722
.68533
.68423
.07507
.00971
.00499
.31286
.30233

90.48 lbm

0 lbm

90.48 lbm

0

.5 in
48 in

904.8 in"3
.1 1lbm/in"3

ecNeoBoNoNoNoNoNoNoNololNeoleolNe]

0

1.145e+005 1bf in

0.01145 in"3

D
.036856
.005541
.001373
.000536
.000419
.000098
.000144
.000025
.000014
.000053
.000007
.000003
.000002
.000001

11

QO 00 O ~1I o o) U1 U1 W N

o e
PP oW

root

.2215
.7280
.0610
.4558
.3212
.9663
.5393
.3736
.6157
.7294
.7236
.1389
.0359
.5887

ecNeoBoNoNoNoNoNoNoNololNoleolNe]

PF

.8419
.0000
.0000
.3489
.0000
.0000
.0000
.0000
L2247
.0000
.0000
.0000
.0000
.0000

EMM

oNoNoNoNoNoNoNeoNolNolNoNoNoNo]

.7087
.0000
.0000
L1217
.0000
.0000
.0000
.0000
.0505
.0000
.0000
.0000
.0000
.0000



n = nodal diameters
k = nodal circles
PF = participation factor
EMM = effective modal mass

plot mode shapes?
l=yes 2=no
1

Calculate Base Excitation Transfer function? 1l=yes

1
Enter uniform damping ratio: 0.05
Enter starting freq (Hz): 1
Enter ending freqg (Hz): 2000
Enter the frequency step (Hz): 0.1

Maximum Transfer Magnitude Values

Relative Displacement = 0.09394 in/G at
Absolute Acceleration = 15.8 G/G at

12

40.4 Hz
40.5 Hz

2=Nno



Mode 1 fn= 40.54 Hz n=0 k=0

Figure 3.

13



Mode 1 fn= 40.54 Hz n=0 k=0

Figure 4.

The fundamental mode is excited by uniform base excitation.
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Mode 2 fn= 114.2Hz n=1 k=0

Figure 5.

This mode is shown for reference only. It is not excited by uniform base excitation.
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Mode 3 fn= 210.4 Hz n=2 k=0

Figure 6.

This mode is shown for reference only. It is not excited by uniform base excitation.

16



Mode 4 fn= 2445 Hz n=0 k=1

Figure 7.

The fourth mode is excited by uniform base excitation.
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Relative Displacement/Base Acceleration Transfer Function at Center of Plate
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Figure 8.

Maximum Transfer Magnitude:

Relative Displacement = 0.09394 in/G at 40.4 Hz
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Response Accel/Base Accel Transfer Function at Center of Plate
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Figure 9.

Maximum Transfer Magnitude:

Absolute Acceleration= 15.8 G/Gat 40.5 Hz

Reference

1. T. Irvine, Natural Frequencies of Circular Plate Bending Modes, Revision F,
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