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I ntroduction

The natural frequencies for pipes with constant cross-section are given in Table 1.

Table 1. Natural Frequencies of Pressure Oscillation

Configuration Frequency (Hz) Source
Open-Open fn = %E Equation (35b)
- 1 s
Closed-Open fn = 8*9'” QE Equation (54b)
e 4 ol
Closed-Closed fn = %E Equation (71b)
Driven by piston at one end. fn=n_¢C
Open at other end. Large flange 2¢ N 8au Reference 1
at open end. gl‘ 3pil
Driven by piston at one end. _n C
Open at other end. Unflanged. 2[L+0.64] Reference 1

where

n =123, ....
c isthe speed of sound
L isthelength

a istheradius

Note that the openopen and closed-closed pipes have the same formula.




Derivation

Acoustic waves require a physical medium through which to propagate. Sound cannot
travel in a vacuum. On the other hand, sound can travel through the air, water, Earth,

metal, wood, and other physical objects.

An acoustic wave is a longitudinal pressure wave which alternately pushes and pulls the
substance through which it propagates. The amplitude disturbance is thus parallel to the

direction of propagation.

Consider the pipe in Figure 1, where the length is much greater than the diameter. The
cross-section may have an arbitrary shape but must be constant. Assume that the pipe is

filled with some gas or liquid.

L isthe length
¢ isthe speed of sound in the enclosed gas or liquid

Figure 1.

The acoustic pressure p(X, t) is governed by the equation

Tp _ 11%
c2 ‘th

1%p
1x2

@

This equation is taken from Reference 1. Note that equation (1) has the same form as the

equation for the longitudinal vibration of arod.

Note that the speed of sound is given by

c= |—
o

where

B is the adiabatic bulk modulus
poisthe equilibrium density
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The adiabatic bulk modulus B is defined in terms of pressure P and volume V as

__Dp
- DVIV

The bulk modulus is essentially a measure of stress divided by strain.
Further information about the speed of sound is given in Reference 2.
Separate the variables in equation (1). Let

p(x, ) = PO)T()

Substitute equation (4) into (1).

2 2
)l 179
POT()[= PO)T(H)

Divide through by P(x)T(t).

PX)T() = 5 P()TEY)
C

Pqx) 1 T«t)
Px) 2 T(t)

(2P0 _TU)
P(x)  T(t)

Each side of equation (8) must equal a constant. Let o be a constant.

2PWx) _TUY _ 2
P(x)  T(t)
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(6)

(7)

(8)
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The time equation is

T4 - 2 (10)

T(1)
Tet)- w2T(t) =0 (11)
T +w2 T(t) = 0 (12)

Propose a solution

T(t) =adn( wt) +bcos(wt) (13
T(t) =awcos(wt) - bwsn( wt) (14)
T@t) =- aw? sn(wt) - bw? cos(wt) (15)

Verify the proposed solution. Substitute in equetion (12).

- aw? sn(wt) - bwZcos(wt) +w2[asin(wt) +bcoswt)] = 0 (16)
0=0 (17)
Equation (13) is thus verified as a solution.

There is not a uniquew, however, in equation (9). This is demonstrated later in the
derivation. Thus, a subscript n must be added as follows.

Tn (t) =ap In(wpt) +bp cos(wpt) (18)

The spatia equationis

c 2P w2 (19)
P(x)

¢ 2 Pex) = - w2P(x) (20)

¢ 2 P&x) +W2P(x) = 0 (21)



2
PEX) + 5 P(x) =0 (22)
C

Equation (22) is similar to equation (12). Thus, a solution can be found be inspection.

P(x) = dsng—9+ ecosQE—ag (23)
Cg ecCog
avoe VX (U
P&Xx —<alcosc—=- esn¢c—, 24
® Lo o e d )

Now consider three boundary condition cases.

Cas2|. Both Ends Open

The left boundary condition is

p(0,t) =0 (zero acoustic pressure) (25
PO)T() =0 (26)
P(0)=0 (27)
The right boundary condition is

p(L,t) =0 (zero acoustic pressure) (28)
PL)T(t) =0 (29)
PL)=0 (30)

Substitute equation (27) into (23).
e=0 (32)
P(x) = dsn&2X2 (32)

eCg



Substitute equation (30) into (32).

dsn@0-¢ (39)
eCg

The constant d must be non-zero for a non-trivial solution. Thus,

Wb _ o n=123.. (34)

The w term is given a subscript n because there are multiple roots. The angular natural
frequency with dimensions [radians/time] is thus

Wn :npf, n=1,23.. (359)
nc

fn=— n=123.. 35b

n=>7 (35b)

The acoustic pressure function in the open-open pipeis

. 3nX O
Pn(x) = dnsn¢——= (36)
e Cg
. apX 0
Ph(x) =dn sngi+ (37)
eL g
Substitute the natural frequency term into the time equation.
t té
Tn(t) =ansn P b cos P20 (39)
el g el g
The acoustic pressure function is thus
) . . t t
p(x,t) = A gdn sngﬂ';ﬂ(ygansngmpc 9+bncos,{:aem)C (11 (39)
=18 EL ae elL o & L a



