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Derive the equations of motion using Newton�s law.  Assume small angular 
displacement. 
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21 xmxMF &&&& +=∑                                                                                              (1) 

 
 

FkxxmxM 121 +−=+ &&&&                                                                                    (2) 
 

φ+= sinLxx 12                                                                                              (3) 
 

φφ+= &&& cosLxx 12                                                                                           (4) 
 

2
12 sinLcosLxx φφ−φφ+= &&&&&&&                                                                       (5)                               

 

Neglect the higher order term  2sin φφ& .    
 
For small angular displacement, 
 

φ+≈ &&&&&& Lxx 12                                                                                                   (6)  
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[ ] FkxLxmxM 111 +−=φ++ &&&&&&                                                                          (7)  

 
     

      FkxmLx]mM[ 11 =+φ++ &&&&                                                                              (8)                               
                              

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
The sum of the moments about the pivot point is 
 
 

∑ φ= 2o xcosmLM� &&                                                                                    (4) 
 
 

φ+φ−=φ cosFLsinmgLxcosmL 2&&                                                           (5) 
 
 

Recall 
 

φ+≈ &&&&&& Lxx 12                                                                                                   (6)  
 
 

φ+φ−=φ+φ cosFLsinmgL]Lx[cosmL 1 &&&&                                                    (7) 
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For small angular displacements, 
 
 

FLmgL]Lx[mL 1 +φ−=φ+ &&&&                                                                         (8) 
 
 
 
 

FLmgL]Lx[mL 1 =φ+φ+ &&&&                                                                             (9) 
 
 

Fmg]Lx[m 1 =φ+φ+ &&&&                                                                                   (10) 
 
 

 
The equations of motion in matrix form are 
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Aside from the forcing function, the result agrees with that for the free vibration problem 
of a similar system in Reference 1, chapter 2, problems 12 and 23. 
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APPENDIX A 

 

Energy Method 

Repeat the problem from the main text using the energy method. 
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1KE && +=                                                                               (A-1) 

 

[ ]21
2

1 cosLxm
2
1xM

2
1KE φφ++= &&&                                                            (A-2) 

 
 

[ ]Lcos1mgkx
2
1PE 2

1 φ−+=                                                                        (A-3) 

 
 

Work = 2Fx                                                                                                      (A-4) 
 

Work = ]sinLx[F 1 φ+                                                                                    (A-5) 
 
 
The energy method is 
 

{ } 0WorkPEKE
dt
d =−+                                                                               (A-6) 
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(A-7) 
 

 

[ ][ ]
0]cosLx[FLsinmgxkx

cosLsinLxcosLxmxxM

111

2
1111

=φφ+−φφ++

φφ+φφ−φφ++
&&&&

&&&&&&&&&&
 

 
(A-8) 

 
* * * * 
 

[ ]{ } 0FkxcosLsinLxmxMx 1
2

111 =−+φφ+φφ−+ &&&&&&&&
 

(A-9) 
 

[ ] [ ]{ } 0]cosL[FLsinmgcosLsinLxcosLm 2
1 =φ−φ+φφ+φφ−φφ &&&&&&

 

(A-10) 
 
 
 

[ ] 0FkxcosLsinLxmxM 1
2

11 =−+φφ+φφ−+ &&&&&&&                                         (A-11) 
 
 

[ ] [ ] 0]cosL[FLsinmgcosLsinLxcosLm 2
1 =φ−φ+φφ+φφ−φ &&&&&              (A-12) 

 
 
 

Apply small angle assumption.   Neglect the higher order term  2sin φφ& . 
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[ ] 0FkxLxmxM 111 =−+φ++ &&&&&&                                                           (A-13) 

 

0FkxmLx]mM[ 11 =−+φ++ &&&&                                                           (A-14) 
 
 
 

[ ] 0FLLmgLxmL 1 =−φ+φ+ &&&&                                                              (A-15) 
 
 

[ ] 0FmgLxm 1 =−φ+φ+ &&&&                                                                    (A-16)  
 

 
 
Assemble the equations in matrix form. 
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