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Introduction

Consider the single-degree-of-freedom system in Figure 1.

Figure 1.

where
= Mass

= viscous damping coefficient
Stiffness

= absolute displacement of the mass
= base input displacement
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A free-body diagram is shown in Figure 2.
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Figure 2.



Summation of forces in the vertical direction

D F= mx

mX =c(y—X)+Kk(y—x)

Letz=x-y (relative displacement)
2=X-Y
I=%-y

X=72+Yy
Substituting the relative displacement terms into equation (2) yields
m(Z+y)=—-cz—kz

mZ+cz+kz=-my

Dividing through by mass yields
Z+(c/m)z+(k/m)z=-y
By convention,

(c/m)=2tmp

(k/m) = on?

where oy, is the natural frequency in (radians/sec), and & is the damping ratio.

Substitute the convention terms into equation (5).

2+2§mn2+mn22 =-y
Let 1= total impulse

y(t) = -1 8(t)
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2+2§a)n2+m§z = —15(t)

s27(s) —sz(0) — 2(0)
+ 28 SZ(S) — 28w 2(0)

L oPZ(s) = i

{32 4 2EmnS + op }Z(s)—{s+2<:mn}z(0)—z(0)= —i

{(s+§con )+ o }Z(s) = —1+{s+2E0p 12(0) + 2(0)

Z(s) =

- 1
(S+§con) +oy

S+ 28w 1 .
+ z(0) + 2(0)
{(S+<§con)2+ood2} {(S+e’;mn)2+md2}
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Relative Displacement

The relative displacement is

g

2()- 20) oo gwnt%cos«»dm[i‘”—n}mw)}
+z(0){ﬂexp<— Eont)sin(ogt)

¥ H e (- Gont)sin(og)

The relative displacement for zero initial conditions is

2(t)=-1 H (- zont)sin(og!)

g
The impulse response function is

ha(t) = —i[exp(— éont)[singt]

The corresponding Laplace transform is

1
Hg(s) = - =-
; LZ+2<‘@mns+mn2] [(S+Ep)n)2+md2
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Relative Velocity

The relative velocity is
2(t) = —Eonz(0) exp (- &mnt){cos(mdt)+ {@)—”}sin(mdt)}
o

+2(0)exp (- Eopt - wg sin(wgt)+ oy, cos(ogt)}

- Z(O)Fmn }exp (- Eopt)sin(ogt)

g

+2(0) exp(— Eop t)cos(mgt)

+iﬁ°°—n}xp<— ont)sin(og!)

g

—1 exp(—Empt)cos(mgt)

2. 2
2(t)= —z(0)exp(- imnt){a ®n
(O]

+0g :lsin(codt)

+2(0)exp (- Eop t){cos(oadt)— &m—”sin(codt)}
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—Texp(- imnt){cos(mdt)— &w—”sin(mdt)}
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2. 2 2
2(t)= —z(0)exp(- &mnt){M]sin(a)dt)

g

+2(0)exp (- Eop t){cos(codt)— E“:)O—nsin(codt)}
d

—lexp(-Eop t){cos(mdt)— aco—nsin(o)dt)}

g

The relative velocity for zero initial conditions is

g

2(t)=— ep(- amnt{cos@dt)—@"’—“sm(mdt)}

The impulse response function is
= “jenl(- _50n
hy(t) = =1 exp(-Eopnt)| cos(ogt) sin(ogt)
g

The corresponding Laplace transform is

Hy(s) = — > — >
Y 52+2E,oans+wn2 (s+§mn)2+o)d2
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Relative Acceleration

The relative acceleration is

2(t) = —15(t) — 280 2(t) — 0 22(t) (25)
#(t)=
1 {— (1) + 2wy &P (- Eop t){cos(codt)— gco—”sin(codt)} +op Z{L} exp (- Eont)sin(ogt) }
og og
(26)
2 2
#t)=1 { —3(t) +exp(— amnt){zgmn cos(ogt)+—n—— 2(8wn) sin(codt)} } (27)
®d
2
#t)=1 { —3(t) +exp(— &,mnt){ng o cos(mgt)+ 20— ﬁ— 2¢2 )sin(mdt)] } (28)
g

The Laplace transform of the relative acceleration is

% +2§0)ns+con2

Zra(5)={l+ 2§mn(s+§mn)+wn2(12§2)} (29)

2
Zya(s)= {1+ J25onston } (29)

S +2§wns+mn2



2

2
S°+2 S+
Zra(S)z — 2 E)(Dn (Dn2+
$° +28m S+ mp

% +2§cons+con2

2EmnS + on 2 } (30)

S2
Zpa(s)=- 5 2 (31)
$° +2EwpSs+mp
Absolute Acceleration
The absolute acceleration is
%(t) = 2(t)+13(t) (32)
K(t) = —280 n2(t) — wp 22(t) (33)

()= 2&0 1 exp(—Eop t{cos(codt) -

am—”sin(codt)} +op i {i} exp (- Empt)sin(wgt)
g

g
(34)
(t) = mni{2<§ exp (- &mnt){cos(mdt)— é(D—nsin(mdt)} + {m—n} exp (- Z;mnt)sin(mdt)}
®d ®d

(35)

., A ® 2§2c0 .

%(t) = on 1 &p(-Eont) 2&cos(wgt)+| —+ ——=—" Isin(wqt) (36)
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%(t) = on i{ exp (- Eop t){Z& cos(mqt)+ 2—2 (1— 2¢2 )Sin(oadt)} }
%(t)= i{ exp (- émnt){Zémn cos(ogt)+ O;—'f (1— 2¢? )Sin(mdt)} }

The Laplace transform of the absolute acceleration is

Xa(S){Za(DnSJFZ(&(Dn)2 +°°n2(1—2§2)}

52 +2§cons+oon2

Xa(8)=[ 2EmnS + on ]

52 +2&(ons+con2
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