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Introduction

The fundamental frequencies for typical beam configurations are given in Table 1. Higher
frequencies are given for selected configurations.

Table 1. Fundamental Bending Frequencies
Configuration Frequency (Hz)
1]3.5156 | |EI
fi= — —
2n| 12 \p
Cantilever f,=6.268 f1
f3=17.456 f1
Cantilever with fi= i 3El
End Mass m 21 (0.2235pL +m) L3
Simply-Supported 2
at Both Ends fo= i[ﬂ} Bl het23,
(Pinned-Pinned) 2n| L p
Simply-Supported
. . m EI 1
at Both Ends with Point | f, = 5 T~ P
Mass m at Position x1 { 2m [sin (Tl)] + pL }
relative to left end




Table 1. Fundamental Bending Frequencies (continued)

Configuration

Frequency (Hz)

fi=0 (rigid-body mode)

1(22373] |EI
fo= — —
2n| 12 J\p
Free-Free
f3=2.757 f1
f4=5.404 1
i . Same as free-free beam except there is no rigid-body
Fixed-Fixed mode for the fixed-fixed beam.
1115.418 | [EI
Fixed - Pinned fi= — —
2n| 2 Np
where
E isthe modulus of elasticity
I isthe area moment of inertia
L isthe length
P isthe mass density (mass/length)
P isthe applied force

Note that the free-free and fixed-fixed have the same formula.

The derivations and examples are given in the appendices per Table 2.




Table 2. Table of Contents
Appendix Title Mass Solution
A Cantilever Beam | End mass. Beam mass Is Approximate
negligible
B Cantilever Beam Il Beam mass only Approximate
C Cantilever Beam Il Both beam mass qn_d the Approximate
end mass are significant

D Cantilever Beam IV Beam mass only Eigenvalue
Beam Simply-Supported at | Center mass. Beam mass .

E Both Ends | is negligible. Approximate
Beam Simply-Supported at .

F Both Ends I Beam mass only Eigenvalue
Beam Simply-Supported at . .

G Both Ends 11 Beam mass & point mass Approximate

H Free-Free Beam Beam mass only Eigenvalue
Steel Pipe example, Simply

I Supported and Fixed-Fixed | Beam mass only Approximate
Cases
Rocket Vehicle Example, .

J Free-free Beam Beam mass only Approximate

K Fixed-Fixed Beam Beam mass only Eigenvalue

L Fixed-Pinned Beam Beam mass only Eigenvalue
Wavenumber and Phase .

M - Eigenvalue
Speed

|
Reference

1. T. Irvine, Application of the Newton-Raphson Method to Vibration Problems,
Revision E, Vibrationdata, 2010.




APPENDIX A

Cantilever Beam |

Consider a mass mounted on the end of a cantilever beam. Assume that the end-mass is
much greater than the mass of the beam.

g
El l
/) { m
/7
L .
Figure A-1.
E is the modulus of elasticity.
I is the area moment of inertia.
L s the length.
g Iisgravity.
m is the mass.
The free-body diagram of the system is
A )
mg
Figure A-2.
R is the reaction force.
MR is the reaction bending moment.
Apply Newton’s law for static equilibrium.
+1 D forces=0 (A-1)
R-mg=0 (A-2)



R=mg

At the left boundary,

C + > moments =0

Mr-mgL=0

Mr=mg L

Now consider a segment of the beam, starting from the left boundary.

\%

—

MR M

Figure A-3.
V is the shear force.

M is the bending moment.
y is the deflection at position x.

Sum the moments at the right side of the segment.

C + Y moments = 0

Mr-Rx-M =0

M = MRr-RX

The moment M and the deflection y are related by the equation

M = Ely”

(A-3)

(A-4)

(A-5)

(A-6)

(A-7)

(A-8)
(A-9)

(A-10)



Ely"=MR —RXx

Ely” = mgL — mgXx

Ely” =mg(L-x)
" o_ m _
v = B
Integrating,

a5

Note that “a” is an integration constant.

Integrating again,

y(x) = {%}H% - {%} ax +b

A boundary condition at the left end is
y(0)=0 (zero displacement)
Thus
b=0
Another boundary condition is

y'(0)=0 (zero slope)

(A-11)
(A-12)

(A-13)

(A-14)

(A-15)

(A-16)

(A-17)

(A-18)

(A-19)



Applying the boundary condition to equation (A-16) yields,
a=0

The resulting deflection equation is
2 3
L ) IRA N
y(x)_{El }H 2] ( 6}]
The deflection at the right end is

w2l

Recall Hooke’s law for a linear spring,
F=ky

F is the force.
k is the stiffness.

The stiffness is thus

k=Fly

The force at the end of the beam is mg. The stiffness at the end of the beam is

(A-20)

(A-21)

(A-22)

(A-23)

(A-24)

(A-25)

(A-26)

(A-27)



The formula for the natural frequency fn of a single-degree-of-freedom system is

fn -1 K (A-28)
2 Vm

The mass term m is simply the mass at the end of the beam. The natural frequency of the
cantilever beam with the end-mass is found by substituting equation (A-27) into (A-28).

fn= 1 ZE (A-29)
ZTC mL3



APPENDIX B

Cantilever Beam Il

Consider a cantilever beam with mass per length p. Assume that the beam has a uniform
cross section. Determine the natural frequency. Also find the effective mass, where the

distributed mass is represented by a discrete, end-mass.

El, p

AN

Figure B-1.

The governing differential equation is

Ela4y o2y
— —:p—
ox? a2

The boundary conditions at the fixed end x = 0 are

y(0)=0 (zero displacement)
dy

— =0 (zero slope)
dXlx—0

The boundary conditions at the free end x = L are

d2y
— =0 (zero bending moment)
dx
x=L
3
d
_%/ =0 (zeroshear force)
dx Y=L

Propose a quarter cosine wave solution.

(B-1)

(B-2)

(B-3)

(B-4)

(B-5)



S ovol) ol 5
IWRRAICTE 2L

(B-6)

(B-7)

(B-8)

(B-9)

The proposed solution meets all of the boundary conditions expect for the zero shear
force at the right end. The proposed solution is accepted as an approximate solution for

the deflection shape, despite one deficiency.

