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The baffled, simply-supported plate in Figure 1 is subjected to an oblique pressure wave on one
side. Only a side view along the length is shown because the pressure is assumed to be uniform
with width. This diagram and the corresponding pressure field equation are taken from
Reference 1.
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Figure 1.

A is the acoustic wavelength. A is the trace wavelength.

Ay =A/sin@ 1)



The governing differential equation from Reference 2 is
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The plate stiffness factor D is given by
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where

E isthe modulus of elasticity
u  Poisson’s ratio
H s the thickness
P is the mass density (mass/volume)
P isthe applied pressure
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Now assume that the displacement can separated into spatial and temporal components such that

P(x,t)=p, cos(cot —2;:—)( + 4))
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The trace wave number k; is
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P(x,t) =p, cos(wt —kx+0)

The differential equation becomes
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Let
w(X,y,t) =D(X, y)u(t)

By substitution,
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The homogeneous equation is
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The mass-normalized mode shapes are
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W(X’ Y, t) = z Z D (X, y)umn (t)
n=lm=1
By substitution,
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Integrate with respect to surface area. Note that the eigenvectors @, @, are functions of

area, but the argument is omitted for brevity.
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The eigenvectors are orthogonal such that
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Add a modal damping term.
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The generalized force is
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The phase angle is arbitrary for the steady-state analysis. Set ¢ =0.

Lo (t) = b[l—cos (nn)]Apo {J'gsin(%}cos(mt - ktx)dx} (51)
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Equation (51) is evaluated in Appendices A and B. There are three possible results as follows.
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Only the steady-state solution is needed. So define a participation factor I'mn and represent the
time varying term as a harmonic excitation function.

L mn (t) =Tn p(Y)
where

P(D) = po exp(joot)

There are three participation factor cases.
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Define a joint acceptance function Jmp.

Jon =AabIy,
1

Ty = ——

mn Aab mn

There are three joint acceptance cases.
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The equation of motion for the modal coordinates is
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Transpose to the frequency domain.
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The frequency response function relating the displacement to the oblique pressure field is

W(X1 Ys CO) _ i i Trin@mn (X, Y)

P((D) n=1m=1 ((Dmn2 —? )+ J2Emn® ®mn

W(X,y,m)zi i A"Jlemn(Dmn(XvY)
P(w) n=lm=1 (@mn2—®2)+j2‘:mn®@mn

The bending moments are
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The bending stresses from Reference 3 are
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2 is the distance from the centerline in the vertical axis
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APPENDIX A

Casel: k; » M
a
b[1- A
Ly () = [ cosn(:n)]Apo {J'Osm[ma jcos(oot— tx)dx} (A-1)

nrw

L ()= b[1-cos(nr) |Ap, {sm(mt)f Sm(ma jsm( XY

+cos(oat)j sm(ma Jcos(ktx)dx}

(A-2)

The definite integrals are evaluated using the wxMaxima software program, with the following
command:

ratsimp(trigexpand(integrate(A*sin(m*%pi*x/a)*sin(k*x)+B*sin(m*%pi*x/a)*cos(k*x),x,0,a)));
positive;

By substitution of the results,

I-mn (t) =

b[1-cos(nm) |Ap,
nn(nzmz - azktz)

{sin(cot)[— a2k, cos(k¢a)sin(mr)+ mma cos(kta)cos(mn)]

+ cos(oot)[azkt sin(ka)sin(mm)+ mra cos(ka)cos(mm)— mna]}

(A-3)

Note that for all m values,

sin(mn) =0 (A-4)
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Lmn (t) =

b[1-cos(nm) ]JAp,

nn(nz 2 —a2 ) {sin(ct [mma cos(k ;a )cos(m)] + cos(ewt [mma cos(k ;a )cos(mm) — mna}

(A-5)
L mn ()=
[1—cos () JA Po; b {sin(wt Jcos(kta)cos(mmn)|+ cos(wt)[cos(k ;a)cos(mm) - 1]}
nzmn[l(aktj J
m
(A-6)
Convert the trigonometric term to magnitude and phase format.
{sin (wt)[ sin(ka)cos(mm) ] +cos(mt)[cos(kta)cos(mn)—1]}
= \/{[cos(mn)]z —2cos(k.a)cos(mn) +1} sin(ot+¢)
(A-7)
Note that for all m values,
[cos(mn)]2 =1 (A-8)
{sin(ot)[ sin(ka)cos(mm) |+cos(wt)[ cos(kea)cos(mr) -1}
= J{Z—Zcos(kta)cos(mn)} sin (ot +¢)
(A-9)
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For odd m,

{sin(wt)[ sin(ka)cos(mn) ]+cos(wt)[ cos(k.a)cos(mm) -1}

= \/2{1+ cos(ka)}sin(mt+¢), for m=1,35,...

{sin(ot)[ sin(ka)cos(mm) ]+cos(wt)[ cos(k.a)cos(mm) -1}

= \/40052 (ka/2)sin(ot+e), for m=1,35,..

{sin (wt)[ sin(k,a)cos(mm) |+cos(wt)[ cos(k.a)cos(mm) —1]}

=2cos(ksa/2)sin(wt+¢), for m=1,35,...

2Ap,[1-cos(n b

=g

Note the following relationship for the modal wavelength A .

sm(cot +¢) , form=1,3,5...

