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Variables

M Mass matrix

K Stiffness matrix

F | Applied forces

Fq | Forces at driven nodes

Ff | Forces at free nodes

I Identity matrix

I1 | Transformation matrix
Q

Eigenvector matrix

u | Displacement vector

ug | Displacements at driven nodes

uf | Displacements at free nodes

o | Excitation frequency

o; | Natural frequency for mode i

&; | Damping ratio for mode i




The equation of motion for a multi-degree-of-freedom system is

[M][U]+[K][ul=F 1)
u
[u] { d} )
us
Partition the matrices and vectors as follows
{Mdd Mt }{Ud}_[Kdd K df }{Ud} :{Fd} -
Mfq Mgt || Uf Ktd K | Uf Ft

The equations of motions for enforced displacement and acceleration are given in Appendices A and
B, respectively.

Create a transformation matrix such that
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Premultiply by IT ",
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APPENDIX A

Enforced Acceleration

Again, the partitioned equation of motion is
Mgg M (i Kg K u F
HT{ dad  Maf }H{.d}_HT{ dad K }H{ d}:HT{ d} A1)
Mfg Mg | [lw Kfd Kgf] |Uw Ff

Transform the equation of motion to uncouple the stiffness matrix so that the resulting stiffness
matrix is

Kgg O (A-2)
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T T
0T K = {Kdd KT+ T (Kpa + K Ta) (Kar + T2 Ky )Tz} (A6)
T T
Ty (Kgg +KsfTy) Ty (KfTo)
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' KII T T (A-7)
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Let

Ty =1 (A-8)
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(A-9)
Kaf +T1' K =0 (A-10)
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Ty = - Kt Kg (A-12)
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T
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By similarity, the transformed mass matrix is

{mdd de}Z{Mdd +T1" Mg +(Mdf + Ty Mg )fl (Mdf +T1 Mg
(Mfg +Mgs Ty )

{Ied } _{ldd Fd +T1Ff}
Fw It F
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Mg Ug + My Uy + Ky Uy = Fy

The equation of motion is thus

M U + Ky U = Fy = Mg Ug

Now solve the generalized eigenvalue problem.

Let Q be the eigenvector matrix.

Let

Uy =Qnwy

My Q 1w+ Ky QM= Fw — Mg lig

Premultiply by QT to decouple the equations of motion.

QT My Qitw+ QT Ky Qnw=QT v ~ Muglig]

(A-22)

(A-23)

(A-24)

(A-25)

(A-26)

Assume that the applied forces are all zero. Thus the only excitation is the enforced acceleration.

QT My Qiiw+Q" Ky Qnw=-Q" {fngiig}

(A-27)



Assume that the applied forces are all zero. Thus the only excitation is the enforced acceleration.

QT mV\ANQﬁW+QT waan=—QT {mwdud} (A-28)
M=QT My Qiiw (A-29)
K=Q" KywQnw (A-30)

The decoupled equations of motion with an added modal damping matrix C are

MAw+Caw+Knw=—QT iMugiig) (A-31)
Note that
M is the identity matrix is a diagonal matrix

C isa diagonal matrix containing the terms 2&;jw;

K isa diagonal matrix containing the terms 0)i2

Thus

. . T [+ .
nw,i+2éi0>inw,i+0>i2nw,i=—Q {mvvd,iud} (A-32)

Perform a steady-state analysis. Represent the enforced motion via a Fourier transform.
g = Ug ep(jot) (A-33)
Assume

nw= Nw exp(jot) (A-34)



By substitution,

-szw,i exp(jot) + j2Ejojm Ny j eXp(jot) +03i2 Ny i exp(jot) = -Q' {mwd,i }Ud exp(jot)

2 : T (s
-0 Ny j +]280j0 Ny j +0>i2 Ny j=-Q {mwd,i}Ud

{—coz + 28 w0+ 0 }Nw,i =-Q' {mwd,i}Ud

<®i2 —0? + 28 0j0 }Nw,i =-Q" Mg, 0d

T(x
z_Q {mwd} Ud

NW,i: 2 .
0" —0° + ]2&j0;0

The final acceleration frequency response functions are found via

Uw =Q Ny
i
Us Uw

| 0
Kt "Keg s
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APPENDIX B

Enforced Acceleration Example

Equation of Motion

ms —

Figure B-1.