The Rayleigh method is used to find the natural frequency. The total potential energy

and the total kinetic energy must be determined.

The total potential energy P in the beam is

El (L [d? 2
po— (-2 4
290 (g2

By substitution,

10

(B-10)

(B-11)

(B-12)

(B-13)



L

o= Ll 3o B2
= %[yof[%] L

(3

The total kinetic energy T is

0

11

(B-14)

(B-15)

(B-16)

(B-17)

(B-18)

(B-19)

(B-20)

(B-21)

(B-22)

(B-23)

(B-24)



= %p oF [yo]zl{?h(%ﬂ

Now equate the potential and the kinetic energy terms.

ipobols-(3 - &S ol

4{5} 1/2
T3
L

On=

RERET:
L‘J

e

12

(B-25)

(B-26)

(B-27)

(B-28)

(B-29)

(B-30)

(B-31)



1/2

o=l 2] NG|
fn~ {%Hsf-ﬁ#} %

Recall that the stiffness at the free of the cantilever beam is

The effective mass meff at the end of the beam is thus

_ k
[27‘cfn]2

Meff

3El

sl ]

Meff =

Meff =0.2235pL

13

(B-32)

(B-33)

(B-34)

(B-35)

(B-36)

(B-37)

(B-38)



APPENDIX C

Cantilever Beam Il

Consider a cantilever beam where both the beam mass and the end-mass are significant.

ANNN

Figure C-1.

The total mass mt can be calculated using equation (B-38).
m¢ = 0.2235pL +m (C-1)

Again, the stiffness at the free of the cantilever beam is

k=—1 (C-2)

The natural frequency is thus

1 3EI
fn~ — 3 (C-3)
21\ (02235pL +m )L

14



APPENDIX D

Cantilever Beam IV

This is a repeat of part 11 except that an exact solution is found for the differential

equation. The differential equation itself is only an approximation of reality, however.

ElLp

NN\

Figure D-1.

The governing differential equation is

E,a4y oy
ST NG
ox* ol

Note that this equation neglects shear deformation and rotary inertia.

Separate the dependent variable.

y(x. 1) = Y(X)T(t)

AlYTM)] [T
El =p
8x4 at2

X

d d?
—EI' T(t) —4Y(X) =p Y(X) —2T(t)
d dt

15

(D-1)

(D-2)

(D-3)

(D-4)



a4 d2
=y STt
{— EI}{dx“’ (X)} {dtz ()}

P Y) T

Let ¢ be a constant

d4 d2
= v STt
{— EI}{dxﬂ' (X)} {dtz ()} 5

o | Yo T Tm ¢

Separate the time variable.

42 }
— T(1)
{dtz 2

T

d2 2
— T(t)+c“T(t)=0
dt2

Separate the spatial variable.

{— EI}{;%‘Y(X)} 2

o | Yoo O ©

4

d 2/ P
dx—4Y(X) —-C {E}Y(X) =0

A solution for equation (D-10) is

Y(X)=a1 sinh(Bx) +as cosh(Bx) +a3 sin(Bx) +ay cos(Bx)

16

(D-5)

(D-6)

(D-7)

(D-8)

(D-9)

(D-10)

(D-11)



dY(x)

D= 21pcosh(px)+azpsinh(Bx) + a3p cos(px) - aspsin(px) (D-12)
dZdIZ(X) = a1 sinh(px) + agB” cosh(Bx) —agp? sin(px)-asp? cos(px)  (D-13)
d?:j:fg)() = a1 cosh(px) + a2 sinh(px) - agh cos(px) + agpsin(px) (D14
% = a1p* sinh(1x) + 2B cosh(Bx) + agp* sin(px) + asp* cos(px)  (D-15)

Substitute (D-15) and (D-11) into (D-10).

{a1[34 sinh(Bx) + a2[34 cosh(Bx) + a3B4 sin(Bx) + a4[34 cos(Bx)}

—_¢? {ﬂ}{al sinh(Bx) +ap cosh(Bx) +a3 sin(Bx) +aq cos(Bx)} =0

El
(D-16)
B4 {al sinh(Bx) +ap cosh(Bx) +a3 sin(Bx) +ay cos(Bx)}
_¢? {%}{al sinh(px) +ap cosh(Bx) + ag sin(Bx) + a4 cos(px)} = 0
(D-17)
The equation is satisfied if
B4 - cz{%} (D-18)

1/4
_ 12 P ]
B_{c EI} (D-19)

17



The boundary conditions at the fixed end x = 0 are

Y(0)=0 (zero displacement)
dy
i o =0 (zero slope)

The boundary conditions at the free end x = L are

2
dcy
— =0 (zero bending moment)
dx
x=L
3
d-y
i = 0  (zero shear force)
dx3
X=L

Apply equation (D-20) to (D-11).

ap+ag =0
agq =-ay
Apply equation (D-21) to (D-12).
a;+a3z=0

ag=-aj

Apply equation (D-22) to (D-13).

a1 sinh(BL) +ao cosh(B L) —as3 sin([fs L) —aq cos([fs L) =0

Apply equation (D-23) to (D-14).

al cosh(B L) +an sinh(B L) —as3 cos(B L) +ay sin(B L) =0

Apply (D-25) and (D-27) to (D-28).

a1 sinh(B L) +ao cosh(B L) +a1 sin(BL) +as cos(B L) =0

18

(D-20)

(D-21)

(D-22)

(D-23)

(D-24)

(D-25)

(D-26)

(D-27)

(D-28)

(D-29)

(D-30)



al{sin(B L) + sinh(B L)} +ao {cos(BL) + cosh(B L)} =0 (D-31)
Apply (D-25) and (D-27) to (D-29).
aj cosh(BL) +ap sinh(B L) +a cos(BL) —-ap sin(BL) =0 (D-32)

al{cos(BL) + cosh(B L)} +ao {— sin(BL) + sinh(BL)} =0 (D-33)

Form (D-31) and (D-33) into a matrix format.

sin(BL)+sinh(BL) cos(BL) +cosh(BL) }rl] {0]
= (D-34)

cos(BL)+cosh(BL) ~ —sin(BL)+sinh(BL) |ap | [0

By inspection, equation (D-34) can only be satisfied if a1 = 0 and a2 = 0. Set the
determinant to zero in order to obtain a nontrivial solution.