I-mn (t) =

Am _a
2 m
a:mkm

2
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(akt]: 2ma | _(rm (A-16)
m nmkt 7\,t
2Ap,[1-cos(nm)]ab cos{mn Am

2 ¥
nzmnu}”mj 1]
At

I—mn (t) =

}Sin(coths) , form=1,35...

(A-17)

Note that the denominator of the right hand side of equation (A-17) was multiplied by -1 for
consistency with other reference. This is acceptable because the phase angle is arbitrary.

For even m,

{sin (wt)[ sin(k,a)cos(mm) |+ cos(wt)[ cos(k,a)cos(mm) —1]}

= \/2{1—cos(kta)} sin(ot+¢), for m=2,4,6,...

(A-18)
{sin(ot)[ sin(ka)cos(mm) ]+cos(wt)[ cos(k.a)cos(mm) -1}
= J4sin? (ka/2)sin (ot +g), for m=2,4,6,...
(A-19)
{sin(oat)[sin(kta)cos(mn)]+cos(cot)[cos(kta)cos(mn)—lj}
=2sin(ka/2)sin(ot+¢), for m=2,4,6,...
(A-20)
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2Ap,[1-cos(n b

Lmn (t) -
nzmn[ ]

Sln(mt + 8) , form=2,4.6...

(A-21)
2Ap,[1-cos(nn)]ab . [mmiy | .
L (1) = > sin| === sin(ot +&) , for m=2,4.6...
t
72mn Mj -1
A
(A-22)

Note that the denominator of the right hand side of equation (A-22) was multiplied by -1 for
consistency with other reference.
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APPENDIX B

L) b[1- cosn(;:n) 1Ap, {sin(cot)j(?sin 2(%}”

+ cos(cot)jgsin(%) cos(%)dx}

(B-1)

The definite integrals were evaluated using wxMaxima with the following commands.

integrate((sin(m*%pi*x/a))"2,x,0,a);positive;
integrate((sin(m*%pi*x/a))*(cos(m*%pi*x/a)),x,0,a);positive;

L (1) = b1 cos () JApg {(— %jsin(oat) + {a (1_ cos” (nm))} cos(cot)} (B-2)

nm 21m

L (1) = [1-—cos (;n) JApoaD {(— nm)sin(ot )+ (1— cos? (nm))cos(mt)} (B-3)
nemn
Lyn () = Apoab [cos (nrt) -1 ]sin(wt) (B-4)
2nn
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Example

APPENDIX C

Consider a rectangular plate with the following properties:

Boundary Conditions

Simply Supported on All Sides

Material Aluminum

Thickness h | = 10.125inch

Length a | = |10inch

Width b | = |8inch

Elastic Modulus E | = | 10E+06 Ibf/in"2

Mass per Volume py | = | 0.11bm/in”3 (0.000259 Ibf sec”2/in™4 )
Mass per Area p | = 10.0125Ibm/in"2 (3.24E-05 Ibf sec"2/in"3)
Viscous Damping Ratio € | =10.05

The normal modes and frequency response function analysis are performed via a Matlab script.
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The normal modes results are:

Table C-1. Natural Frequency Results, Plate
Simply-Supported on all Sides
fn (Hz) m n
302 1 1
656 2 1
855 1 2
1209 2 2
1246 3 1
1777 1 3
1799 3 2
2072 4 1
2131 2 3
2625 4 2
2721 3 3
3067 1 4
3134 5 1
3421 2 4

Now apply a sound pressure wave with variable frequency at an angle of 90 degrees. This is
actually a special case called grazing incidence where the propagation vector is parallel to the
plate surface.

The fundamental mode shape is shown in Figure C-1. The resulting displacement and
transfer functions magnitudes are shown in Figures C-2 and C-3, respectively.
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Figure C-1.
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Joint Acceptance Function m=1 n=1
Oblique Incidence theta=90 deg
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Figure C-2.



Displacement Frequency Response Function at x=5 y=4 inch
Oblique Incidence theta=90 deg
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Figure C-3.

The maximum displacement response for oblique incidence at 90 degrees is:
max = 0.132 in/psiat 300.1 Hz
The same plate was subjected to uniform, normal pressure in Reference 6. The maximum

displacement for the uniform case was:

max = 0.138 in/psiat 300.1 Hz

Note that the acoustic wavelength at this frequency is about 45 inches. The bending mode
wavelength for the fundamental mode is 20 inches, twice the plate length.
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Stress Frequency Response Function at x=5 y=4 inch
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Figure C-4.

The maximum von Mises stress response for the oblique case is:

max = 15,850 (psi/psi) at 300.1 Hz

The maximum displacement for the uniform case was:

max = 16,580 in/psi at

300.1 Hz
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APPENDIX D

Principal Stress

Y Y
Tyx B rj' //

—
Tyy B
Ox X . p
==
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l (_1
d,.

J.

; o Principal Stresses
Stresses in Given

Coordinate System

The diagrams are taken from Reference 3.

The principle stresses are

2
G x +GC Gy —O

The angle at which the shear stress becomes zero is

ery

tan 26, = (D-2)

Gx —Oy
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The von Mises stress cg i

Ce = \/612 — 0102 + 622 (D-3)

The von Mises stress is used to predict yielding of materials under any loading condition from
results of simple uniaxial tensile tests. The von Mises stress satisfies the property that two stress
states with equal distortion energy have equal von Mises stress.

An alternate formula from Reference 4 is

2 2 2
Ge = \/GXX +ny _Gxxny +3'ny (D'4)
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