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singly predicts stress.

An examination of reported spectral shock response data shows the
dynamic range of accelerometer data
nitude; very often the acceleration ''g'
magnitude as the frequency in Hz.

No one has explained the damaging
effects of high-frequency structural

accelerations -~ for example,

To shed light on both problems, this work
considers the simple stress mechanisms of longitudinal waves in rods
and transverse waves in beams and proves that modal stress is only a
function of velocity and independent of Irequency. Thus modal velocity
This analysis cannot take into account failures
other than those due to high stress.

The paper in essence urges the develo
ity transducer, the use of modal veloc
the use of velocity as prime shock-me

to cover several orders of mag-

pment of a more adequate veloc-
ity as a severity criterion, and
asurement parameter.

levels remain the same order of

INTRODUCTION

Characteristics common to a variety of
reported shock spectra, and certain other fac-
tors, have led to the conclusion that velocity,
suitably interpreted, may be the unifying
thread throughout dynamic analysis. The most
important considerations are:

1. Existence of a heuristic relationship
between shock-induced velocity and damage.

2. Constant velocity tendency of most
reported shock spectra.

3. Analytically derived, direct relation-
ship between stress and modal velocity.

Collectively, these factors indicate strongly
that shock measurements should be made in
terms of velocity, that the much desired cor-
relation between shock~induced motion and
structural damage will be found in the velocity
spectrum of the shock, and normal mode theory
should be used in shock-resistant design,
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SHOCK IN TERMS OF ACCELERATION

Current practice in specification of shock
tests is to specify the type of shock machine,
the shock spectrum, the acceleration-time
history, or a combination of these. 1,2 Re-
gardless of how it was specified, the test is
nearly always reported by means of accelera-
tion spectrum or acceleration-time history.

Why has acceleration become the predom-
inant shock motion parameter? Does it offer
advantages over velocity or displacement ?

Yes! Acceleration transducers are in-
herently smaller and lighter than velocity
transducers and, because only small opera-
tional motions are required within them, are
free of bottoming which is so often incurred in
velocity transducers in shock.3 Contrasted to
strain gages, acceleration transducers are
easier to install, and they can be removed and
used again.




Further, Newton's Second Law of Motion
tells us that force equals mass times accelera-
tion, and all engineers have trained awareness
that damage to a structure is dependent on
forces borne by it. 1

As a measure of shock severity, however,
acceleration levels {(without regard to fre~
guency) do not exhibit a straightforward cor-
relation with shock-induced damage. Shock
literature contains many discussions on this
lack of correlation and on arbitrary measures
taken in attempting to establish better corre-
lation. 1, 2,4,5 So long as acceleration re-
mains the predominantly used shock param-
eter, the correlation between shock level and
shock-induced damage will remain elusive,
as shock-induced accelerations have too wide a
dynamic range to allow resolution of all
damage-causing accelerations.

J. P. Walsh of the Naval Research Labora-

tory has pinpointed the problem regarding
dynamic range, resolution, and damage corre-
lation. He states:8

"On the acceleration-time record the
high-frequency component obscured the low-
frequency components. The maximum veloc-
ity and time to maximum velocity could not
be determined because reliable integration
was not possible. No information about the
displacement-time curve could be found.

"In order to determine the range of the
instruments which would be required to re-
cord displacement, velocity, and accelera-
tion under shipboard shock conditions, a
simple apparatus was studied. It was com~
posed of different parts having high and low
natural frequencies and made of brittle and
ductile materials. It was shown that a vari-
ation in acceleration between 2.45 g and
9x103 g combined with displacements varying
between 1.9 and 7.6 x 10-4 inches was nec~
essary to produce damage. The extremes of
each would damage one part but not affect the
others. The extremes of velocity associated
with the extremes of displacement and accel-
eration were 2.5 feet per second and 20 feet
per second. This is a narrow range com-
pared with the ranges of displacement and
acceleration.”