{—sinZ(BL)+sinh2(BL)} — {cos{pL) + cosh(L)}* =0 (D-35)

{— sin? (BL) +sinh? (BL)} - {cosz(BL) +2 cos(BL) cosh(BL) + cosh? (BL)} =0

(D-36)
—sin®(BL) + sinh? (L) — cos?(BL) — 2cos{BL) cosh(BL) — cosh?(BL) = 0
(D-37)
—2—2cos(BL)cosh(BL) = 0 (D-38)
1+ cosBL)cosh(BL) = 0 (D-39)
cos(BL) cosh(pL) = -1 (D-40)

There are multiple roots which satisfy equation (D-40). Thus, a subscript should be added
as shown in equation (D-41).

cos(B n L) cosh(B n L) =-1 (D-41)

19



The subscript is an integer index. The roots can be determined through a combination of
graphing and numerical methods. The Newton-Rhapson method is an example of an
appropriate numerical method. The roots of equation (D-41) are summarized in Table D-
1, as taken from Reference 1.

Table D-1. Roots
Index Bn L
n=1 1.87510
n=2 4.69409
n>3 (2n-1)r/2

Note: the root value formula for n > 3 is approximate.

Rearrange equation (D-19) as follows

o

Substitute (D-42) into (D-8).
d2 El
—T(H)+ [Bn‘l(_ﬂT(t) =0 (D-43)
dt P

Equation (D-43) is satisfied by

T(t) =bg sinKB n2 \/%j t} +bso COSKB n2 \/%j t} (D-44)

20



The natural frequency term wn is thus

o |El

on =PBn >

Substitute the value for the fundamental frequency from Table D-1.

[187510}2 El
(01 =

L B

f1

1 {3.5156} El

“2n] 12 N

Substitute the value for the second root from Table D-1.

4.69409 2 El
®y = 5 —
L P

1 [ 22,0347 [El
fo=— =
2n| 12 \p

fo =6.268f;

Compare equation (D-47) with the approximate equation (B-33).

SDOF Model Approximation

The effective mass meff at the end of the beam for the fundamental mode is thus

k
(27 fn]?

Meff =

21

(D-45)

(D-46)

(D-47)

(D-48)

(D-49)

(D-50)

(D-51)



3EI

Meff = 2
3{ [1}[3.5156} EI}
L332n = | 22| =

2n] 12 N
3E|

Meff = 3
L El
= 112.3596} —

L p

meff =0.2427pL (SDOF Approximation)

Eigenvalues

n BnL
1.875104
4.69409
7.85476
10.99554
(2n-1)7/2

g |l b~ wWw | IDN |-

Note that the root value formula for n > 5 is approximate.

Normalized Eigenvectors

Mass normalize the eigenvectors as follows

jOLpYnz(x)dx=1

22

(D-52)

(D-53)

(D-54)

(D-55)



The calculation steps are omitted for brevity. The resulting normalized eigenvectors are

Y1(x) = {ﬁ}{ [cosh(B1x)—cos(B1x)]—0.73410 [sinh (B x) —sin(B1x)] }

1

Yo (Xx) = {
JoL

} {[cosh(Box)—cos(Byx)]—1.01847 [sinh(Bo x)—sin(Box)] }

I_

Y3(x) = } {[cosh(B3x)—cos(B3x)]—0.99922 [sinh(B3x)—sin(B3x)] }

Ya(x) =

e
1 . .
{ﬁ}{ [cosh(B4x)—cos(B4x)]—1.00003 [sinh(B4x)—sin(B4x)] }

The normalized mode shapes can be represented as

Yi(x) =

1 . .
{ﬁ}{[coshmix)—cos(&x)]—Di s (B;)-sin(3;)]

where

cos(B;jL )+ cosh(B;L)

Di = sin(BjL)+sinh(B; L)

Participation Factors

The participation factors for constant mass density are

L
Iy =pj0 Yy (X) dx

23

(D-56)

(D-57)

(D-58)

(D-59)

(D-60)

(D-61)

(D-62)



The participation factors from a numerical calculation are

Iy =0.7830 ,/pL
' =0.4339 ,/pL
I3 = 0.2544 \[pL
I, =0.1818 \/pL

The participation factors are non-dimensional.

Effective Modal Mass

The effective modal mass is

[ jOL 2 (x)de

f; p[¥a 00 dx

Meff n =

The eigenvectors are already normalized such that

[ p[Ya0f dx=1

Thus,

2
Meff n = [Fn ]2 = [ J-OL pY, (X)dx:|

The effective modal mass values are obtained numerically.

M 1 = 0.6131 pL
mefr o = 0.1883 plL
Mefs 3 = 0.06474 pL
Mefs 4 = 0.03306 pL

Wave Speed

24

(D-63)
(D-64)
(D-65)

(D-66)

(D-67)

(D-68)

(D-69)

(D-70)
(D-71)
(D-72)

(D-73)



The bending phase speed ¢, is

El
Ch=PBn.—
p n P
Table D-3. Cantilever Beam Bending Phase Speed

n BnL Cp

1 1.875104 1'8751044/ El/p

2 4.69409 4'69L409 JEl/p

3 7.85476 7'8?_4761/ El/p

4 10.99554 10'935541/ El/p
n>5 (2n-D)r/2 M El/p

Note: the root value formula for n > 5 is approximate.

25

(D-74)



APPENDIX E

Beam Simply-Supported at Both Ends |

Consider a simply-supported beam with a discrete mass located at the middle. Assume
that the mass of the beam itself is negligible.

l g

L1 ;i: L —

Figure E-1.

The free-body diagram of the system is

A
-

)

Ra g Rb
Figure E-2.

Apply Newton’s law for static equilibrium.

+T > forces=0 (E-1)
Ra+Rb-mg=0 (E-2)
Ra=mg-Rb (E-3)

At the left boundary,

26



C + z moments =0

RbL-mgL1=0
Rb=mg(L1/L)

Rb = (1/2) mg

Substitute equation (E-6) into (E-3).
Ra =mg - (1/2)mg

Ra = (1/2)mg

M
Ra mg

Sum the moments at the right side of the segment.

