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MATRIX DEFLATION FOR REMOVING THE RIGID-BODY MODE  

FROM THE GENERALIZED EIGENVALUE PROBLEM   

Revision B 

 
By Tom Irvine  

Email: tom@vibrationdata.com 

 

August 31, 2012  

____________________________________________________________________________ 

 

The purpose of the tutorial is to build upon the matrix deflation method from Reference 1. 

  

Consider the longitudinal vibration of a free-free rod. Use the finite element method to model 

the rod with two elements. The solution is taken from Reference 2.  

 

The generalized eigenvalue problem can be expressed as  
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Each eigenvalue is represented by .  

 

 

The eigenvector is  
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The eigenvector represents the modal displacement.  

 

The eigenvalues for the sample problem are  
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The first eigenvalue is zero since the free-free beam has a rigid-body mode.  
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Now remove the rigid-body mode from the eigenvalue problem.  

 

The eigenvalue problem has the form  

 

uMuK                                                                                                             (3)  

 

where  

 

K is the stiffness matrix 

M is the mass matrix 

 

 

For a problem with three degrees-of-freedom,  
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Consider the rigid-body mode. The eigenvector is  
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Any other natural mode must be orthogonal to the rigid-body mode. Thus  
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Equation (12) is a constraint equation.  
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The constraint is applied as follows  
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The transformation matrix is  
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Transform the eigenvalue problem as follows  

 

 

uCMCCuKC TT                                                                                  (15)  

 

 

The T superscript indicates transpose. The transformed problem has the same eigenvalues as the 

original problem excluding the rigid body eigenvalue.  
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The transformation matrix for the sample problem is  
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The transposed mass matrix is  
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The transposed stiffness matrix is  
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The transposed eigenvalue problem is thus  
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The resulting eigenvalues are  
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The matrix deflation thus successfully removed the zero eigenvalue, which corresponded to the 

rigid-body mode.  

 

The mass-normalized eigenvectors for the reduced system are 
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The mass-normalized eigenvectors for the elastic modes of complete system are 

 

 

cUCU                                                                                                       (22) 

 

 

 














































1.2247-1.2247-

1.22470

1.2247-1.2247

1.22470

1.2247-1.2247

21

10

01

U                                      (23)                                                                       

 

 

 

 

 

 

 



 

7 
 

 

 

Further Examples 

 

The method is extended to beam bending in Appendix A, where two rigid-body modes must be 

removed from the eigenvalue problem.  
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APPENDIX A 

 

 

Matrix Deflation for Beam Bending  

 

Consider the bending vibration for a free-free beam. Model the beam using the finite element 

method with one element. The generalized eigenvalue problem is  
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The mass and stiffness matrices in equation (A-1) are taken from Reference 3.  
 

The eigenvalues are  
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Consider the translational rigid-body mode. The eigenvector is  

 

             







































0

1

0

1

4u

3u

u

u

2

1

 

 (A-4)  

 

 



 

9 
 

Derive the constraint equation for the translational rigid-body mode.  
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The resulting constraint equation is thus  
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Form the constraint matrix 
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The constraint matrix for translation is 
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Transform the mass matrix.  
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Transform the stiffness matrix.  
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The reduced generalized eigenvalue problem is 
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Thus, the translation rigid-body mode has been successfully removed from the generalized 

eigenvalue problem.  
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Derive the constraint equation for the rotational rigid-body mode using the matrices with the 

translation rigid-body mode already removed.  
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The resulting constraint equation is  
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The transformation matrix for rotation is 
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Transform the mass matrix.  
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Transform the stiffness matrix.  
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The resulting eigenvalues are  
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The mass-normalized eigenvectors for the reduced system are 
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The mass-normalized eigenvectors for the elastic modes of complete system are 
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