In the case just cited, the dynamic range
for damage-causing motions was 3700 to 1, or
71 dB, for acceleration; 2500 to 1, or 68 dB,
for displacement; and 8 to 1, or 18 dB, for
velocity. Compared to the 40-dB resolution
available with current analog tape recorders
or oscillographs, it is easily seen that the

lower~level damage-causing accelerations (or
displacements, for that matter) would not be
resolvable with today's instruments and tech-
niques. Note well that damage~causing mo-
tions described in terms of velocity spanned
only an 18-dB range. Therefore, only the
velocity parameter would have permitted re-
cording this shock with inclusion of all of the
damaging components.

HEURISTIC VELOCITY - DAMAGE
CORRELATION

The above experiment indicates the heur-
istic relation between damage and velocity; in
fact, it is one of the few reported studies of
motion parameter and damage. Shipboard
shock studies have also indicated this relation.
Oleson? specifically cites the "empirical cor-
relation' between damage and velocity.

Shaw, 8 of the Royal Navy, in explaining choice
of velocity transducers, states that they "...
could obtain more readily from velocity-time
records information on the damaging charac-
teristics of shock...'" And in discussing ex-
plosively generated ground motions, Hudson9
has referenced several studies in which

.. .velocity shows good correlation with dam-
age over a wide range of frequencies.”

Thus a great deal of experience leads one
to expect a strong correlation between shock-
induced velocity and damage.

SHOCK CHARACTERIZED BY CONSTANT
VELOCITY SPECTRUM

In addition to the work reported by J. P.
Walsh, 6 many other reported shock data re-
veal a tendency toward a constant velocity
spectrum, Figures 1, 2 and 3 are accelera-
tion spectra of response to gunfire shock.
Figure 4 presents acceleration spectra from
railroad coupling shock, while Fig. 5B is the
response of the anvil table of the Navy Medium
Weight Shock Machine upon hammer impact.

Even though these spectra are collected
from a variety of types of shock, they all ex-
hibit a strong constant velocity tendency. (The
single line with a positive 450 slope in Fig. 4
represents a constant 61. 4 inches per second.)
And the examples included here represent only
a few of the shock spectra exhibiting the
constant-velocity characteristic. To gain full
appreciation of this fact, one should sketch”
constant velocity lines in any acceleration
spectrum he finds. When both acceleration
and frequency are plotted logarithmically,
drawing the v=k lines is easy. Drawing a
straight line through the points where
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FIGURE 1. SHOCK SPECTRA
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acceleration in ¢'s numerically equals the fre-
quency in Hz, one constructs a line where the

velocity at all points is 61. 4 inches per second.

All other parallel lines also represent V=«

and their magnitudes can be easily determined.

For instance, when the number g's is three
times the frequency, velocity is 3 x 61.4
inches per second.

While all shock spectra may not exhibit
the strong constant-velocity tendency of the
examples cited here, it will be evident that the
dynamic range of the velocity spectrum is
much less than either acceleration or dis-
placement. It follows that the total vibrational
velocity will tend toward constancy more than
either acceleration or displacement.

STRESS-VELOCITY CORRELATION

Modal analysisl0 has shown that dynamic
structural response of linear undamped sys-
tems can be treated as though composed of
separate responses of the normal or free vi-
bration modes of the structure. Motion of any
point of a structure, where a suitable motion
transducer might be located, will yield a time
response that is built up of these separate
modal motions.

Ideally then, spectral analyses of the mo-
tion at this point ought to show distinct, sig-
nificant amplitudes at the frequencies of all
modes which are somewhat antinodal at this
point. Thus a shock or Fourier spectrum of a
motion, for a linear system at least, indicates
the modal makeup of the motion. A spectrum
peak at some particular frequency indicates
that some mode with that frequency was re-
sponding with an amplitude at least that great.
If we fortuitously placed the transducer at the
maximum amplitude station for that mode, we
would know (if we knew the mode shape) the
stresses induced throughout the structure for
that portion of the response.