C + > moments =0

-Rax+mg<x-L1>-M =0

27

(E-4)

(E-5)
(E-6a)

(E-6b)

(E-7)

(E-8)

(E-9)

(E-10)



Note that < x-L1> denotes a step function as follows

0, forx <Lp
<X-L1>=

x—Lq, forx>1Lg
M = -Rax+mg<x-L1>

= - (1/2)mg x + mg <x-L1 >

M= [-(1/2)x+<x-L1>][mg]
Ely"=[-(1/2)x+<x-L1>][mg]

y”:[-(1/2)x+<x-L1>]{%}

’

:[-lx2+l<x-L1>2] mg +a

Y=y 2 | El |

1.3 1 3] mg ]
X)=|-—x"+=<x-L1>7 || == |+ax+Db
y) {12 6 S =1

The boundary condition at the left side is

y(0)=0

This requires
b=0

Thus
1 3.1 3| mg
X)=|-—X"+—<X-L1>" || — |+ax
y) [12 6 1 }[EI}

The boundary condition on the right side is

y(L)=0

28

(E-11)

(E-12)

(E-13)

(E-14)

(E-15)

(E-16)

(E-17)

(E-18)

(E-19a)

(E-19b)

(E-20)

(E-21)



-iL3 +1<L-L1>3 LLL N Y
12 6 El

-iL3 +iL3 MY\ yaL=0
12 48 El

[i L3 +iL3 %}raL:O

[-i@ {m +al=0

48 El
RENEC LN
16 | El

Now substitute the constant into the displacement function

y(X) = [i 3ilox. L1 >3}{m} +[i LGm}[x]

12 6 El | |16 | EI
1.3 1 21 3] mg]
X)=|-—Xx"+—xL“+=<x-L1 > —
ye) [ 127 "16 6 1 }{EI_

The displacement at the center is

5T e (e[

29

(E-22)

(E-23)

(E-24)

(E-25)

(E-26)

(E-27)

(E-28)

(E-29)

(E-30)

(E-31)



_ - 3_
y(kj: _i +i % (E-32)
2) | 96 32| El
Y 1 3 mg3]
y(_]: (1, 3] mo” (E-33)
2) |96 96 EI
- - 3_
L 2 || mgL
bl L E-34
y(zj | 96 El (E-34)
(Ej [ 17 mo® (E-35)
N2)7| a8 &

Recall Hooke’s law for a linear spring,
F=ky (E-36)

F is the force.
k is the stiffness.

The stiffness is thus

k=F/y (E-37)

The force at the center of the beam is mg. The stiffness at the center of the beam is

k=l M9 (E-38)
mgL3
48E|
= 48EI (E-39)
13

The formula for the natural frequency fn of a single-degree-of-freedom system is

30



(D

The mass term m is simply the mass at the center of the beam.

(1} 48El
fn=| — | —
2 mL3

fn= (ij(es.gzs) Bl

2n mL3

31

(E-40)

(E-41)

(E-42)



APPENDIX F

Beam Simply-Supported at Both Ends 11

Consider a simply-supported beam as shown in Figure F-1.

El,p

Figure F-1.

Recall that the governing differential equation is

64y

—El=—=p

8x4

82y

ot2

The spatial solution from section D is

Y(x)=a1 sinh(Bx) +ao cosh(Bx) +as3 sin(Bx) +aq cos(Bx)

d2 Y(x)
dx2

= a1[32 sinh(Bx) + a2[32 cosh(Bx) - a3[32 sin(Bx) - a4[32 cos(Bx)

The boundary conditions at the left end x = 0 are

Y(0)=0
d2y

2
dx «=0

=0

(zero displacement)

(zero bending moment)

32

(F-1)

(F-2)

(F-3)

(F-4)

(F-5)



The boundary conditions at the right end x = L are

Y(L)=0 (zero displacement)
2
dey
5 =0 (zero bending moment)
dx w—L

Apply boundary condition (F-4) to (F-2).
ar+ay =0

aq =—as

Apply boundary condition (F-5) to (F-3).
ap—ay =0
do =dy

Equations (F-8) and (F-10) can only be satisfied if

ap = 0
and

dgq = 0
The spatial equations thus simplify to

Y (x) = ag sinh(Bx) +ag sin(Bx)

d2 v(x)
2

—a1p? sinh(Bx) — a3[32 sin(Bx)
dx

Apply boundary condition (F-6) to (F-14).

ag sinh(BL) +agsin(BL) =0

33

(F-6)

(F-7)

(F-8)

(F-9)

(F-10)

(F-11)

(F-12)

(F-13)

(F-14)

(F-15)

(F-16)



Apply boundary condition (F-7) to (F-15).
a1p? sinh(BL) —agp? sin(BL) = 0 (F-17)

al sinh(BL)—ag sin(BL) =0 (F-18)

sinh(BL) sin(BL) ag 0

= (F-19)
sinh(BL)  —sin(pL) a3 | |0
By inspection, equation (F-19) can only be satisfied if a1 =0 and a3 = 0. Set the
determinant to zero in order to obtain a nontrivial solution.
—sin(BL)sinh(BL)—sin(BL)sinh(BL) =0 (F-20)
—2sin(BL)sinh(BL) = 0 (F-21)
sin(BL)sinh(BL) = 0 (F-22)
Equation (F-22) is satisfied if
BhL=nm, n=123,.... (F-23)
Bn:”{, N=123... (F-24)
The natural frequency term on is
El
on =Bn? [= (F-25)
p
2
nm El
wn:{T} ?' n=123,... (F-26)
2
1| nn El
=|— || -, =1,2,3,.-. - 7
nelal TS e
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1 e ]? [El
fn:{g}{T} \/%, n=123,... (F-28)

SDOF Approximation

Now calculate effective mass at the center of the beam for the fundamental frequency.

n % [El
(Dlz[t} F (F-29)

Recall the natural frequency equation for a single-degree-of-freedom system.

k
0] = E (F-30)

Recall the beam stiffness at the center from equation (E-39).
K=—% (F-31)

Substitute equation (F-31) into (F-30).

48El

— (F-32)
mL

w1 =

Substitute (F-32) into (F-29).