The coefficients can be simplified as follows
An =dp ap

Bpn =dp bp

By substitution, the acoustic pressure equation is

e . xaé, . ct
p(x,t) = {;01 ggan ?f‘i‘“ An sngmp 9+Bnco
8 el &ié e @

n=1¢

Case ll. Open-Closed

The left boundary corditions is

p(0,t) =0 (zero acoustic pressure)

PO)T(t) =0
P0) =0

The right boundary condition is

l _
ﬁp(x’t”X:L =0

P(L)T(t)=0
P(L) =0
Substitute equation (45) into (23).

e=0

ngpctou

e

(zero pressure slope)

Y
-

a

(40)

(41)

(42)

(43)

(44)

(45)

(46)

(47)

(48)

(49)



Thus, the acoustic pressure equation becomes

P(x) = dsn&X 9 (50)
éco
PEx) = Q—Egdcosémx—ﬁ (51)

Substitute equation (48) into (50).

L e
d cosgEyL =0 (52)
eCg

The constant d must be nonzero for a non-trivial solution. Thus,

hL n-1¢
@10, 153, (53)
c e 2 g

The o term is given a subscript n because there are multiple roots.

Wn = — —, n=123... 544
n g 5 gpL (549)
s
fo=8n10C 103 (54b)
e 4 glL

The acoustic pressure function for the open-closed pipeis

BNX 0

Ph(x) = dnsng—a (55)
Ph(x) =dn sngzn—Ll)pXO (56)
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Substitute the natural frequency term into the time equation.

Tn(t) =ansin ¢a£2rl—1)pct9+ bn Cosgézn'—l)lf"’tg (57)
e 2L g e 2L g

The acoustic pressure function is thus

¥
s € 2n-lpxoué 2n-1 pcto 2n - 1)pctdl
p(.t) = & edn sin 84—23 en aé L) =+bp co &(—ZL) 1
n=1€ e o €
(58)
Simplify the coefficients.
3 é. aéZn 1)pxcue ae{Zn- )pcto ae(Zn-l)pctijJ
_1e e e (4] e
(59)
Ca=e Il1. Both Ends Closed
The left boundary conditionsis
1 -
ﬁ p(X,t) |x:0 =0 (zero pressure slope) (60)
P(O)T(t)=0 (61)
P(0)=0 (62)
1 _
ﬁp(x, t) |x:L =0 (zero pressure slope) (63)
P(L)T(t)=0 (64)
P(L)=0 (65)



Apply equation (62) to (23).

d=0 (66)
Then
P(x)=e cos{fﬂg (67)
eCg
The dope equétion is
P§x) = - ca;g—vgesn c?NX—Q (68)
eCg Cg
Substitute equation (65) into (68).
L&
edn geng =0 (69)
4]
The constant e must be non-zero for a non-trivial solution. Thus,
Wal _\n, n=123.. (70)
o
The o term is given a subscript n because there are multiple roots.
c
Wp = npf , h=123.. (718)
fph=——, n=123 (71b)
Pn(X) =en cosci:aEWn X9 (72)
e @
Pn(x) =en cos?ﬂg (73)
el g
Tn(t) :ans'ngmpc'tg+bn co ampctg (74)
e @ e L g
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é apxdié . anpcto anpctdl

p(x.t) = & éen wsq%%eansnc; 'i 2+ by cos 1 (75)

n=1€ e a8 e o e L
Simplify the coefficients.

¥
o € anpxaie anpcto aan ctcu

p(x,t) = a éCOSQ%%éAn ng be ++Bpcosg P % (76)
=16 € é e o e L

Example

A solid rocket motor can be modeled as a closed-closed pipe, because the nozzle throat
diameter is very small. A simple diagram is shown in Figure 2.

Cavity

7 7 7 7 7 7 7 7

]
x )

L 2 N 2 2 i

\ Solid Propellant

Figure 2.

The speed of sound in the gas inside the motor cavity is typically 3500 feet/sec (1067
meters/sec), due to the high pressure and high temperature. This value is about three
times the speed of sound in air at ambient sealevel conditions.

A certain rocket motor has an internal cavity length of 27 feet (8.2 meters). Calculate the
fundamental acoustical frequency.
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The formula for a closed-closed pipeis

Wp = nprc, n=123..

wp =2pfy

fn=0S n=1,23..
2 L

The fundamental frequency is

_ 198500t /sec

n=c 2 2

f1=64.8Hz

References

(77)

(78)

(79)

(80)

(81)

(82)

1. Lawrence Kinder et al, Fundamentals of Acoustics, Third Edition, Wiley, New

Y ork, 1982.

2. T.Irvine, Formulas for Calculating the Speed of Sound, Vibrationdata,

Publications, 2000.

12