However, there is no single antinodal
position at which a motion transducer could be
placed. This or that convenient mounting po-
sition may be antinodal, nodal, or more prob-
ably intermediate to the bulk of the modes re-
sponding. Thus analysis of mction histories
cannot be expected to yield the amplitude of all
or even most of the structural modes. The
response however will be an indication of the
lower limit of the actual modal response. We
shall therefore consider the modal response
characteristics of some simple structures and
theoretically show that maximum modal veloc-
ity is a valid indication of maximum modal
stress, independent of the frequency and mode

shape. Although no generalization for all
structures can be made, the results certainly
lead one to expect that velocity is the single,
most directly damage-~related dynamic motion
property, Naturally this analysis will in no
way explain shock or vibration failures that
are caused by effects other than high stress.

Actually, there are only a relatively few
classifications of load-carrying mechanisms.
There is uniform stress (tension or compres-
sion of a member), beam bending, torsion,
shear, membrane stresses in plates and
shells, bending stresses in plates and shells,
and a few others. We shall consider uniform
and bending stresses in uniform slender longi-
tudinal members, all with an infinitude of
modes, and show that without detailed infor-
mation one can predict the severity of the re-
sulting stresses.

LONGITUDINAL VIBRATIONS IN RODS

We shall begin by considering the longi-
tudinal free vibrations of a long thin rod.
These free vibration shapes are the modes that
are excited by a shock input. We confine our-
selves to the easiest situation where the longi-
tudinal wavelength is long in comparison with
the bar cross-sectional dimensions. For this
case the cross sections remain plane with uni-
form stress and the lateral or "Poisson'' de-
formation has insignificant effects. (See Ref.
11, pp. 297-298.) Let us consider a semi-
infinite rod being sinusoidally excited at its
end. Since it is semi~-infinite no reflections
can occur and hence it can (within its elastic
limit) vibrate at any amplitude and frequency,
thus accepting all inputs. Timoshenko, 11 on
page 299 shows that transverse planes in such
a rod have the motion

v = (Ccos%ﬁ»'rDsinEai) (4 cos pr

ey

+ B. sinpt )

where: x = distance down rod

=
i

displacement of a plane located at x

p = circular frequency
a = wave speed = /I:T/T
£ = Young's modulus

p = density

t = time.
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Without loss of generality we may select the
rod end as an antinode and begin time such that
Eq. (1) becomes

u = 4C0s % cos pt (2)

From elasticityl? the strain and hence stress
is given by

o= Fe = £U= -E4P gip BX cos pt (3)
x a a

the maximum value of which is

- E
Oy = 22 (4)

Note now that the maximum stress for a con-
stant displacement amplitude, 4, depends upon
the frequency, p. From Eq. 2 the maximum
displacement, velocity, and acceleration are

=4
Ymax

= A4 -
“max - 77 (5)
: = Ap 2
“max P

By using v for the maximum modal velocity,
Eq. 5 yields

V= Ap, (6)

The substitution of Eq. 6 into Eq. 4 yields

Tmax g v (1)

Using the value of the wave speed from Eq. 1,
Eq. 7 may be conveniently expressed as

Tmax = Vmax VEP- (8)

Thus in all semi-infinite rods vibrating longi-
tudinally at any frequency or amplitude within
the restrictions set forth above, the maximum
modal velocity alone determines the maximum
modal stress.

It is significant to note that maximum ac-
celeration does not so simply relate to stress.
In fact, a formulation of the expression analo-
gous to Eq. 8 in terms of maximum accelera-
tion from Egs. 5 and 8 vields

pmax
o~ B ©)

39

Eq. 9 shows that for modes with constant max-
imum acceleration, the stress is inversely
proportional to frequency. Thus, high accel-
eration at high frequencies does not necessarily

indicate high stress. Alternatively, as indi-
cated in Eq. 8, high velocities do indicate high
stresses,

We might expect that Eq. 8 would also
apply to finite rods and indeed it does. Follow-
ing Timoshenko (see Ref. 11, pg 299) we con-
sider a rod of length ¢ , with free ends. This
rod has the natural frequencies

pl_ - faw (1@)

where i =1, 2, 3, . . . and designates
the mode.