Consider the system in Figure B-1. Assign the values in Table B-1.

Table B-1. Parameters

Variable Value
mq 2.0 kg
mo 1.0 kg
ms3 1.0kg™*
kq 100,000 N/m
ko 200,000 N/m
ks 300,000 N/m

The value of mg is arbitrary because its motion will be enforced.

Furthermore, assume that each mode has a damping value of 5%.



The following equations of motion are derived in Appendix C for the system in Figure B-1.

m 0 0 || X1 k1 +k3 —ks3 -kq X1 0
0 mp O ||Xo|[+| —k3 kop+k3z —ko |X2[=]|0
0 0 m3|| X3 —kq -ko k1 +Kko || X3 0
(B-1)
2 0 0f Xq 400,000 —-300,000 -100,000 || x1 0
0 1 0} Xp|+|—300,000 500,000 —200,000( x2|=(0
0 0 1| X3 —-100,000 -200,000 300,000 || x3 0
(B-2)

FRF Analysis

The analysis is performed via Matlab script: enforced_acceleration_frf.m.

>> enforced acceleration frf

enforced acceleration frf.m wver 1.0 August 6, 2011
by Tom Irvine

Enter the units system
1=English 2=metric

2
Assume symmetric mass and stiffness matrices.
mass unit = kg

stiffness unit = N/m

Select file input method
1=file preloaded into Matlab
2=Excel file

Mass Matrix
Enter the matrix name: mmm
Stiffness Matrix

Enter the matrix name: kkk
Input Matrices
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mass =

2 0 0
0 1 0
0 0 1
stiff =
400000 -300000 -
-300000 500000 -
-100000 -200000

100000
200000
300000

Select modal damping input method
l=uniform damping for all modes

2=damping vector
1

Enter damping ratio
0.05

number of dofs =3

Enter the enforced acceleration dof

3

MT =
4.0000 2.0000
2.0000 2.0000
1.0000 0

KT =

1.0e+005 *

0.0000 0
0 4.0000
0 -3.0000

Natural Frequencies

No. f (Hz)
1. 4.293e-007
2. 90.982
3. 130.59

1.0000

1.0000

-3.0000
5.0000
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Modes Shapes (column format)

ModeShapes =

0.5000 -0.7691 -0
0.0000 1.2131 0
0.0000 0.6501 1

Mwd =
2.0000
1.0000
Mww =
2 0
0 1
Kww =
400000 -300000
-300000 500000

Natural Frequencies

No. f(Hz)
1. 47.797
2. 124.28

.3981
.1683
.2559

Modes Shapes (column format)

ModeShapes =

0.6280 -0.3251
0.4597 0.8881

Participation Factors
part =

1.7156
0.2380
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TRANSMISSIBILITY MAGNITUDE
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APPENDIX C

my

I

K1(X3—X1)

m1X1 =Kky1(X3-X1)+k3z(X 2-x1)
m1X1+k1(-X3 +X1)+k3(-X 2 +X1) =0

mqXq + (kg +k3)xq -kaxy —kix3 =0

.
|

ko (X3-X2) k3 (X1-X2)

mMoXo =ka(X3-x2)+k3(x1-X2)
MoXo +Ko(-X3 +X2 ) +kz(-X1 +X2)=0

moXo —k3Xq + (ko +k3)xo —kox3 =0

Ko (X2-x3) K1 (X1-X3)

T T

ms

|t

m3X3 =kp(xy -X3) +ko (X2 -X3)
m3X3 +K1(-X1 +X3)+Ko(-X2 +x3) =0

m3X3 —Kix1 —KoXo +(k1 + k2)X3 =0
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