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A semi-definite system is a system that has a rigid-body mode as well as an elastic body mode.
The rigid-body frequency is zero.

Consider two masses connected by a spring.
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Figure 1.

The Kinetic energy is

T= 1ml)'(l2 +1m25(22 1)
2 2
The potential energy is
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df1_ .2 1 . o 1 2}
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MX1X1 + MoX2X2 +K(X1 —Xx2)X1 —k(X1 —Xx2)X2 =0 (5)

{mxq +k(xq —x2) %1 +{ma%2 —k(xg —x2)x2 =0 (6)
Equation (6) yields two equations.

{mixq +k(xg —x2) %1 =0 @)
{max2 —k(x1 ~x2)j%2 =0 ®

Divide through by the respective velocity terms
mqX1 +K(x1 —x2) =0 9)

moXo —k(x1 —x2)=0 (10)
Assemble the equations in matrix form.
m 0 || X k -k 0
1 i‘l 4 X1 _ (11)
0 mo|| X2 -k k|| x2 0

Seek a solution of the form

X =gexp(jot) (12)

The q vector is the generalized coordinate vector.

Note that
x = jo gexp( jot) (13)
% =-0” gop( jot) (14)
By substitution
~©°M gexp(jot)+Kgexp(jot)=0 (15)



{wZM ﬁ+Kﬁ}exp(jcot):O (16)

—on’M G+Kg=0 (17)
{*COZM +K}G:6 (18)
det{K—(DZM }:o (19)
k -k 0
det _o?|™ 0 (20)
-k Kk 0 mop
(k—wzml)( k—cozmzj—k2 =0 (21)
k2—kc02(m1+m2)+o)4m1m2—k2 =0 (22)
a2 4 _
ko“(m1+mo)+o mimo=0 (23)
coz[—k(m1+m2)+w2m1m2}:0 (24)

Thus the first root is

o] =0 (25)

f1=0 (26)

Find the second root

[—k(m1+m2)+co2m1m2}=0 (27)



o2 _ k(mi+mp) (28)
mimy

09 = /k—(m1+m2) (29)
mim2
f2:i k(mq+mo (30)
2n | mimo

Prescribed Motion

Calculate the response of the system for a prescribed acceleration X .

Let
Z=X2-X1] (31)

Substitute equation (31) into (11).
mp 0 || X K —Z|_ 0 (32)
mo mo || Z z 0

The equation of motion is thus

MoZ+kz =-moXq (33)
54 (LJZ - (34)
mp

Solve forz and 7.

Then solve for X5 using equation (31).
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APPENDIX A

Repeat the example in the main text but also consider the mass of the spring.
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Figure A-1.

The kinetic energy of the spring is found in the following steps. Define a local variable & which
is a measure of the distance along the spring.

0<gE< L (A-1)
The velocity at any point on the spring is thus

X1 [LTJ + X2 % (A-2)

Now divide the spring into n segments. The kinetic energy of the spring is thus

n 2
KEspring = % Z{ {Xl (%} +X2 %} H A@} (A-3)
i=1



Take the limit as n approaches infinity.
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%{%ml)'(lz +%m2>'<22 +%ML(X12 + X1 X2 +X22]+%k(X1—X2)2}=0 (A-10)

6
+K(X1 —X2)X1 —k(X1 —x2)x2 =0

M1X1X1 + M2X2X 2 +ML(%X1X1+%X2X1 +1)'(1X2 +%)’(2X2j

(A-11)
o 1., 1, .
mqX1 +uL §X1 +EX2 + k(X1 —X2) X1
o 1., 1. .
+{m2x2 +ML(EX1 +§x2J—k(x1 —xz)}xz =0
(A-12)
Equation (A-12) yields two equations.
o 1, 1, .
{mlxl + HL(§ X1 + gxzj +k(x1— Xz)}xl =0 (A-13)
o 1. 1, .
{mzxz +HL(6X1+§X2J—k(X1—X2)}X2 =0 (A-14)
o 1. 1,
m1x1+uL(§x1+6x2j+k(xl—xz):0 (A-15)
o 1. 1,
moX2o +ML(EX1+§X2J—k(X1—X2):O (A-16)



Assemble the equations in matrix form.

m1+1uL 1uL
2 a X k -kl x 0
el 1
Zul Mo+ pL X2 -k Kk || X2 0
6 3
1 1
kK —k m1+—uL —ML
det{ ; k}—wz 3 6 -0 (A-18)

1 1
—uL mo> +=ulL
6” 2 3H

4 2
mimo2 —m12m21] © +[—m11k22—m22 k11+r7112k21+nr121k12]c0

+[k11k22 —k12k21] =0

(A-19)

2,2 4

mi+—ulL || mo+—=uL |- L
Hl “)(23“)36” }m
1 2
+k[—ml——uL—mz—guL—guL——uL}w =0
(A-20)
Thus the first root is

01 =0 (A-21)
f1=0 (A-22)
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Mmﬁ%m_j(my%m_j—s—zuzl_z} 02 +k|-mp-my —pL] = o0 (A-23)

k(mq+mo +plL)

0w = (A-24)
[m <1 L)[m o1 Lj—l 22
1 3u 2 3H 36“
k(mq+mo +plL)
fo L 1 2 (A-25)
21 1 1 2,2
m1m2+7pL(m1+m2)+—u L
3 12
Special Case

Consider the case where both masses equal zero.

f, =L 12K o551 | K (A-26)
2n\ pL uL

The “exact” frequency per Reference 2 is

fo = 0.500 /—k (A-27)
ul

The energy method thus-over predicts the frequency by 10%. The energy method could be
improved by modeling the spring with a higher-order interpolation or with additional nodes.
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APPENDIX B

Consider a three-degree-of-freedom system with mass-less springs.
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The Kinetic energy is

2 2

T=Zmyxg? + Tmpxp? + L max
5 MIX1" +2MoXp" +2 maXs

The potential energy is
1 1
U= ki(xa-x2)? + ka(xz ~x3)°

d
~T+U}=0
dt{+}

EEm>'(2+£m>'(2
qt | 2 1%1 > 2R2

M1X1X1 + MoXoXo + M3X3X3

+Kq (X1 —x2)%X1 —Kp(X1 —x2)X2 + ko (X2 —X3)X2 —kKo (X2 —x3)X3 =0

12

+gmaxa? 3l ~x2)? + Ta(kg ~xa)?| =0

(B-1)

(B-2)

(B-3)

(B-4)

(B-5)



{m15<1+k1(x1—x2)}x1+{m25<2 —kg (X1 —%2) +ka(x2 _XS)}XZ
+{maxg —ka(x2 —x3)jx3 =0

(B-6)
Equation (B-6) yields three equations.
{maxg +ka(xg —x2)fxg =0 (B-7)
{ma%a —kq(x1 —x2) +ka(x2 —x3) 2 =0 (B-8)
{ma%3 —ka(x2 —x3){x3 =0 (B-9)
Divide through by the respective velocity terms
mqX1 +Kk1(X1 —X2)=0 (B-10)
maXp —ky(xg —x2) +ka(x2 —x3) =0 (B-11)
m3X3 —k3(x2 —x3) =0 (B-12)
Assemble the equations in matrix form.
m 0 0 X kq —-k1 0 | x1 0
0 mop 0 |[Xo|+|—-ky ki+ky —kol|lx2|=]0 (B-13)
0 0 m3|X3 0 -ko kKo | X3 0
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