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SEMI-DEFINITE SYSTEM EXAMPLES   

Revision B 

 

By Tom Irvine 

Email: tomirvine@aol.com 

 

October 24, 2011 

 

______________________________________________________________________________ 

 

A semi-definite system is a system that has a rigid-body mode as well as an elastic body mode.  

The rigid-body frequency is zero. 

 

Consider two masses connected by a spring. 

 

 

 

 

 

 

 

 

 

 

Figure 1. 

 

 

 

The kinetic energy is 
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02x)2x1x(k1x)2x1x(k2x2x2m1x1x1m                                            (5)    
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Equation (6) yields two equations. 
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  02x)2x1x(k2x2m                                                                                        (8) 

 

Divide through by the respective velocity terms 
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Assemble the equations in matrix form. 
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Seek a solution of the form 

 

 tjexpqx                                                                                                    (12) 

 

The q vector is the generalized coordinate vector. 
 

Note that 
 

 tjexpqjx                                                                                           (13) 
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By substitution 
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    0tjexpqKqM2                                                                          (16) 
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Thus the first root is 
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Find the second root 
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Prescribed Motion 
 

Calculate the response of the system for a prescribed acceleration 1x .   

 

Let      

 z = x2 – x1                                                                                                             (31) 

 

Substitute equation (31) into (11). 
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The equation of motion is thus 
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Solve for z  and  z . 

 

Then solve for 2x  using equation (31). 
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                                                      APPENDIX A 

 

 

Repeat the example in the main text but also consider the mass of the spring. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure A-1. 

 

 

 

 

The kinetic energy of the spring is found in the following steps.  Define a local variable   which 

is a measure of the distance along the spring.   

 

L0                                                                                  (A-1) 
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Now divide the spring into n segments.  The kinetic energy of the spring is thus 
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Take the limit as n approaches infinity. 
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Assemble the equations in matrix form. 

 




























































0

0

2x

1x

kk

kk

2x

1x

L
3

1
2mL

6

1

L
6

1
L

3

1
1m




                                    (A-17)                                               

 

 

 

 

0

L
3

1
2mL

6

1

L
6

1
L

3

1
1m

2

kk

kk
det 



















































                                              (A-18) 

                                                      

 

 

   

  021k21k22k11k

2
21k21m21k12m11k22m22k11m4

21m12m22m11m





 

 

(A-19) 

 

 

02L
6

1
L

6

1
L

3

1
2mL

3

1
1mk

42L2

36

1
L

3

1
2mL

3

1
1m







































 

(A-20) 

 

 

Thus the first root is 

 

 

01                                                                                                                   (A-21) 

 

01f                                                                                                                   (A-22) 

 

 

 

 



 11 

  0L2m1mk22L2

36

1
L

3

1
2mL

3

1
1m 


























                 (A-23) 

 

 

 

 

2L2

36

1
L

3

1
2mL

3

1
1m

)L2m1m(k

2





















                                                         (A-24) 

 

 

 

  2L2

12

1
2m1mL

3

1
2m1m

)L2m1m(k

2

1
2f






                                                    (A-25) 

 

 

 

Special Case 

 

Consider the case where both masses equal zero. 
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The “exact” frequency per Reference 2 is 
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The energy method thus-over predicts the frequency by 10%.  The energy method could be 

improved by modeling the spring with a higher-order interpolation or with additional nodes. 
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APPENDIX B 

 

 

Consider a three-degree-of-freedom system with mass-less springs. 
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Equation (B-6) yields three equations. 

 

  0x)xx(kxm 121111                                                                                          (B-7) 

 

  0x)xx(k)xx(kxm 232221122                                                                (B-8)                                                                                  

 

  0x)xx(kxm 332233                                                                                        (B-9) 

 

 

Divide through by the respective velocity terms 
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