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The purpose of the tutorial is to build upon the matrix deflation method from Reference 1.

Consider the longitudinal vibration of a free-free rod. Use the finite element method to model
the rod with two elements. The solution is taken from Reference 2.

The generalized eigenvalue problem can be expressed as
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Each eigenvalue is represented by A.
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The eigenvector is | u»
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The eigenvector represents the modal displacement.
The eigenvalues for the sample problem are
M 0
Ao |=|3 2
A3 12

The first eigenvalue is zero since the free-free beam has a rigid-body mode.



Now remove the rigid-body mode from the eigenvalue problem.

The eigenvalue problem has the form

Ku =AM 1u
where
K s the stiffness matrix
M is the mass matrix

For a problem with three degrees-of-freedom,
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Consider the rigid-body mode. The eigenvector is
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Any other natural mode must be orthogonal to the rigid-body mode. Thus

L1 1[my myp mgfug
Mp1 Moo mMpg|up =0 (8)
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MqU1 +Mpoup +Mo3uz |=0 9)
mM3qUp +M3pUp +M33u3

mpqUg +Myou2 +My3u3
+MoqUq +MooUo +Mo3u3 (10)
+Mm3qUq +M3oUo + m33u3 =0

(M1 +mag +m3q)ug
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Equation (12) is a constraint equation.



The constraint is applied as follows
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The transformation matrix is

1 0

C= 0 1
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Transform the eigenvalue problem as follows
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The T superscript indicates transpose. The transformed problem has the same eigenvalues as the

original problem excluding the rigid body eigenvalue.



The transformation matrix for the sample problem is

The transposed mass matrix is
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The transposed stiffness matrix is
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The transposed eigenvalue problem is thus
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The resulting eigenvalues are
\ 3
Mo (20)
Ao 12

The matrix deflation thus successfully removed the zero eigenvalue, which corresponded to the
rigid-body mode.

The mass-normalized eigenvectors for the reduced system are

_ 1.2247 -1.2247
Ue = (22)
0 1.2247
The mass-normalized eigenvectors for the elastic modes of complete system are
U=C U (22)

1 0 12247 -1.2247
_ 1.2247 -1.2247
U=|0 1 = 0 12247 (23)
0  1.2247
-1 -2 -1.2247 -1.2247



Further Examples

The method is extended to beam bending in Appendix A, where two rigid-body modes must be
removed from the eigenvalue problem.
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APPENDIX A

Matrix Deflation for Beam Bending

Consider the bending vibration for a free-free beam. Model the beam using the finite element
method with one element. The generalized eigenvalue problem is
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-12 -6 12 -6|l Yy 54 13 156 -22|| y»2
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(A-1)
The mass and stiffness matrices in equation (A-1) are taken from Reference 3.
The eigenvalues are
M 0
) 0
3| |1.7143
g 20
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Consider the translational rigid-body mode. The eigenvector is
ug 1
us 0
ug| |1
ué 0
(A-4)



Derive the constraint equation for the translational rigid-body mode.

L 01 0fmyg mp; mz mygfu
Mp1 M2 M23 Mpgq | U2
m3p M3z M3z Mag | u3
Mg1 Mgy Mg3 Myg | ud

(A-5)
[1 01 0] Mp1Uq +MqoUo + M13u3 +Mygliyg
M21Ug +M22U2 +Ma3u3z +Magls | 0
M31U1 +M3U2 +M33u3 +M34Uy
My41U1 +MgU2 +M43u3 +Myglg
(A-6)
Myl +My2U2 +M13U3 +Myglig (A7)
+M3qUq1 +M32U2 +M33uU3 +M34qUy = 0
The resulting constraint equation is thus
(M1 +mgug +(my2 +map)up +(my3+m33)uz +(Myg +maglug =0 (A-8)
mi1+m mio +m mi3+m
u4:_( 11 31}11—[ 12 32}12_( 13 33}13 (A-9)
M14 +M34 M14 +M34 M14 +M34
Ug =6Uq +Up +6uU3 (A-10)



Form the constraint matrix

Uy 1 0 0 0fu] 1 0 o
up
uz| [0 1 0 ojup| |0 1 0
u3_0010u3_001u2
ug), |-6 -1 -6 0Jus] |-6 -1 -6/ °

The constraint matrix for translation is

Ok O
o B O O

Transform the mass matrix.