48EI [ 2 [El
ol

48El [n]*EI (-3
m LL) p

48 [x)'1 (F-35)
m3 LL] p

1|t (F-36)
m | 48pL
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The effective mass at the center of the beam for the first mode is

48pL

4

m= (SDOF Approximation) (F-37)

Normalized Eigenvectors

The eigenvector and its second derivative at this point are

Y(x) = ag sinh(Bx) +ag sin(px) (F-38)
d2Y(x) 2 o 2
5 =a1p sinh(Bx)—agp* sin(Bx) (F-39)
dx

The eigenvector derivation requires some creativity. Recall

Y(L)=0 (zero displacement) (F-40)
d2y
5 =0 (zero bending moment) (F-41)
dx
X=L
Thus,

Y%

——+Y=0 forx=L and BpL=nm, n=123, ... (F-42)

dx?

(1[”—5]2} alsinh(nn)+{1(n—f]2}a3 sin(nt)=0 ,n=1,2,3, ...

(F-43)
The sin(nr) term is always zero. Thus a1=0.
The eigenvector for all n modes is

Yp (X) =ap sin(nmx/L) (F-44)
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Mass normalize the eigenvectors as follows

jOLpYnz(x)dx=1

pan? J'OLsin 2 (nax/L)dx =1

Pan2
2

joL [1-cos@2nnx/L)]=1

L
=1

2
Pan |, 1 sin(2nnx /L)
2 2Bp

0

2 .
Yn(X) = \/p:Lsm(nnx/L)
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(F-45)

(F-46)

(F-47)

(F-48)

(F-49)

(F-50)

(F-51)

(F-52)



Participation Factors

The participation factors for constant mass density are

L
I =p j 5 Yn(0dx (F-53)
L [2
Ty = pjo p—Lsm(nnx/L)dx (F-53)
Ty = 1/Z—I_p [ 0" sin(nmx / L)dx (F-54)
2p | L L
Mn=—yT {E} cos(nm x/L)|q (F-55)
I =—+/2pL {n—ﬂ[cos(nn)—l] ,n=1,2,3, ... (F-56)

Effective Modal Mass

The effective modal mass is

[ IOL 2 (x)de
Mett n = L (F'57)
J, pLYa (0T dx

The eigenvectors are already normalized such that

IOL p[Yy () dx =1 (F-58)
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Thus,

2
Metr,n = [[n ] = [ 2 (x)dx} (F-59)
. 2
Meff n = {— J2pL [E} [cos(nn)—l]} (F-60)
Meff, n = 2pL 1 5 [ cos(nr)-1]* ,n=1,2,3, .... (F-61)
nm

The bending phase speed ¢, is

Cp: Bn\/g = M\/E1 n:112,3,“. (F'62)
p LY\p
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APPENDIX G

Beam Simply-Supported at Both Ends 111

Consider a simply-supported beam with a discrete mass located along the interior length.

X1 '|

Figure G-1.

Displacement function for pinned-pinned beam, fundamental mode.

y() = yosin (T)
2 = Yo (£) eos ()

= () sn(®)

Q|

The total potential energy P in the beam is

40

(G-1)

(G-2)

(G-3)

(G-4)

(G-5)



m* El
P=y,?
Yo 4 L3

Let m be the point mass at position x; referenced from the left end.
Let p be the beam mass/length.

The total kinetic energy T in the beam is
T =2 0. {myGOP + pf, ()% dx |
v =t {m ()] + o pn ()] o)
T =Gt yot{m [sin ()] 4 oy [sin ()] o]

T =500 yot{m [sin ()] + 0y [t - cos ()] ax]
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(G-6)

(G-7)

(G-8)

(G-9)

(G-10)

(G-11)

(G-12)

(G-13)

(G-14)

(G-15)



T =Ty o () £ 1 cos (2]

T =3 ot vt {m [sin (P + § [ () sm ()], )

Pedot o ()] ¢ %]

Now equate the potential and the kinetic energy terms per the Rayleigh method.

Lo v (2 + 2},

42

(G-16)

(G-17)

(G-18)

(G-19)

(G-20)

(G-21)

(G-22)

(G-23)

(G-24)

(G-25)



For the special case of the point mass at the center of the beam, x;, = L/2.

— 2 El 1 -
On =T \/ 13 (2m+plL) (G-26)
T El 1
=2 J T @mtob) (6-27)
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APPENDIX H

Free-Free Beam

Consider a uniform beam with free-free boundary conditions.

El, p
[ ]

— 4

Figure H-1.

The governing differential equation is

Note that this equation neglects shear deformation and rotary inertia.
The following equation is obtain using the method in Appendix D
4

d 2/ P
dx—4Y(X) —-C {E}Y(X) =0

The proposed solution is

Y(X)=a1 sinh(Bx) +ao cosh(Bx) +a3 sin(Bx) +aq cos(Bx)

d\;f(x) =a1P cosh(Bx) + a2Bsinh(Bx) +asp COS(BX) —ay4P Sin(Bx)
2
% = a1l32 sinh(BX) + aZBZ cosh(Bx) - 3332 Sin(BX) _ a4[32 COS(Bx)

44

(H-1)

(H-2)

(H-3)

(H-4)

(H-5)



d3Y(x)

3 = a1 cosh(Bx) +aop3 sinh(Bx) - agp> cos(Bx) + 4B sin(Bx) (H-6)
dx

45



Apply the boundary conditions.

d2v(x)
dx2

d3v(x)
dx3

d2y

dx2

ap—ay =0

=0
x=0

ag=an

a3y
dx3

x=0

a1 —a3z =0

az =aq

= a1p2[sinh(Bx) —sin(Bx )] + aop2[cosh(Bx) - cos(Bx )]

42y

dx2

X=L

=0

(zero bending moment)

(zero shear force)

= a1B%[cosh(Bx) - cos(Bx )] + agp°[sinh(Bx) + sin(Bx ]

(zero bending moment)
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(H-7)

(H-8)

(H-9)

(H-10)

(H-11)

(H-12)

(H-13)

(H-14)

(H-15)



aq[sinh(BL)—sin(BL)]+az[cosh(BL)— cos(BL)| = 0 (H-16)

3
a7y =0 (zero shear force) (H-17)
dx3 weL
aq[cosh(BL)— cos(BL)]+az[sinh(BL)+sin(BL)| = 0 (H-18)

Equation (H-16) and (H-18) can be arranged in matrix form.

