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Rectangular Plate in Bending

Figure 1.

Stiffness Matrix

Let u represent the out-of-plane displacement. The total strain energy of the plate is
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Note that the plate stiffness factor D is given by

)

where

E = elastic modulus
h = plate thickness

u = Poisson's ratio

The plate has one translational and two rotational degrees-of-freedom at each corner, for a total of 12
degrees-of-freedom. The two rotational components are about the x and y-axes respectively.

Let the four corners be labeled k, I, m, and n, as shown in Figure 1.

The rotation components 0 at the corner 1 are

ou|
el B 3
X = 3
ou|
The displacement equation has 12 constants to enforce 12 continuity conditions.
_ 2 2 3
u(x,y,t)= ag +agx+agy+agx” +agxy +agy” +arzx
2 2
tagxTy+agy T + aloy3 + a11X3y + a12><y3
(5)
The displacement equation can be written as
ux,y,t) ={A}" {z} )
where
{Ay =[a; ap a3 a as ag a7 ag ag ajg aix aip| (7)



@ |1 x y x2 w y2 3 x%y w2 yE X3y x| (8)

The strain energy is thus

U= {AT [T [scy) Joy (A} ©
where

o Al
Again,

u(x,y,t)=ag +a2x+a3y+a4x2 +agxy +a6y2 +a7x3

2 2
+agXy+agxy Jr61103/3+6111><3y+6112><y3 (11)

aiu(x,y, t)=ao +2a4x + a5y+3a7x2 + 2agxy + agy2 +3a11x2y+ a12y3
X
(12)

9 u(x,y,t)= ag+agX+2agy+ a8x2 + 2agXy + 3a10y2 + a11x3 + 3a12xy2
i 13)



The displacement and derivatives at each corner are

u{0,0,t}= a; (14)
N 0.0,3=a (15)
ox 2

%U{O,O,t}: as (16)
u{a,0,t}= (a)+a(ay)+a(aq) +a(a7) (17)
%{a,o,t}z (ap)+2a(ag)+3a%(az) (18)
%u{a,O,t}: (ag)+a(as)+a’(ag) +a(agy) (19)

u{a,b,t}= ag +a2a+a3b+a4a2 +agab +a\6b2 +a7a3

+ agazb + agab2 + a10b3 + a11a3b + alzab3

(20)
%“ {a,b,t}= (ap)+2a(ag)+b(as)+3a(a7)+2ab(ag) + b (ag) +3a%b(asq) + b3 (ar)
(21)

%{a, b,t}= (a3)+a(as)+2b(ag) +a°(ag) + 2ab(ag) + 3b2 (azp) +a° (agy) + 3ab2 (ag)

(22)
u{0,b,t} = (ag) +(az)b+(ag)b? + (agg)b® (23)
Z—i{o,b,t}c (ap) + (a5)b + (ag)b? + (agp)b3 (24)
%“{o, b,t}= (a3)+2b(ag)+3b2(ayg) (25)



The displacement vector for element i is

-
{u}i Z[Uk Oxk Oyk U Ox1 Oyl Um Oxnm Oym up Oy 6yn] (26)

The displacement vector can be written as

{u}; =[BJ{A} (27)
where
00 0 0 0 0O O O O O 0 ]
0100 0 0 0 O O 0 0 0
001 0 0 0 0O O O 0 0 0
1a0a 0 0 a> 0 0 0 0 0
0102 0 0 32 0 0 0 0 0
o001 0 a0 0 a> 0 0 a% o0
11 a b a% ab b% a3 a?p ab? b3 adp ad
0102 b 0 32 2ab b2 0 3a%p bd
001 0 a 2b 0 a2 2ab 302 a3 32
10b 0 0 b2 0 0 0 b3 o0 0
0100 b 0 0 0 b2 0o o0 ©bd
001 0 0 20 0 0 0 3> 0 0 |
(28)
Solve for {A} .
Al =B uk (29)
Let
[c]=[B]" (30)

1A} =[cKu}i (31)



The strain energy is thus

U= 24Tl [o2 [50x ) ] oy [cluy (32)

The Kkinetic energy is

_p_h bea .9
K= 5 jo o dxdy (33)

