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Figure 1. Spring-Mass System

Coloumb damping is dry friction damping. Consider the free vibration response of a
single-degree-of-freedom system subjected to Coloumb damping.

The damping force F is

F =pumg (1)
where
K = friction coefficient
m = Mass
g = acceleration of gravity

Assume that the friction coefficient is constant for simplicity.



The governing equation of motion for the displacement x is

mX +kx =—F sgn(X)
where

k = Stiffhess

The sgn (x) function represents the sign of x.

As an alternative, the governing equation can be written as

X
mxX +kx =-F —
%]
The governing equation is solved in a piecewise-linear manner.
Assume that initial displacement x(0) is
x(0)>F/k
Also assume that the initial velocity is zero.

Consider the equation of motion for negative velocity.

mX +kx=F for x <0
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X+ w,°x=E

The equation is solved using Laplace transforms.

L{x+ oonzx}=L{E}
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Take the inverse Laplace transform.

x() = x(0)cosyt +iz[1 ~ cos y ]
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x(t) = £+ [X(O) —E} cos Wyt for x<0

F

x(t)= —wy [X(O) —E}sinwnt sinw,t >0

The velocity equals zero at

Consider the equation of motion for positive velocity.

mX +kx =-F for x>0

(18)

(19)

(20)

21

(22)

(23)

The initial displacement term must be reset to the last displacement for negative velocity.

Furthermore, a phase angle must be added to the argument in the cosine term.



x(t) = _T + Hz—kF - x(O)} + ﬂcos(wnt +10) for x>0 (24)

x(t) = _TF + [3% - X(O)} cos(wnt + T[) for x>0 (25)
. 3F .
x(t) = — wn[? - X(O)}sm(wnt +11) (26)

The first negative displacement peak thus has an amplitude that is 2 F/k less than the
initial displacement in terms of absolute values. This reduction factor can also be
derived from the work-energy relationship in Appendix A.

The pattern continues such that the envelope has a linear decay.

The velocity returns to zero for

t:E (27)
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Each consecutive positive peak is thus 4 F/k lower than the previous positive peak.

The process is then repeated.



Example

A single-degree-of-freedom system has
mass = 1kg
stiffness = 20,000 N/m
friction coefficient = 0.4

initial displacement = 5 mm

The resulting displacement is shown in Figure 2.

The displacement converges to F/k, where F=pumg.

Depending on the initial displacement, the displacement may also converge to —F / k.



SDOF Response Dry Friction fn= 2251 Hz
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Figure 2.
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APPENDIX A

Energy Method

The potential energy is set equal to the work done by friction for one cycle.

%k(xlz—X22):F(X1 +X2) (A-1)

where x| and X, are consecutive positive peaks.

Note that the kinetic energy is zero at the instantaneous time that each peak occurs.

The work-energy relationship is satisfied if

F=_k(x -xo) (A2)
2F
fr-x2) =2 .



APPENDIX B

Mat | ab Scri pt

disp(" ");

disp(' dry.m ver 1.0 June 25, 2005 ');

disp(' by Tomlrvine Emai |l : tom rvine@uol.com');
disp(" ");

di sp(' This program cal cul ates the response of a ');

di sp(' single-degree-of-freedom system subjected to dry danping
)

disp(" ");

%

clear all;

di sp(' Enter mass (kg) ')
meinput (" ") ;
di sp(' Enter stiffness (Nm ')
k=i nput(' ");
di sp(' Enter coefficient of friction ')
mu=i nput (" ' );
di sp(' Enter initial displacement (nm ')
xo=i nput (* ');
xo=xo0/ 1000.
%
F=rmu*nt (9. 81);
f k=F/k;
%
onegan=sqrt (k/m;
f n=onegan/ (2. *pi ) ;
%
outl=sprintf('\n fn = 98.4g Hz\n',fn);
di sp(out1);
%
outl=sprintf(' Fk = 9%8.49 mmn', (F k)*1000.);
di sp(outl);
%
if( F/k > xo0 )
disp(" ");
disp(' No oscillation. ");
disp(' F/k > xo0 ');
end
%
T=1/fn;
%
dt = T/100.;
del t a=2. *pi / 100;
%
nunEl2. *T/ dt;
%
=1



t del ay=0.

ar g=0.

for(i=1:(numtl))
t(i)=(i-1)*dt;

%
ar g=ar g+del t a;
if(arg>2.*pi)
ar g=ar g- 2. *pi
end
%
if(arg>=0 && arg<=pi)
if( (xo-fk) <=0)
x(1)=xo;
el se
x(i)=fk +( xo - fk )*cos(arg);
end
x1=x(i);
el se
if( abs(x1l) < fk)
x(1)=x1;
el se
x(i)=-fk +( x1 + fk )*cos(arg+pi);
end
xo=x(1i);
end
%
end
Xx=x*1000. ;
pl ot (t, x);

x|l abel (* Tine(sec) ');

yl abel (* Displacenent(mm ');

outl=sprintf(' SDOF Response Dry Friction fn=98. 49 Hz
title(outl);

grid on;
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', fn);