The complete free (or ringing) solution is

o0
o iTat LT
uzz cos X [A,- cos I; + B; sin * Q”[]. (11)
i=1

8, can be made zero by starting time appro-
priately, hence the modal displacement may be
written as

- i imat
U = A; COS 75 cos “ZL. (12)

As above, the stress in the ith mode is given

by
o o= EE[.=E<§E>
Ax/.

B , _ (13)
= - EA[. %ZZT sin '—’Z—l cos ’772“1,
the maximum value of which is
- EAI‘ i 14
% max ¢ (14)

From Eq. 12 note that the maximum velocity
in the ith mode is

v AjiTa
imax = ¢

(15)

and now, as before, substituting Eq. 15 into
14 yields
- £
% max © 3 (16)
or the result identical to Eq. 7 and again using
the definition of ¢, we find that the maximum




stress in any mode is given by

omax ~ 'max VEp (&)

Finally, it is a simple matter to develop a
generalized proof to show that the maximum
stresses predicted by Eq. 8 apply to all cases
of longitudinal vibrations in rods no matter
what the end conditions, if the previous re-
strictions continue to apply. All possible vi-
brations of the rod are given by Eq. 1. Asin
Eq. 3, the stress is therefore given by

- gpOu . p H X X
o=£St = £F -C sin &% + D cos B2

(4 cos pr + Bsin ).

In Ref. [13], the maximum values of the quan-
tities in parentheses are shown to be /5™ 775"

and V42 4 B2 respectively, hence the maxi-
mum value of the stress is

- ~EP J2 +p2 Va2 + 82, (17)
max a

The particle velocity is found from Eq. 1 to be

-’

- 0= "=p<Ccos%f+DsinP_£>
t a

[o%

<—A sin pr + B COS pt).

Again using the proof of Ref. [13], the maxi-
mum value of this velocity is

iy = 2 2 2 . p2
i p V2 +p2 Va2 + B2, (18)

The substitution of Eq. 18 into Eq. 17 yields
the desired result, namely

- E;
“max ~ 7 “max, (19)

which is identical to Eqs. 7 and 16.

Thus it has been proved and illustrated
that the maximum stress due to long-wave
longitudinal vibrations in rods is completely
specified by the material properties and the
maximum modal velocity.

TRANSVERSE BEAM VIBRATIONS

Transverse uniform beam vibrations can
also be classified according to maximum
modal velocities. We shall again consider
only the simplest type of vibrations in which
the wavelength is long compared to the beam

depth. (This neglects the so called rotary
inertia and shear effects.) For these cases,
simple bending theory suffices; Timoshenko's
presentation (See Ref. 11, pp. 324-335) will be
used as a foundation. He proves that the free
vibrations of the neutral surface of such beams
are expressed by the following solution

y = (C1 sin kx + Cy COS kx+ Cg sinh kx

(20)
+ Cy cosh kx) - (4 cos pt + B sin pt),

where , the wave number, and p, the circular
frequency, are related by

2
4 p= e
k7= 7)2 - (20&)

In these equations the following definitions are
used:

deflection of neutral surface,
x = distance down the beam,

C. A8 = arbitrary constants,
p = density,
£ = Young's modulus,

n = radius of gyration = Ai,
/| = cross-sectional area moment of
inertia about neutral axis,

4 = cross-sectional area

Let us specialize Eq. 20 to consider a
semi-infinite beam, which starts atx = 0 and
continues on out to infinity. Again, since no
reflections occur, the semi-infinite beam can
accept sinusoidal vibration at all frequencies
with amplitudes that do not exceed the elastic
limit. The simplest case is that with zero
shear and slope at its end, as shown in Fig. 6.

y

1 ..

v

Fig. 6. Semi-infinite beam with zero slope
and shear at end.
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The boundary conditions to be imposed on Eq.
20 are:

1. The solution remains finite for very

large x,
2. Zeroslopeatx=0;» =0atx =0,
3. Zeroshear atx =0; »"'* =0 at x = 0,

The only way in which condition 1 can be satis-
fied is

Thus the hyperbolic sine and cosine terms
from Eq. 20 may be written

C3 sinh kx + C4 cosh kx
(21)

= Cq (sinh &x - cosh k),

The substitution of the definitions of the hyper-
bolic functions yields

-kx

o (sinh kx - cosh kx) = cq e (22)

Thus the shape portion of Eq. 20 may be writ~
ten as

cos kx + C, e F% (23)

Y= C, sin k
1 Sinkx + G 3

By applying boundary condition 2, we obtain

0=0c¢ ~-c¢

1 3

or

hence (23) becomes

~kx
= €, sin kx + C k C e .
1 n kx 2cos x + 1

Finally, application of boundary condition 3
proves that €1 must be zero and so for this
semi-infinite beam, the shape function is
simply

Y=C cos kx. (24)
Again without loss of generality, time can be
started when the deflection is a maximum,

making 8 zero, in Eq. 20. Thus the deflection
of this beam may be expressed simply as

y = C cOS pt COS kx. (25)
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The maximum Stress in any initially
straight beam bent to a curvature given ap-

2
proximately by —a——é is shown in beam theory'
to be given by ox
2
dx
where
E = Young's Modulus;

h = maximum cross-sectional distance
from neutral axis.

Substituting the maximum value of the second
derivative of Eq. 25 into Eq. 26 gives the
maximum stress to be

2
= CEhk T
o'm £ . (21)

Substitution of the value of 2 from Eq. 20a
gives the expression for maximum stress as a
function of the maximum deflection, ¢, to be

=Ch§\/E;. (28)

%max

Note that in this case the stress is a function

of both the deflection, ¢, and the frequency, ,.
Now the maximum value of the first time de-
rivative of Eq. 25 shows the maximum velocity,
v, to be

V= ép_ A (29)

The substitution of this value into Eq. 28 yields
our result:

=v7ﬁ7 JEB. (30)

“max

Again the maximum stress for any possible
free vibration shape when specified by the
maximum velocity does not depend upon fre-
quency, but only on material properties and a
beam cross-sectional shape factor, %
Finally, and as a last example, we shall con-
sider a finite beam to illustrate the previous
result is not altered by finiteness per se. The
bar of length ¢ with hinged ends is chosen,
again proceeding from Timoshenko's lead in
Ref. [11] on page 331. The general solution
for all beams is Eq. 20; the following boundary
conditions must be satisfied:

At x=0, y =" =0, and

at x = ¢, y=y'" = 0,

b4

(31)




These specify zero deflection and moment at
the beam ends. Timoshenkill shows that these
conditions require the shape function of Eq. 20
to reduce to

Y = Cl sin kx,

and the modes are such that

kf = i
where i = 1, 2, 3, etc.
Again we may select the starting time in Eq.
20 so that 8 is zero and hence each mode of
the hinged beam is described by

¥i = C; sin k;x cos p (32)

where ¥ may only take on the values

B

Y B
k; =

(32a)

hl'

where i = 1, 2, 3, etc. and k; and p; are re-
lated by Eq. 20a.

Application of Eq. 26 shows the maximum
stress in any mode to be given by
2

Oimax “EMCki ", (33)

and the incorporation of Eq. 20a yields

e o b
O max = Ci ;,'—m JEP - (33a)

Noting that ¢ is the maximum modal displace-
ment, again the stress in terms of displace-
ment depends upon the frequency, P

From Eq. 32 the maximum velocity of the
beam in each mode is

Viz); =£F G,

i max

and the substitution of this value of ¢, into 33a
yields Eq. 30, once again.

o = Vi %VEP- (30)

i max

It might be commented that a generalized
proof for beams is more complicated than the
above two examples might lead one to expect.
Most boundary conditions will require the
presence of hyperbolic sines and cosines in
the shape function, e.g., the cantilever beam.
This analysis has been done, but it is too
lengthy to report here. The above results hold
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away from the beam ends for modes greater
than the second. Simple constants less than
2.0 come into Eq. 30 when root stresses or
tip velocities are included.

