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Clamped-Pinned-Free Beam

Consider the uniform beam in Figure A-1. The end mass represents an applied load.
Assume that the mass of the beam itself is negligible.

A free body diagram is shown in Figure A-2.
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Figure A-1.
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The reaction forces are given by Rg and Rp. The reaction moment is Mg
Determine the following:

1. The reaction forces and reaction moment.

2. The displacement function and its derivatives for each span.

3. The moment relationship at the intermediate, pinned boundary.
4. The effective stiffness at the free end.

Apply Newton’s law for static equilibrium.

+- é forces=0 (A-1)

Ra+ Rp-mg=0 (A-2)

At the | eft boundary,

C+é moments =M 4 (A-3)

Mg+ Rpa-mgL =0 (A-4)

Now consider a segment of the beam, starting from the left boundary as shown in Figure
A-3.
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Figure A-3.



V isthe shear force.
M isthe bending moment.

y1 isthe displacement at position x1.

Note that a positive displacement is downward.

Sum the moments at the right side of the segment.

C+ é moments =0

Ma' RaXl' M = 0

M = Ma' RaXl

The moment M and the deflection y are related by the equation

2
M = Elyq
where

E isthe modulus of dasticity.
| isthe area moment of inertia.

Substitute equation (A-7) into (A-8).
2
Ely; =Ma- Raxg

2 _Ma' RaXl
y1 = E|

Integrate equation (A-10). A constant cq1 is obtained.

¢_ 2MaXy - I:\’axlz
2El

Y1 +C11

Integrate equation (A-12). A constant cqo is obtained.

(A-5)

(A-6)

(A-7)

(A-8)

(A-9)

(A-10)

(A-11)

(A-12)



y1 = 2El +C11X +C12 (A-13)

_3M axl2 - Rax13
6 El

+C11X +C12 (A-14)
Consider the zero displacement boundary condition at the fixed end.
y1(0) =0 (A-15)
Apply the boundary condition to equation (A-14).
c12 =0 (A-16)
Consider the zero slope boundary condition at the fixed end.
y1(0)=0 (A-17)
Apply the boundary condition to equation (A-12).
c11=0 (A-18)
Substitute equations (A-16) and (A-18) into (A-14). The displacement equation becomes

_3Max1% - Raxg®

A-19
6El ( )
The displacement at the pinned location is
2 3
3Maga“ - Raa

a)= A-20
y1(a) S5 (A-20)

The zero displacement boundary condition at the pinned location is
yi(a)=0 (A-21)

Substitute equation (A-19) into (A-21).



3Ma° - Rga’
6EI

=0

The bending moment at the fixed boundary can thus be expressed as

Substitute equation (A-24) into (A-4).

R
Taa+Rba-mgL=O

Ra =-3Rp + mg %‘

Recall equation (A-2), restated as (A-27).
Ra+ Rp-mg=0

Substitute equation (A-26) into (A-27).
-3Rp +mg%|‘+ Rb-mg=0

Simplify the equation by collecting terms.

-2Rb+mgesl' u

Equation (A-27) requires

(A-22)

(A-23)

(A-24)

(A-25)

(A-26)

(A-27)

(A-28)

(A-29)

(A-30)

(A-31)



Ra=mg-Rp

Substitute equation (A-31) into (A-32).

Ra=mg- r;—g[S’L-a]

Ra= mg‘%ll- 2—1a[3L -a]g

Razr;—g{Za- [3L -4}

Ra:r;—;’{sa- 3L}

Ra =2 9fa- L)
Recall thata+ b=L. Thus

- 3mgb
R, =
a° 25

Recall equation (A-24), restated as equation (A-39).

Summarize the reaction forces and the reaction moment.

- 3mgb
R, =
a° 25

(A-32)

(A-33)

(A-34)

(A-35)

(A-36)

(A-37)

(A-38)

(A-39)

(A-40)

(A-41)

(A-42)

(A-43)



Rp ——[3L a]

- mgb

M a=
a

Substitute equation (A-45) and (A-43) into (A-46).

mgb X12 N 3mgb x13

3, 2
_ a
1 6El
emgbue 3 2, 3 3u
—x

émgb Ug 2 ...30

ax1= +X1" 2z
Y178 Eale &1 ™1 g

Calculate thefirst derivative.

¢_émgbug 20
e ——(& 2axy +3X
Y1 &4 EIaH@ 1 g

Evaluate thefirst derivative at the intermediate boundary.

>('D

y1%a) = e_gb 08 2a2 +3220

Calculate the second derivative.

yl2 emgbu[ 2a+6x1]

GAElaf]

Evaluate the second derivative at the intermediate boundary.