{shh(BL)—sm(BL) coﬁKBL)—cosﬁﬂ_1{a1] {o]
= (H-19)

cosh(BL)—cos(BL) sinh(BL)+sin(BL) [|ap | |0

Set the determinant equal to zero.

[sinh(BL) - sin(BL)[[sinh(BL )+ sin(BL)] ~ [cosh(BL) - cos(BL)J? = 0 (H-20)
sinh2(BL)—sin2(BL)- cosh?(BL)+ 2cosh(BL)cos(BL)— cos?(BL) = 0 (H-21)
+2cosh(BL)cos(BL)-2=0 (H-22)
cosh(BL)cos(BL)-1=0 (H-23)

The roots can be found via the Newton-Raphson method, Reference 1.

The free-free beam has a rigid-body mode with a frequency of zero, corresponding to
BL=0.
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The second root is

BL = 4.73004
El
_p.2
on =P
n n 0

4.730047° [EI
w 2= =
L p
22.373]| [EI
2= > =
L p

The third root is

BL =7.85320

El

2
® n=Pn

7.853201° [EI
W 3= 2 F

61.673 | |EI
3= >
L p

©3=2.757w

The fourth root is

BL =10.9956
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(H-24)

(H-25)

(H-26)

(H-27)

(H-28)

(H-29)

(H-30)

(H-31)

(H-32)

(H-33)



2 |El

On=Pn | — (H-34)
P
2
o4 [10.9956} \/E (H-35)
L p
o4 [120.903} El (H-36)
2 Ve
® 4=5.404 ® 5 (H-37)
Eigenvalues
n BnL
1 0
2 4.73004
3 7.85320
4 10.9956
1
Bann{n—ﬂ forn>5 (H-38)

The following mode shape and coefficient derivation applies only to the elastic modes
where BL > 0.

Equation (H-18) can be expressed as

_ | —cosh(BL)+cos(BL) ]
2-2a { sinh(BL)+sin(BL) (F-39)
Recall
ag =an (H-40)
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az=aj1 (H-41)

The displacement mode shape is thus

Y(x) = ag[sinh(Bx)+sin(Bx)]+ ag[cosh(Bx) + cos(Bx)] (H-42)

—cosh(BL)+cos(BL)
sinh(BL)+sin(BL)

v<x>=a1{[sinh(ﬁx>+sin(ﬁx>]{ }[cosh(ﬁx)wos(ﬁx)]} (a3

Modify the mode shapes as follows.

v<x>=5‘—1{[sinh<ﬁx>+sin<sx>]+{‘C‘”“(BL)*C°S<BL>}[cosh<sx>+cos(Bx)]}

JoL sinh(BL)+sin(BL)
(H-44)
Normalize the eigenvectors with respect to mass.
L 2
J, plYa (0F dx =1 (H-45)

The eigenvectors are mass-normalized for 4;=1.

Thus

x) = = [sinh(Bx)+ sin(px)] + —cosh(BL)+ cos(pL) cosh(Bx)+ cos(px
0= () i) | om0 0L oo cosp)

(H-46)
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The first derivative is

= oo cops |~ <SO) i ) s )

dx /pL sinh(BL)+sin(BL)

(H-47)

The second derivative is

dy _ ﬁ{ [Sinh(Bx)—sin(BX)]+{_COSh(BLFCOS(BL)}[COSh(BX)_COS(BX)]}

dx? /pL sinh(BL)+sin(BL)
(H-48)
The participation factors for constant mass density are
L
[y = Yo (x)dx (H-49)
The participation factors are calculated numerically.
As a result of the rigid-body mode,
Ih=0 forn>1 (H-50)
Wave Speed
The bending phase speed ¢, is
El
Cp = Bn F (H-51)
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Table H-3. Free-Free Beam Bending Phase Speed

n BnL Cp

1 0 0

2 4.73004 4'7i004 JEI/p

3 7.85320 7'8?_320 JElI/p

4 10.9956 10'9556 JEIp
n>5 n[n—%} %{n—ﬂ El/p

Note: the root value formula for n > 5 is approximate.
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Pipe Example

APPENDIX |

Consider a steel pipe with an outer diameter of 2.2 inches and a wall thickness of 0.60
inches. The length is 20 feet. Find the natural frequency for two boundary condition

cases: simply-supported and fixed-fixed.

The area moment of inertia is
| :6—"4[D04 -D i“]
Dy, =2.2in
D;=22-2(0.6) in
Dij=22-12 in

D;=10 in

|=l[2.24 —1.04] in4
64

1=1.101 in?

The elastic modulus is

E :30(106) %
In

The mass density is

p =mass per unit length.

lbm || nt|, -2 2.2

In

(I-1)

(1-2)
(I-3)
(1-4)

(I-5)

(1-6)

(I-7)

(1-8)

(1-9)

(1-10)



Ibm

p=0850 —m
In
30@06) % 1101 in4 | LSlugft/sec
El in 1Ibf
p 0.850 Ilme 1slug
in | 32.21lbm

a2
\/E ~122500%) ™
P sec

The natural frequency for the simply-supported case is

o=l [ ] (B n-rea
n — 2TC L p’ T ey
2

1ft

. 2
flz{zi} s 1.2250105) "
n (20ft{ mj sec

f; =334 Hz (simply-supported)

The natural frequency for the fixed-fixed case is

1 || 2237 [EI
Elal e W
Tl L p
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(1-11)

(1-12)

(1-13)

(1-14)

(1-15)

(1-16)

(1-17)



22.37

f,= 7.58Hz

(20ft 12in
1ft

I

(fixed-fixed)

1225ﬁ05)
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in2

Sec

(1-18)

(1-19)



APPENDIXJ

Suborbital Rocket Vehicle

Consider a rocket vehicle with the following properties.

mass = 14078.9 Ibm (at time = 0 sec)
L = 372.0 inches.

