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Equation of Motion

Consider the cantilever beam in Figure 1 undergoing transverse, free vibration.
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Figure 1.

The following equations are taken from Reference 1.

The governing differential equation is
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where

E is the modulus of elasticity

| is the area moment of inertia

L s the length

p Is the mass density (mass/length)



The natural frequencies are

on =Bn2yEl/p

The eigenvalues are
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The first four eigenvectors normalized to an amplitude of 1 are

Y; () = Cq [cosh(By x)—cos(By x)]—0.73410 [sinh(B;x)—sin(Byx)]
Y5 (X) = Co[cosh(Byx)—cos(Byx)]|—1.01847 [sinh(B,x)—sin(Box)]
Y3(x) = Cg[cosh(B3x)—cos(B3x)]—0.99922 [sinh(B3x)—sin(B3x)]

Y4(x) = C4[cosh(B4x)—cos(B4x)]-1.00003 [sinh(B4x)-sin(B4x)]

where

Cy =1/{[cosh(B;L)—cos(B; L)]—0.73410 [sinh(B;L)—sin(B;L)]}

C, =[cosh(B,L)—cos(B,L)]-1.01847 [sinh(B,L)-sin(B,L)]
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Cs =[cosh(B3L)—cos(B3L)]-0.99922 [sinh(B5L)—sin(B5L)]

C,4 =|[cosh(B4L)—cos(B4L)]-1.00003 [sinh(B,L)—sin(B4L)]

The total displacement is

y(x,t) = i{Yn (X) [an Sin((ﬂnt)Jr b Cos(wnt)] }
n=1

y(x,t) = i{wnYn (X) [an Cos(wnt)_ b Sin((’)nt)] }
n=1

For zero initial velocity a,=0
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y(x,t) = Y {bp Yn () cos(ont)

n=1
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Let the initial displacement be equal to the fundamental mode shape scaled to a displacement of

1 at the free end.

y(x,0) = Y1(x)

Premultiply by Ym(X) and integrate.
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JEY100 Yin (09 dx = z{bn oY (X)Ym(x)dx}
n=1
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For m #n,

The integral on the right hand side of (15) goes to zero. The steps are omitted for brevity.

Form=n,
fo Y209 Yn (9 dx = z{bnjoLYnz(x) dx} (16)
n=1
Forn=1,
Jo Y2209 dx=by [ Y12(9 dx an
by =1 (18)
y(X,t) = Y1 (X) cos(wmgt) (19)

y(x,t) = C{[cosh(B;x)—cos(By x)]—0.73410 [sinh(B;x)—sin(B;x)] } cos(amt)

(20)
a% y(X,t) = B1 C1{[sinh(Byx)+sin(B;x)]—0.73410 [cosh(B;x)—cos(B;x)] } cos(mt)
(21)
2
;(—2 y(X,t) = B1? C1{[cosh(B; X)+cos(Byx)] - 0.73410 [sinh(Byx)+sin(B;x)] } cos(w;t)
(22)
3
;(—3 y(x,t) = B;> Cy {[sinh(Byx)—sin(By x)]— 0.73410 [cosh(B;x )+ cos(B;x)] } cos(emyt)
(23)



Example

Consider a beam with the following properties:

Cross-Section Circular

Boundary .

Conditions Fixed-Free

Material Aluminum

Length L |=|24inch
Diameter D |=|1inch

Area A | =1]0.785 inch"2
Area Moment of Inertia | = | 0.0491 inch™4
Elastic Modulus E | = 1.0e+07 Ibf/in"2
Mass Density p | =10.11bm/in"3
Speed.of Sound in c | =|1.96e+05 in/sec
Material

Viscous Damping Ratio £ |=10

The beam is subjected to an initial displacement equal to its first mode shape, scaled so that the
displacement at the free end is 0.010 inch. The initial velocity is zero.

The normal modes results are:

Table 1. Natural Frequency Results, Beam Fixed-Free
Mode fn (Hz) Effectlvillt\)/lnc:)dal Mass

1 47.7 115

2 299 0.36

3 837 0.12

4 1641 0.06
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Figure 2.

VELOCITY AT BEAM'S FREE END
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Figure 3.



The bending moment M(x,t) is

2
MOx,t) = E1 ¢ y(x,t) (24)
OX

M(x,t) = El 12 C; D{[cosh(Byx)-+cos(Byx)]—0.73410 [sinh(B,x)+sin(B;x)] } cos(wyt)

(25)
The maximum bending moment occurs at the fixed end.
Mmax = 2El B12C1 D (26)
where D is the initial displacement at the free end.
1875104 \°( 1
M nax = 2(1.0e + 07 Ibf/in~2)(0.0491 in™4) [Tj (Ej(o.mo in) 27)
in
Mmax =29.964 in Ibf (28)
The shear force V(x,t) is
83
V(x,1) =El—y(x1) (29)
OX

V(x, 1) = El B> CD{[sinh(B;x)—sin(Byx)]— 0.73410 [cosh(B;x)-+cos(B;x)] } cos(at)

(30)



The maximum shear occurs at the fixed end.

3
V(x,t) = (L.0e +07 Ibf/in"2)(0.0491 inA4)(%J (0.010 in)(z)@j(—o.mm)

(31)

Vinax =-1.719 Ibf (32)
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