THE PRACTICAL USE OF THE STRESS-
VELOCITY EQUATION

In all the above cases, maximum modal
stress is predicted by a single dynamic prop-
erty, maximum modal velocity. Thus, in
order to monitor shock modal response levels
that may lead to failures as a result of high
stress, modal velocity, at least for these
simple cases, is the single, most significant
parameter,

Table 1 lists values of the beam shape
factor, %, of Eq. 30 for common cross sec-
tions. It is interesting to note that the hollow
cross sections in bending are only slightly
more sensitive than uniform stress.

TABLE 1
Shape Factors, %, for Dynamic Bending Stress

V3 ~1.73

i

Solid rectangle

Solid round bar = 2

Solid triangle = 2 /2~2.83
Thin hollow tube = /2 ~ 1.41
Thin hollow square = 6/2 ~ 1,22

Eq. 8 and 30 may be used in interpreting
the comparative severity of shock spectra,
Velocity spectra can be used directly. Accel-
eration spectra may be used by drawing the
constant velocity lines, as mentioned previous-
ly. One must compare modal velocities with
known damaging values. Severe velocity val-
ues may be computed for various metals and
beam cross sections. A summary of such
properties has been prepared and is included
as Table 2. It will be noted that structural
steel has the lowest velocity value. This does
not indicate steel to be definitely the poorest
choice as a shock resistant material. Steel is
ductile and local yielding may be an entirely
satisfactory behavior. The ideas presented
here necessarily depend on a linear stress-
strain relation. No similar theory has been
developed for the yielding case. When a the-
ory to include the mitigating effects of yielding
is developed, shock severity will be much
more amenable to evaluation.
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TABLE 2 N
Severe Velocities

(ips) Rethangular
i E o pe v . (ips eam
Material (psi) (psi) ;n\z};g_ﬁ_ Vmax (ips)
Douglas fir 1.92x106 6,450 36 1b/ft3 633 366
Aluminum 6061-T6 10. 0x106 35, 000 . 098 1b/in% 695 402
Magnesium AZ80A-T5 6. 5x106 38, 000 . 065 1b/in3 1015 586
Structural steel 29x106 33, 000 . 283 1b/in3 226 130

*(properties taken from Ref. 15)

What has become apparent to us, with
respect to complex actual shock motions, is
that a broad band of frequencies is invariably
present and that a great many of the structural
modes are excited. The relative severity of
the various frequency components can be as-
sessed via the velocity spectrum of the tran-
sient motion. It is to be hoped that further
study along these lines may lead us to im-
proved procedures for estimating and testing
for shock hardness without actually knowing
detailed information about the multitude of
possible modes in any real complex structure.

Available Transducers and Methods

Most common of commercially available
velocity transducers is the seismic type.
They are categorized by employment of a
seismically suspended element which remains
essentially motionless in space for motions of
interest, while a second element of the device
is forced to take on the motion of the surface
to be measured. If one element has a mag-
netic field, and the other is a coil of wire, a
voltage wxll be developed in the coil propor-
tional to the relative velocity of the two
elements.

Seismic velocity transducers function
well, but to insure seismic behavior of the
suspended element, internal clearances must
exceed the peak displacements of the surface
to be measured. If this requirement is not
met, the seismic element will "bottom" as
peak displacements are reached, and relative
velocity between elements will suddenly drop
to zero, as will the output voltage.3,16 A
velocity~-time history with such "bottoming
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discontinuities' is exceedingly difficult to
decipher.