1 0 0 6/156 22 54 -13|1 0 O
010 12 4 13 -3|0 1 0
0 0 1 6|54 13 156 -22|0 0 1
-13 -3 -22 4 |6 1 6
144 15 -12
=15 2 -3
-12 -3 36

Transform the stiffness matrix.

(A-11)

(A-12)

(A-12)
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1 006|122 6 -12 6|1 0 O
010 1| 6 4 -6 2|0 10
0 0 1 61//-12 -6 12 -6|0 0 1
6 2 -6 4|6 1 6
288 48 132
=| 48 12 24
132 24 84
(A-13)
The reduced generalized eigenvalue problem is
288 48 132 | up 144 15 -12| ug
48 12 24 |up =7 15 2 -3 |u» (A-14)
132 24 84 |uj3 -12 -3 36 |uj3
The eigenvalues are
0
A=|1.714 (A-15)
20

Thus, the translation rigid-body mode has been successfully removed from the generalized
eigenvalue problem.

Consider the rotational rigid-body mode. Determine the eigenvector by setting the eigenvalue to
zero in equation (A-14). The eigenvector is

ug 1
us |=|-2 (A-16)
us -1
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Derive the constraint equation for the rotational rigid-body mode using the matrices with the

translation rigid-body mode already removed.

L -2 -1 my; mgp mygfug
Mp1 Mpp mp3fup|=0
m31 M3 mM33 | U3

[1 -2 —1] Mq1qUq +MqoU2 +Mq3u3
MoqU1 + MooUo +Mogug =0
m3qup + M32u2 + M33u3

M1qUq +MpU2 +M13uU3
—2mo1U1 —2mooUo —2mo3gu3
—M3qU; —M3pup —m33ugz =0

(m11-2mp1 —m3q)ug
+(m12 —2my —m3p)us
+(mq3—2my3-m33)uz =0

(m11—2mp1—mgg) (m12 —2moy —m3p)

ug =-— up —
(m13—2my3—m33)

1
us =3u1+§u2

The resulting constraint equation is

ug 1 0 Ofu 1 O
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up| =0 1 Ofup|=|0 1 !
uzl, [3 3 0fuz] [3 w3]?

(m13-2my3—m33)
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The transformation matrix for rotation is

1 O
CrR=/0 1
3 1/3

Transform the mass matrix.

144 15 -12|1 O

1 0 3
15 2 -3|0 1

0 1 1/3
-12 -3 36 |3 1/3

B 396 38
138 4
Transform the stiffness matrix.

288 48 132|1 O
1 0 3
{ } 48 12 240 1

0 1 1/3
132 24 84 |3 1/3

[1.7760 0.2480
10.2480 0.0373

17760 0.2480  uy ] _,[39 38 up
0.2480 0.0373|us| |38 4 |us

(A-24)

(A-24)

(A-25)

(A-26)
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The resulting eigenvalues are

{7»1} _ |:1.714} (A-26)
Ao 20

The mass-normalized eigenvectors for the reduced system are

_ -0.1091 -0.1291
UC: (A'Z?)
0.6547 1.5492
The mass-normalized eigenvectors for the elastic modes of complete system are
U=Ct CRr Ug (A-28)
100 10 -0.1091 -0.1291
U 010 1 -0.1091 -0.1291| | 0.6547  1.5492
001 g 1|l 06547 15492 ~|-0.1091 0.1291
6 1 6 -0.6547 1.5492
(A-29)
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