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Consider a thin rod.

E, A, m

E is the modulus of elasticity.
A is the cross-section area.
m is the mass per unit length.
The longitudinal displacement u(x, t) is governed by the equation
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This equation is taken from Reference 1.

For a uniform cross-section, the governing equation simplifies to
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Consider a beam with uniform mass density. The governing equation simplifies to
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where

p isthe mass per unit volume.



Let

c= E (4)
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Note that c is the longitudinal wave velocity. Substitute equation (4) into (3).
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Separate the variables. Let
u(x,t) = U(x)T(t) (6)
Substitute equation (6) into (5).
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Perform the partial differentiation.
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U"(x)T(t) = 2 U)T"(t) (8)
Divide through by U(X)T(t).
60~ \e2) T ©)
2 U"(X) ~ T"(t)
U~ T (19
Each side of equation (10) must equal a constant. Let o be a constant.
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The time equation is

Tu(t) B 2
—T(t) =—- (12)
T"(t) = 02 T(t) (13)
T"(t) + @2T(t) = 0 (14)
Propose a solution
T(t) = asin(ot) + bcos(wt) (15)
T'(t) = ao cos(ot) — bwsin(wt) (16)
T"(t) = —ae? sin(ot) — bo? cos(ot) (17)
Verify the proposed solution. Substitute into equation (14).
2 2 2[ i 2 _
—am*sin(ot) - bw* cos(ot) + ®*|sin(ot) +®* cos(wt)|[=0 (18)
0=0 (19)

Equation (15) is thus verified as a solution.

There is not a unique o, however, in equation (11). This is demonstrated later in the
derivation. Thus a subscript n must be added as follows.

Th (1) =ansin(wnt)+ bncos((ont) (20)

The spatial equation is
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c2U"(x) = 02 U(x) (22)
c2U"(x) + ©2U(x) =0 (23)



2
U"(x) + 5 U(x) =0 (24)
C

Equation (24) is similar to equation (14). Thus, a solution can be found by inspection.
U(x) =dsin [%Xj +e cos(%xj (25)

The slope equation is

U'(x) = [%} {d cos(%xj —e sin(%xﬂ (26)

Now consider three boundary condition cases as shown in the following appendices.
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APPENDIX A

Case |. Fixed-Fixed

The left boundary condition is

u(0,t)=0 (zero displacement) (A-1)
uO)T(t)=0 (A-2)
U(0)=0 (A-3)

The right boundary condition is

u(L,t)=0 (zero displacement) (A-4)
UbT() =0 (A-5)
U(L) =0 (A-6)

Substitute equation (A-3) into (25).
e=0 (A-7)

Thus, the displacement equation becomes
X
U(x) = dsin (O’Tj (A-8)
Substitute equation (A-6) into (A-8).

dsin [m—L) =0 (A-9)

c

The constant d must be non-zero for a non-trivial solution. Thus,

opl
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The o term is given a subscript n because there are multiple roots.

C
op=nm, n=123.. (A-11)



The displacement function the fixed-fixed rod is

Up(x)=dp sin(anx) (A-12)
Uh(x)=dp sin(nLLx) (A-13)

Substitute the natural frequency term into the time equation.

nmct nrct
Ty (D) =ap sin(nTj+bncos( T_ j (A-14)

The displacement function is thus

u(x,t) = i {[d n sin(nLLXH{an sin(nnl_C tj +bp cos( nnLctﬂ} (A-15)

n=1

The coefficients can be simplified as follows
An :dn an (A'16)

Bn :dn bn (A'l?)

By substitution, the displacement equation is

u(x,t) = é {sin(nLLxﬂ{An sin(rmLC tj +Bp cos(nnLCt) }} (A-18)
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APPENDIX B

Case Il. Fixed-Free

The left boundary conditions is

u(0,t)=0 (zero displacement) (B-1)
UO)T(t)=0 (B-2)
u)=0 (B-3)

The right boundary condition is

8

U . —0 (zero stress) (B-4)
U'(L)T(t) =0 (B-5)
U'(L)=0 (B-6)

Substitute equation (B-3) into (25).
e=0 (B-7)

Thus, the displacement equation becomes

U(x) = dsin [“’ij (B-8)

U'(x) = [ﬂ{d cos(%xﬂ (B-9)



Substitute equation (B-6) into equation (B-9).
L
d cos(%j =0 (B-10)

The constant d must be non-zero for a non-trivial solution. Thus,
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The ® term is given a subscript n because there are multiple roots.