Recall the displacement equation

u(xy.t) ={A}" {z} (34)
The velocity is
u={A}" {z} (35)
[0]° ={A} {z}{Z}T{AY (36)
Recall
{A}=[cHuy (37)
[61% ={u}i " [c]" {z}{Z}T [cKui (38)
Let
P(xy)=1{z}{z}7 (39)
[61° ={ai " [e]" P (x, y) [cKui (40)



The kinetic energy is thus

K =L Tl [ofe P x.y) oy [ely

The virtual work due to the nodal forces and moment is

SW = {F}; T {dul; ={ou}i{F}

where

T
{F}i :[ Fk My Myk A My lVlyl Fm
Hamilton’s principle yields the equation of motion.
[mHU}i +[kuki ={F}i

The respective local mass and stiffness matrices are

[ =phic] " [ [2 [P (x y) ]y [c]

[K1=DIe]" [ [S0x.) ]y ]

The local matrices can then be assembled into global matrices. Then boundary conditions can be

applied.

Mym Mym Fn Myp Myn]

(41)

(42)

(43)

(44)

(45)

(46)



The generalized eigenvalue problem is

{[K]-o?[MI}HU}=0 47)
where

is the global stiffness matrix
is the global mass matrix

is the natural frequency

c & Z X

is the corresponding mode shape

Note that there is a natural frequency and mode shape for each degree-of-freedom.
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APPENDIX A

Mass Matrix Core
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APPENDIX B

Stiffness Matrix Core

Again,

{z}T=[1 x y x* xy y? x3 x%y w? y

3 43y Xy3J

The derivatives are
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OX

oz "
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Let B=2(1-p)

ox2 | | ox? oy? | | ay? ox2 || ay? oy? | | ox? oxdy | | oxay
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0 0 0 0 0 0 0 0 0
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APPENDIX C

Example 1

Consider an aluminum plate, with dimensions 4 x 6 x 0.125 inches. The plate is simply-supported on
all sides.

The natural frequencies are

2 2
o= |2 (M) +(@)  m=123..n=123. .
ph|\ a b

(C-1)
Eh3
D=—"""7.
12(1-p%)
_ (L.0e +07 Ibf /in"2)(0.125 in)"3
12(1-0.372)
=1789 Ibf in
(C-2)
ph = ((0.1/386) Ibf sec"2/in"4)(0.125 in)
= 3.238e - 05 Ibf sec”2/in"3
(C-3)
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. 2 2
- 1789 It \fmm |- (0m |l 123 =123,
3.238e - 05 Ibf sec™2/in*3 | | 6in 4in

(C-4)

Table C-1. Natural Frequencies,
Hand Calculation

fn(Hz) m
1054 1
2027 2
1

3

2

3243
3649
4216

N[RN[R |R|D

Now perform a finite element analysis with 13 nodes along the X-axis and 9 nodes along the Y -axis.
The analysis is performed using the mass and stiffness matrices derived in the main text, as
implemented in Matlab script: plate_fea.m

The fundamental mode shape is shown in Figure C-1. The natural frequency comparison is shown in
Table C-2.

21



100

Figure C-1.

Mode 1 fn= 1049 Hz

Table C-2. Natural Frequencies
Mode Callgjlna?ion f:]:g_ﬁ)
fn(Hz)
1 1054 1049
2 2027 2006
3 3243 3223
4 3649 3603
5 4216 4136
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Example 2

APPENDIX D

Repeat example 1 but change the boundary conditions such that the corners are pinned. The edges
are otherwise free.

The fundamental frequency is 291 Hz using the hand calculation formula from Reference 2.

Again, the analysis is performed using the mass and stiffness matrices derived in the main text, as

implemented in Matlab script: plate_fea.m

The natural frequency comparison is shown in Table D-1. The mode shapes are shown in the

following figures.

Table D-1. Natural Frequencies
Mode Cal?jlna(zion frl]:(lifz‘)
fn(Hz)

1 291 294
2 - 708
3 - 852
4 - 1110
5 - 1739
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Mode 1 fn= 294.2 Hz

Figure D-1.

Mode 2 fn= 708 Hz

Figure D-2.
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Figure D-3.

Mode 4 fn= 1110 Hz

Figure D-4.
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Figure D-5.

Mode 5 fn=

1739 Hz
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