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Consider a single-degree-of-freedom system.

f(t)

L

/7 7/ /7 /77 7/
Where
m = mass
c = viscous damping coefficient
k = stiffness
y = displacement of the mass
f(t) = applied force

Note that the double-dot denotes acceleration.

The free-body diagram is
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Summation of forces in the vertical direction

> F=my
my =—cy —ky +f(t)

my + cy + ky = f(t)
Divide through by m,
(e (Ep-(pe
By convention,

(c/m) =2tm,

(k/m) = w2

where

on IS the natural frequency in (radians/sec)

§ isthe damping ratio

By substitution,
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y+28ony+ony =-_*(1)

Now apply a unit step force.
f(t) =u(t)

The governing equation becomes
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Now consider that the system undergoes oscillation with & < 1.

(Other damping cases are considered in the appendices.)

Take the Laplace transform of each side.
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Let
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Substitute equation (16) into (15).

52 + 28wns+of = (s+Eop )2 +0)d2
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Divide the right-hand-side of equation (19) into two parts.

Y(s)= Y1(s)+Y2(s)
where

1 1
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Consider Y4(s) from equation (21).

1

1
Y1(s) =m—s > 5
(s+&wn)” + oy

Expand into partial fractions using Reference 1.
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The inverse Laplace transform per Reference 1 is
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g

y1(t) = ! 5 {u(t)exp( amnt){cos(a)dtﬁ E“‘(D—”sin(codt)ﬂ t>0
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The inverse Laplace transform from Reference 2 for the natural response is

Eony(0) +y'(0)

Od

y2(t) = [y(0)]exp (- acont)cos(codt){ }exp (—Eopt)sin(ogt) (27)

y2(t) = y(0)exp (- iwnt){cos(wdt)Jr{&D—n}in(@dt)}
“d (28)

+y'<o>Hexp<— cont)sin(ogt)

The final displacement solution is obtained by adding equations (26) and (28).

y(©) =y1() +y2(t) (29)

y(0)= YO o awntﬁcos«»dm[i‘”—”}in@dt)}
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+y'(0>{ﬂexp(— Eopt)sin(ogt)
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+ u(t)2 {1— exp (- aﬂ)nt){cos((’)dt)+ &CO_nSin((’)dt)]}
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V(1) = yO) o - amnt{cos@dmF"—“}m@do}
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+y'(0)%}exp(— Eont)sin(ogt)

+ @{1— exp (~ &on t){cos(mdt)+ &D—”sin(mdt)} &<l
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APPENDIX A
Critically Damped Case, ¢ =1
Recall equation (13).
2 2 1 : (A-1)
$¢ +28mns+on (Y(S) = —+ {s +2emp, Jy(0) +y'(0)
By substitution,
{32 +2mns+m,$ }Y(s) = mis+{s+2mn}y(0)+y’(0) (A-2)
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(s ron j Y(s) = mis +{s+20p ly(0)+ y'(0) (A-3)

_ 1 s+20n}y(0) . y'(0)
T afsran ] (o) (rron) (o
ya)=I;if%{1—[1+mnqeﬂx—mn0}
+y(0){[1—(wnt)}exp(—wnt)+2wntexp(—cont)}+y'(O)[texp(—wnt)}
(A5)

u(t)

y() =7{1—[1+wnt]exp<—cont)} +Y(0) |1+ (@nD) |ep(-0nd) +Y'(0)| tep(-wnD)|
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APPENDIX B

Non-Oscillating Case, & >1

Recall

{52 +2EmpS + oar% }Y(S) = mis +1{s+ 280n jy(0) +y'(0)

1 , 5+ 20n jy(0) +Y'(0)
2

Y(s) =

ms{32+2§mns+m§} {s +2§mns+m§}

The roots of the denominator are
s12=on| &2 e2 -1

Also note that

S1—S2 :Z(Dn\liz -1

1 4 15+ 200 ¥(0) +y'(0)
ms(s—s1)(s—s2) (s—s1)(s—s2)

Y(s) =

Divide the right-hand-side of equation (B-5) into two parts.

Y= Y1(6)+Y20)
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Y1) = ms(s—s1)(s—s»2)

Yo (s) = {s +280n Jy(0) +y'(0)
(s—s1)(s—52)
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ult) u(t)
Maop m®n2(32 -s1)
2Empu(t)
m(Dnz (52 —51

{—s1exp(s1t)+s2 exp(sot))

y1(t) =
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kG —57) {(+s1 +280n )exp (s1t)
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k(s2 —sl){(_82 ~2Eop )jexp(sat)

(B-13)

The natural response is

ya(t) = {ﬁ}{mm“—@ \/&T—l}mnt} + Bepo—g— g2 —1}mnt}}

(B-14)

where

A=y +ony(®) &g -1
B=—y/(0)+ ony(0) ~&+e? -1

The displacement is

y®) = y1(®0+y2() (B-15)
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