2n-1\ c
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The displacement function for the fixed-free rod is

X
Up(x)=dp sin(an) (B-13)
2n—-1m x

Up(x)=dp sin(ﬁj (B-14)
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Substitute the natural frequency term into the time equation.

T (0= (M}b (M} 8.5
n(t)=apsin oL +bp cos oL (B-15)

The displacement function is thus

u(x,t) = i {dn sin[(zn;#ﬂ{an Sin(Wj +bp COs((Zn_Z%ﬂ}

n=1
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Simplify the coefficients.

u(x,t) = i {sin(%ﬂ[&, sin(%} + By cos(

n=1
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)

(B-17)

Now determine the effective mass of the rod for the fundamental mode. The stiffness k

at free end of the fixed-free longitudinal rod is

_EA
L

k
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The formula for the fundamental frequency of a single-degree-of-freedom system is
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Solve for the mass m.

Substitute the stiffness term from equation (B-18).

EA
m=——
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Add a subscript e to denote that the mass is the effective mass.

EA
Mg =—~——
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Calculate the fundamental frequency from equation (B-12).
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Substitute the frequency term from equation (B-25) into (B-22).

4L%pEA
meTTo 2
En“L
4ALpA
me = 5
T

Let M be the mass of the rod. The effective mass is
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APPENDIX C

Case Ill. Free-Free

The left boundary conditions is

0

~ u(x, t) . =0 (zero stress) (C-1)
U'(0)T(t) =0 (C-2)
U'(0) =0 (C-3)

The right boundary condition is

0

P~ u(x,t) L =0 (zero stress) (C-4)
U'(L)T(t) =0 (C-5)
U'(L)=0 (C-6)

Apply equation (C-3) to (25).

d=0 (C-7)
Thus
U(x) = cos[%x) (C-8)

The slope equation is

U'(x) = —[%}{e sin(%xﬂ (C-9)

Substitute equation (C-6) into (C-9).

esin (m—Lj =0 (C-10)

c
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The constant e must be non-zero for a non-trivial solution. Thus,

onl

=nn, n=123...
The o term is given a subscript n because there are multiple roots.

c
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The displacement function for the free-free rod is

X
Un(X)=ep cos(m?nj

nm X
Un(x)=ep cos(Tj

Substitute the natural frequency term into the time equation.

nnctj b cos(nmtj
L n L

The displacement function is thus

Th(t) =ay sin(

u(x,t) = i {{en cos(nLLxﬂ{an sin[nnTCt) +bp cos(

n=1
Simplify the coefficients.
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n=1
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APPENDIX D

Fixed-Free Rod Subjected to Initial Displacement and Initial Velocity

Recall

o0

u(x,t)y= > {sin(anxj[An sin(wnt)+Bp cos(oant)]}

n=1

Let

u(x,0) =f(x)

U(x,0) = g9(x)

f(x) = i {Bn sin(ﬂx]}
n=1 ¢

Premultiply by sin(m—mxj and integrate.
C

j(')‘f(x)sin[wrg‘xjdx - i {an(;'sin(m?x]sin(mngdx}

13

(D-1)

(D-2)

(D-3)

(D-4)

(D-5)

(D-6)



For m = n,

The integral on the right hand side of (D-5) goes to zero. The steps are omitted

for brevity.

For m=n,

L . [ OmMmX B L . 2( OomX
IO f(x)sm[ . jdx_ijo sin ( . jdx

j(')‘f(x)sin["’fg‘xjdx :%ijﬂl—cos(zmé“xﬂdx
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u(x,t)= >

o0

n=

{con sin(m%xj [An cos(ont)-Bp sin(cont)]}

000= 3. {C‘)n Sin(anXj[An]}

nN=
ILg(x)sin(me]dx:m i{A J'Lsin(mmxjsin(wnx
0 C mn:1 Nlo c C

Equation (D-16) is similar to (D-5).

Again,

Am: 2
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j(')‘f(x)sin[mrg‘xjdx

m=123,.
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