(A-44)

(A-45)

(A-46)

(A-47)

(A-48)

(A-49)

(A-50)

(A-51)

(A-52)
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Figure A-4.

Note that a positive displacement is downward.

Sum the moments at the left side of the segment.

Q + & moments=0
M-mgxo>= 0
M =mg X

The moment M and the deflection y are related by the equation

2
M = Ely,

(A-53)

(A-54)

(A-55)

(A-56)

(A57)

(A-58)



Ely22 =mgXo (A-59)

2 m
Yo :E?XZ (A-60)

Integrate to obtain the dope equation.

¢ mg 2
= Y xc4c A-61a)
y2 2E] 21 ( )

Evaluate the dope at the intermediate boundary.
y2%6)= 25 b? +cp1 (A-61b)
2El
Integrate to obtain the displacement function.

yo2= % X3+ Co1X +C2 (A-62)

The displacement boundary condition at the intermediate boundary is
y2(0)=0 (A-63)

Substitute equation (A-62) into (A-63).

mg b3 + Coib+Coo =0 (A-64)
6El
mg 3
Coo =-—=Db"- co9qb A-65
22" o, 21 (A-65)

The dope boundary condition at the pinned boundary is
y(a) = - y(b) (A-66)
Substitute equation (A-51) and (A-61b) into (A-66).

9= T b2 - ey (A-67)
€4E1 § 28I

p
cpy=- M 2 Emgabl

A-68
2E| S4E H (A-68)



mgl 1 2 éabul
cop=19¢. Zp
ATEL 2 24_'%

- b
Co1= %{Zb +a}

Substitute equation (A-70) into (A-65).

_ mg 3 mgi 2 €éabll
Cop=- 9 1y /b
276 B 2 Sl

¢2 Eli 6 2 4 i;
24
e gl 1,3, aby
EIT3 4y

Substitute equations (A-74) and (A-70) into (A-62).

mg 3 -mgb{ b

2
2b+apx +———— mgb {
6El 4El

y2=

2

yp=mall,3, 4b{2b+a}x+2—2{4b+3a}:’

EIT6

yo= —g{2 x3- 3p[2b +a)x +b{ab+ 3a}}

T 12EI

4b+3a}

(A-69)

(A-70)

(A-71)

(A-72)

(A-73)

(A-74)

(A-75)

(A-76)

(A-77)

The displacement equation is now obtained. The next task isto verify the equation in

terms of its boundary conditions.

Evaluate the displacement at the intermediate boundary.
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yo(b) = %{2 b3- 30{2b+ b+ b%{4b +3a}}

yo(b) = %{2 b3- 6b° - 3ab2 +4b3+3ab2}

y2(b)=0

The zero displacement condition isthus verified. Recalculate thefirst derivative.

._ mg { 2 }
6X“- 3b2b+a
y2'= o [20 +3]
Evaluate thefirst derivative at the intermediate boundary.
R { 2 }
b 6b“ - 3b[2b+a
y2'(b)= 5 [20 +3]

mg

{6 b2 - 6b2 - 3ab}
12El

y2'(b) =

, mgab
y2 (b):%

The dope equation (A-66) is thus verified.

Recal cul ate the second derivative.

. Mg
= —412x
y2 12E|{ }
. MgX
y2'==2

Evaluate the second derivative at the intermediate boundary.

"(b)="°

El

Recall equation (A-54).
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(A-78)

(A-79)

(A-80)

(A-81)

(A-82)

(A-83)

(A-84)

(A-85)

(A-86)

(A-87)



2 émgbu
y1 (@)=—— Egl i (A-89)
e u

Compare eguations (A-87) and (A-88).

2

y1 (@)=y2 (b) (A-89)

Equation (A-89) isthe bending moment relationship at the intermediate boundary.

Now consider the special case where

L
a=b=— A-90
> (A-90)
Let
i-Yyi(xq) forOEx£a
Y(x) = i Y100 (A-91)
i- y2(x2) fora<x£L
The negative sign changes the positive displacement to the upward direction.
The resulting displacement function is plotted in Figure A-5.
The displacement at thefreeend is
_ mg { 2 }
0)=—=1b%{4b+ 34 A-92
y2(0)= 5= {b4b+3q) (A-92)
Hooke's law for aforce F and stiffnessk is
F=ky (A-93)
k= F (A-94)
y
The applied force at thefreeend is
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The effective stiffness at the free end is thus

mg .

;;gl{bz [4b+3a]}

12El
k =
b2 [4b+3a]

CLAMPED-PINNED-FREE BEAM WITH END MASS
DISPLACEMENT SHAPE

Special case: a=b =1L/2 |
Maximum displacement:

Y()=-[(mg)/(12E1)][b’(4b+3a)]

Figure A-5.
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(A-96)

(A-97)
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