_14078.9 Ibm
P 372.0 inches

o = 37.847 12M

In

The average stiffness is

El = 63034 (10°) Ibf in~2

The vehicle behaves as a free-free beam in flight. Thus

112237 | [EI
T L p

[63034e+06lbf inz] slug ft/sec” {12in} 32.2lbm
Ibf ft slugs

1| 2237
=L
2n| (372in)? 37.847 0
In

(J-2)
f1 = 20.64 Hz (at time = 0 sec) (J-3)

Note that the fundamental frequency decreases in flight as the vehicle expels propellant
mass.
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APPENDIX K

Fixed-Fixed Beam

Consider a fixed-fixed beam with a uniform mass density and a uniform cross-section.

The governing differential equation is

o oty _ %y
— _ = p—
xt T at?
The spatial equation is
4
-izvuy4?{ﬂ}vu)=o

The boundary conditions for the fixed-fixed beam are:

Y(0) =0

dY(x)
dx

=0
x=0

Y(L)=0

dY(x)
dx

=0

X=L

The eigenvector has the form

Y(x)=a1 sinh(Bx) +ao cosh(Bx) +as3 sin(Bx) +aq cos(Bx)

d\;f(x) = agpcosh(Bx) + apPsinh(Bx) + agpcos(px) — agpsin(Bx)
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(K-1)

(K-2)

(K-3)

(K-4)

(K-5)

(K-6)

(K-7)

(K-8)



d2 Y(x)
— = alﬁz sinh(Bx) + aZB2 cosh(Bx) - a3[32 sin(Bx) - a4B2 cos(Bx) (K-9)

dx?
Y(0)=0 (K-10)
az+as=0 (K-11)
-a2=a4 (K-12)
CAC) (K-13)
dx x=0

aaptasp=0 (K-14)
a1 +az3 =0 (K-15)
-a1=a3 (K-16)
Y (x) = a1 [sinh(Bx)—sin(Bx)]+ax[cosh(Bx) - cos(Bx ] (K-17)
% = aqB[cosh(Bx)— cos(Bx)]+ aop[sinh(Bx) +sin(Bx))] (K-18)
Y(L)=0 (K-19)
aq [sinh(BL)—sin(BL)]+a[cosh(BL)—cos(BL)] =0 (K-20)
dY(X) -0 (K'Zl)

dx |

agP[cosh(BL)— cos(BL )]+ aoB[sinh(BL)+sin(BL)] =0 (K-22)
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aq[cosh(BL)— cos(BL)]+a[sinh(BL)+sin(BL)]=0 (K-23)

sinh(BL)—sin(BL) cosh(BL)—cos(BL)|[ar| [0
Loshmu—cos(m) Sinh(BL)+Sin(BL)}{az}:M (2
s i) ol
[sinh(BL) - sin(BL )] sinh(BL )+ sin (BL)] - [cosh(BL) - cos(BL)]* =0 (K-26)
sinh ? (BL) - sin # (L) — cosh ? (BL) + 2cos(BL )cosh(BL) - cos(BL) = 0 (K-27)
2cos(BL)cosh(BL)-2=0 (K-28)
cos(BL)cosh(BL)-1=0 (K-29)

The roots can be found via the Newton-Raphson method, Reference 1. The first root is

BL=4.73004 (K-30)
2 [El
on =PBn F (K-31)

2
o = {4.79;004} El (K-32)

p

o = {22573} = (K-33)
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aj[cosh(BL)—cos(BL )] = —as [sinh(BL)+sin(BL)]
Let ap =1
a1 [cosh(BL)—cos(BL )] = —[sinh(BL)+sin(BL)]

. :—sinh(BL)—sin(BL)
1 cosh(BL)— cos(L)

—sinh(BL)—-sin(BL)
cosh(BL)—cos(BL)

Y (x) = [cosh(Bx)— cos(px)]+ [ }[sinh([sx) +sin(px)]

sinh(BL)+sin(BL)
cosh(BL)—cos(BL)

Y (x) = [cosh(Bx)—cos(px )] - { }[sinh(Bx) +sin(Bx)]

The un-normalized mode shape for a fixed-fixed beam is

Yn (%) =[cosh(B x)—cos(Bp x)]- o [sinh(Bnx)—sin(Bn )]

where

- :{sinh(BL)jtsin(BL)}
" | cosh(BL)—cos(BL)
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(K-34)

(K-35)

(K-36)

(K-37)

(K-38)

(K-39)

(K-40)

(K-41)

(K-42)



The eigenvalues are

n BnL

4.73004
7.85321
10.9956
14.13717
17.27876

gl bW |IDN|PF

Forn>5

1
L=n|—+n
Bn 7{2 :l

Normalized Eigenvectors

Mass normalize the eigenvectors as follows

L
Io pYn2(x)dx =1
The mass normalization is satisfied by

1 . .
Y (%) =ﬁ{[cosh(snx)—cos(ﬁnx)]—cn [sinh (B x)—sin(B,x)] }

where

- :{sinh(BL)Jrsin(BL)}
" 7| cosh(BL)-cos(BL)
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(K-43)

(K-44)

(K-45)

(K-46)



The first derivative is

d 1 . .
&Yn (X) = ﬁ{ﬁn [sinh(By x)+sin(Bp X)] - onBn [cosh(Bnx)—cos(Bnx)] |

(K-47)

The second derivative is

2
dci(—zYn (x) = ﬁ {an [cosh(B )+ cos(Bn x)]- o B [sinh(Bx)+sin(By x)] }
(K-48)
Participation Factors
The participation factors for constant mass density are
I =p j OL Y, (X) dx (K-49)
Ih = ﬁjol_ {lcosh(Bnx)—cos(Bn )]~ on [sinh(Bn x)~sin(Bn x)]}dx (K-50)
Iy = Bi\/% {[sinh (B x) - sin(By x)]— o n [cosh(B x)+ cos(Bn x)] }|I6 (K-51)
n

Th =i \/%{[Sinh(ﬁn L)-sin(Bn L)~ on[cosh(Bn L)+cos(Bn L)]+20n | (K-52)

I'n :Bi\/%{[sinh(ﬁn L)-sin(BnL)]+ on[2~cosh(Bn L) - cos(Bn L)} (K-53)

n
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The participation factors from a numerical calculation are

Iy = 0.8309 /pL

I =0

I3 =0.3638 ,/pL

I’y =0

T =0.2315 ,/pL

The participation factors are non-dimensional.