Seismic velocity transducers are available
in a variety of displacement ranges and natural
frequencies, but even for the smallest range
and highest frequency, the weight of this type
of transducer is too high for many applica-
tions. Unfortunately, as displacement range
increases, or as natural frequency is lowered,
weight goes even higher, and area of applica-
bility of the seismic velocity transducer is
further limited. 3,16

Since the arrival of the age of integrated
circuits, there is now commercially available
a "plezoelectrxc velocity transducer." Basic-
ally an accelerometer, this device contains an
integrated circuit within the transducer hous-
ing which electronically integrates the accel-
eration signal to velocity. In size and weight,
it is slightly larger than the average acceler—
ometer, and therefore has a distinct advantage
over the moving coil type of transducer. A
major disadvantage in this approach is the
wide dynamic signal range produced by the
accelerometer when measuring shock. The
electronic integrator is required not only to
mechanically tolerate the shock, but at the
same time provide satisfactory operahon with
a 70 dB dynamic range input signal. The

"plezoelectric velocity transducers" now avail-
able are suitable for vibration measurements,
but are too frail and lacking in dynamic range
to be useful in any but the lightest shock meas-
urements. Many advances have been made in
the field of integrated circuits since these
transducers were introduced, and greatly en-
hanced ""piezoelectric Velocxty transducers”
are possible, and may be forthcoming.




M. W. Oleson of the Naval Research
Laboratory has reported success in on-line
integration of accelerometer signals7, 17 (see
Fig. 5a). His method differs from the "'piezo-
electric velocity transducer' approach in that
his electronic integrators are located some
distance from the accelerometers, and are not
restricted in size and weight. The freedom
from restriction allows increased linearity and
lower frequency response for his system, and
also permits double integration of the acceler-
ation signal so the shock can be described in
displacement if desired.

Mr. Oleson is quite aware that his method
has the disadvantage of having to deal with the
wide dynamic range of shock acceleration, and
has constructed accelerometer mounts which
act as low-pass filters and isolate the accel~
erometers from high~frequency, high-level
accelerations.

P. S. Hughes has reported on the use of a
digital computer program titled ""MR. WISARD"
to integrate and double-integrate acceleration
signalsl8 (see Figs. 7, 8, and 9). In addition,
the program computes shock spectra (see Figs.
1, 2, and 3). Assuming that complexity of the
program necessitates off-line operation, shock
acceleration signals must be recorded for later
processing when using this approach. As ex-
plained earlier, no present analog-recording
medium offers a dynamic range large enough
to satisfactorily record shock acceleration.
This is a severe limitation on "MR. WISARD. "

Another use of digital computers is worthy
of mention. G. O'Hara and P. Cuniff have re-
ported on a method of correcting for bottoming
discontinuities of velocity transducers.19 It
has been stated that velocity records corrected
in this fashion provide information as accurate
as the on-line integrated accelerometer
approach.

SUMMARY

The basic facts presented in this paper are
not new or unique. What is novel is that in this
case the facts have been considered collectively
rather than singly, and increased understanding
of the damage mechanism of shock is the
result.

Because of the direct relationship between
stress and modal velocity, and the small dy-
namic range of vibrational velocity in shock,
it is apparent that, of the three related param-
eters, velocity provides maximum measure-
ment efficiency and accuracy.

Since modal velocity, not total vibrational
velocity or translational velocity, bears the
direct relation to stress, it is also apparent
that to obtain shock~-severity measurements, a
velocity~-measuring system need have a lower
frequency response a little below the lowest
modal frequency of the structure in question.
For many usual structures, an instrumentation
system with a lower frequency response of 5 Hz
would be more than adequate.

Again, because of the direct relationship
hetween modal velocity and stress, the wisdom
of using normal mode theoryl0 in shock-
resistant design is indicated. The Dynamic
Design-Analysis Method (DDAM), 20, 22 which
is a normal-mode analygis, provides most of
what is needed for vastly improved shock-
resistant design.

Reviewing current techniques of measur-
ing shock in terms of velocity, it is apparent
that a velocity transducer different from ones
presently available is needed. While computer
correction of bottoming discontinuities appears
feasible, it is certainly less than aesthetically
satisfying. And use of integrated signals from
accelerometers leaves much to be desired,
particularly when analog recording must be in-
terposedbetween accelerometer and integrator.