Wave Speed

The bending phase speed ¢, is

Table K-3. Fixed-Fixed Beam Bending Phase Speed
n BnL Cp
4.73004

1 4.73004 C JEl/p
7.85320

2 7.85320 3 JEI/p
10.9956

3 10.9956 - JEl/p
14.13717

5 14.13717 C JEI/p
1 T 1

n—-— —|n-=|JEl
n20 ’{ 2} L[ 2} fp

Note: the root value formula for n > 6 is approximate.
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(K-55)
(K-56)
(K-57)

(K-58)
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APPENDIX L

Beam Fixed — Pinned

Consider a fixed — pinned beam as shown in Figure L-1.

El,p

ANNNN

Figure L-1.

Recall that the governing differential equation is

E,a4y o2y
A
ox? T at?

The spatial solution is

Y(X)=a1 sinh(Bx) +ao cosh(Bx) +a3g sin(Bx) +ay cos(Bx)

d\;)((x) = agp cosh(px) + agBsinh(Bx) + agp cos(Bx) — agpsin(px)
q2 Y(X) 5 5 5 ,
—d 5 = a1p sinh(Bx) +ao2p cosh(Bx) —asp sin(Bx) —asp cos(Bx)
X

The boundary conditions at the left end x = 0 are

Y(0)=0 (zero displacement)
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(L-1)

(L-2)

(L-3)

(L-4)

(L-5)



dY/(x)
dx [x—o

=0 (zero slope)

The boundary conditions at the right end x = L are

Y(L)=0 (zero displacement)
2
dcy
5 =0 (zero bending moment)
dx weL

Apply boundary condition (L-5).
ar+ayg =0

dgq =—ay

Apply boundary condition (L-6).
a;+az=0
a3z =—ap

Apply the left boundary results to the displacement function.

Y(x) = a1 [sinh(Bx)—sin(Bx )]+ a [cosh(Bx) — cos(Bx)]

Apply boundary condition (L-7).

a[sinh(BL)—sin(BL)]+a[cosh(BL)—cos(BL)] =0
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(L-6)

(L-7)

(L-8)

(L-9)

(L-10)

(L-11)

(L-12)

(L-13)

(L-14)



Apply the left boundary results to the second derivative of the displacement function.

d2Y(x)
dx?

= a1 [sinh(Bx) + sin(Bx )] + aop2 [cosh(Bx) + cos(px ] (L-15)

Apply boundary condition (L-7).
a1B?[sinh(BL)+sin(BL )]+ a,p2[cosh(BL)+ cos(BL)] = 0 (L-16)

aq[sinh(BL)+sin(BL)]+a[cosh(BL)+ cos(BL)] =0 (L-17)

sinh(BL)-sin(BL) cosh(BL)—cos(BL)] a3 ] [0 )

Linh(BL)+sin(BL) cosh(BL )+ cos(BL)}LJ - [O} (L-18)
sinh(BL)—sin(BL) cosh(BL)—cos(BL)] )

det{sinh(BL)+ sin(BL) cosh(BL)+ cos(BL)} =0 (L-19)

[sinh(BL)—sin(BL)[cosh(BL )+ cos(BL )] [sinh(BL )+ sin(BL)]cosh(BL ) — cos(BL)| = 0

(L-20)
sinh(BL)cosh(BL )+ sinh(BL)cos(BL )—sin(BL )cosh(BL)—sin(BL )cos(BL )
—sinh(BL)cosh(BL )+ sinh(BL )cos(BL ) —sin(BL )cosh(BL )+ sin(BL)cos(BL) = 0
(L-21)
2sinh(BL)cos(BL) - 2sin(BL)cosh(BL) =0 (L-22)
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sinh(BL )cos(BL)—sin(BL)cosh(BL) =0 (L-23)

tanh(BL)—tan(BL)=0 (L-24)

The eigenvalues are

BnlL

3.9266
7.0686
10.2102
13.3518
16.4934

g bW ||| DS

1
For n>5, BhL~m (n + Zj (L-25)

[sinh(BL)+sin(BL)] (L-26)

f2=4 [cosh(BL )+ cos(BL)]

The unscaled eigenvector is

Y(x) = al{[sinh(Bx) —sin(Bx)]- [[s:)r;:g t;: zlgs((% LL))]] [cosh(Bx)- cos(Bx)]} (L-27)

The mass-normalized eigenvector is

X —L sinh(Bx)—sin(Bx _[sinh(BL)+sin(BL)] cosh(px)— cos(px -
Y09 - H{[ ) -sin]- PO SO o) ol )]} (L2
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Participation Factors

The participation factors for constant mass density are

L
Ty :pjo Yy, () dx

Ih = ﬁ_fol_ {sinh(Bnx)—sin(Bnx)]-on [cosh(Bn x)—cos(Bnx)]tdx

[sinh(BL)+sin(BL)]

N = Teosh(BL)+ cos(L)]

I'h = i\/%{[COSh(Bn x)+co(B X)]— o [sinh (B ) —sin (B x)] }|I6

W ﬁ\fg{[coshmnumos(ﬁn L))~ o sinh (B L) sin(B L)] -2}

Iy = [PA-2+cosh(3n L) cos(B L)} ~on sinn B L) ~sin(Bin L)}

The participation factors from a numerical calculation are
Iy =-0.8593./pL
' =-0.0826/pL
I3 =-0.3344./pL
Iy =-0.2070/pL
I's =-0.0298/pL

The participation factors are non-dimensional.
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Wave Speed

The bending phase speed ¢y is

Cp = Bn %
Table L-2. Fixed-Pinned Beam Bending Phase Speed

n BnL Cp
1 3.9266 &566\/?/9
2 7.0686 @ El/p
3 10.2102 10'?_102 JEl/p
4 133518 13'::_518\/%
5 16.4934 16'4534\/?/9

n>6 n[n %j %(nﬁj E1/p

Note: the root value formula for n > 6 is approximation.
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Wavenumber and Phase Speed

The natural frequency on is

The modal wavenumber Bn is
0 14
Pn =+/on [E}

Let cp be the phase speed.

Bn

Cp

APPENDIX M
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An alternate form is

=
o, P o El
Cp=—T= =Bn\|— (M-7)
Bn Bn P
The modal wavelength is
21 21
n= o =——— (M-8)

E \/E [;}1/4
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