CONCLUSIONS
Cor{clusions are:
1. Modal velocity is the best criterion
of shock severity,
2. Velocity should be the predominant
parameter for shock measurement.

3. Development of an adequate velocity
transducer is needed.
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DISCUSSION

Mr. Holland (Kinetic Systems): I have done
some work for Frankford Arsenal on high fre-
guency cutoff criteria for computing shock
spectra. My study looked at simple cantilever
beams and simply supported beams, both uni-
form. I added point masses at the end of the
cantilevers and point masses in the middle of
the simply supported beams. Using the modal
participation factor of easily described struc-
tures like these and the fact that my velocity
was assumed constant in a small area out to
some frequency, I was able to find that my
acceleration was constant. It is similar to the
Navy shock spectrum where you have three
backbones of constant displacement, constant
velocity, and constant acceleration. Most of the
stresses were contained in the first couple of
modes, and by taking these modes I got about
90 percent of the stress in these simple beam
structures. The problem that I was trying to
solve was where to stop the computation. How
high should the frequency be? We came up with
the factor of 2000 Hz for some of the stiffnesses
that we were looking at in the structure. But
when you get into a complex system and have a
resonant frequency in the range of 2000 Hz with
your shock on the backbone of acceleration, you
can easily excite these frequencies. This will
create a stress at a higher mode in excess of
what you are getting at your lower frequencies,
so that you can get out of your velocity range.
You had constant velocity, let us say, from 2 Hz
to 100 Hz and, if you go down your constant
acceleration line, you can easily find higher
resonant frequencies where your acceleration is
going to produce the failure.

Mr. Chalmers: On the part shown, the
constant velocity centered out to 2000 Hz.

Mr. Holland: Your shock spectrum will
vary for all different shocks.

Mr. Pakstys (General Dynamics Corp.):
I certainly agree with your conclusions about
the modal velocity being an important parameter.
There is another way to look at this other than
just looking at these simple cases. If we look
On a mode-to-mode basis, we can look at the
modal kinetic energy which then can be related
to the velocity squared. Kinetic energy can
then be related to strain energy and strain
énergy can be related to stresses. From that
point of view you can rationalize the importance
of velocity in a multi-degree-of-freedom sys-
tem. The velocity does not have to be in the
Constant velocity range of the spectrum; it can
be in the constant acceleration. The impor-
tance of the velocity criterion is not diminished.

Mr. Chalmers: That is correct. We are
trying to do two things. First, if you are mea-
suring in terms of velocity, insofar as shock
is concerned, you have a very much reduced
dynamic range required for your measure-
ments. Secondly, Dr. Gaberson has shown
that velocity is probably the best descriptor of

stress in a simple beam.

Mr. Scharton (Bolt Beranek & Newman):
I think the conclusion that much of the data
which you have looked at is described by a
constant velocity spectrum is very interesting.
Two possible explanations of this occurred to
me. One would seem to be that, at least in
plates in bending and also in a beam in com-
pression or torsion, the modal density is con-
stant with frequency. This means that the
frequency separation between modes is con-
stant, so the observation that one has a con-
stant velocity spectrum would be equivalent to
saying that each mode of the structure has the
same amount of energy. We can then ask,
when you put a complex transient into the sys-
tem does the structure somehow take this
energy and distribute it equally among its
modes? Also, since yield criteria are com-
monly related to strain energy, if the shock
were so severe that in fact you got local yield-
ing, it might be that the yield phenomenon
would damp each mode and automatically bring
the level of each mode down to some fixed
energy level. Could you comment on that?

Mr. Gaberson: It is very interesting that
you bring that up. You have had for a long
time a theorem about equal modal density and
that just had not occurred to me. Idid some
studies on what kind of modal distribution you
get if you put an impulse on a beam. That
gives equal velocity. If you twang it, that gives
equal acceleration.




