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Consider a single-degree-of-freedom system.
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where
m = mass
c = viscous damping coefficient
k = stiffness
y = displacement of the mass
f(t)y = applied force

Note that the double-dot denotes acceleration.

The free-body diagram is
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Summation of forces in the vertical direction

D F=my
my =—cy — ky + f(t)

my + cy + ky = f(t)
Divide through by m,
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By convention,

(c/m)=2tmy

(k/m) = wp?

where

on IS the natural frequency in (radians/sec)

§ is the damping ratio

By substitution,
y o2, 1
y+28opny+ony = Ef(t)

Now assume a sinusoidal force function.
f(t) =f, sin(ot)

The governing equation becomes.

§+ 2Eon Y+ 02X = —Fg sin(ot)
m

1)
)
(3)

(4)

Q)

(6)

()

(8)

9)



The right-hand-side can be rewritten as

§+ 2Eon Y+ opY = anfo sin(ot)

Take the Laplace transform of each side.
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L{y+ 2tony + o y} _ L{(DTnfo sin(mt)}

s2Y(s) —sy(0) - y'(0)
+ 2EmnSY(S) — 28m,Y(0)
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FopY(s) = n fo{ 5 2}
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624 26ns + 02 JV(E) — s+ 260, y(0) -y = fo{ 2‘” 2}

k s +®

2
{32 + 2EmnS + (onz }Y(s) = (le(‘ fo{sz fwz } +1{s+ 28wy, Jy(0) + y'(0)

52 +2§mns+m,12 = (S+2';(Dn )2 —(F;(on )2 +oon2

52 +2<V;a)ns+0)r$ =(S+E_,oon)2 +m§(§l—§2)

Let

0y = Op \/1—&2
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Substitute equation (17) into (16).

s? + 2§cons+0)r? = (s+&wp )2 +ood2

2
{(S +Cop )2 + (Ddz }Y(S) = 2o fo{ 5 = 5 } + {5+ 280 fy(0) + Y'(0)
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Divide the right-hand-side of equation (20) into two parts.

Y() = Yi(8)+Y2(9)

where

2
Yi(s) = ©n ¢ { ® } 1
1 k ° s? + w? { (s+§con)2+cod2

2&(,0[‘] 1 ’
Ya(s) = >t y(0) + y'(0)
{(S+§mn)2+md2} {(S+§mn)2+cod2}
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Consider Y4(s) from equation (22).

2
Yi(s) = 20 fo{ ! } L (24)
K 82 +602 (S+§c0n )2 +03d2

Expand into partial fractions.

{ 1 } 1 _{ AS+p }+ oS+ ¢ (25)
52 1 o2 (s+§mn)2+md2 52 + 0 (5+§0)n)2+03d2

Take the inverse Laplace transform of the first term on the right-hand-side of equation
(25).
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The inverse transform is obtained from standard tables.

L_l{%} = L.cos(ot)+ [B}sin(mt) (28)
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Now take the inverse Laplace transform of the second term on the right-hand-side of
equation (25).

L1 oS+ ¢ ! cS N 0]
(S+§03n)2+ood2 (S+§0)n)2+cod2 (S+§03n)2+ood2

-1 GS+ ¢ _
(s+&op )2 + (ndz

(29)

-1 S+ 0 _
(s+&op )2 + (odz
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(32)
-1 S+ ¢ _
(S +&on )2 + o4
(o] —stEen |, |é=Cono S
(S+§con)2+ood o (S+§con)2+cod
(33)
The inverse transform is obtained from standard tables.
L1 os+¢ 1= e~ 50t G cos(yt) + $=Sono sin(oy )
(s+§03n)2+cod @4
(34)



In summary,

L_l{ 1 } 1
52 1 2 (s+2;wn)2+cod2

=1 cos(owt )+ [B}sin(wt% e~ nt scos(wyt) +
(Q)

$=-tono sin(o,t)

“4d
(35)
Assemble equations (28) and (35).

2
y1(t) :{%} mos(wt)+{B}sin(cot)jte_&wnt acos(wyt) + $=-tono sin(ot)
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Solve for the coefficients. Recall the partial fraction expansion.

{ 1 } 1 _{ AS+p }‘l‘ oS+¢ (37)
52 + o2 (s+Eop )2 H”dz 5% + 0 (s+Eon ) +(°d2

Change the denominator to an equivalent form via equation (18).

{ 1 } 1 _{Xs+p}+ oS+ ¢ (38)
52 + w2 s? + 2§mns+m§ s? +? s? + 2§mns+oor?




1 = {7Ls+p}{s2 + Zémns+m§}+ {css+¢}{52 +0)2}

1 =252 +(p+ 26w, 1 )2 +(2gmnp+m§)s+(pm§)
+o8° +<1>s2 +csco23+<|x92

[k + 0]53

+ [p+ 280\ +¢]32

+ Zanp+M)nz +00)2]S

+pwﬁ+¢mz

Equation (41a) implies four separate equations.
A+o0=0
p+2&onr+¢=0
2<§conp+7\mr% +GO)2 =0

p(or% +(|x02 =1

Equations (41b) through (41e) can be assembled into matrix form.

1 0 1 0 [y 0
2Emn 1 0 114p| |0
2 2 =

on 280p © 0 |o| |O
0 oor% 0 032__¢ 1
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Gaussian elimination is used to simplify the coefficient matrix.

1 0 1

0 a7 To
0o 1 —28opn 1 |p 0

2 2 =
0 26wop o -op O |o| |O
0 oor% 0 032__¢ 1

Equation (43) can be reduced to a 3 x 3 matrix.
1 - ZaO)n 1 p 0
2 2

2ton o -oq 0 ||o|=|0
w% 0 w? |Lo 1

Complete the solution using Cramer’s rule.

1 —Za@n 1
det| 2&wn ©2 —cor% 0 :coz(coz —m§j+m2(2§wn)2 —wr%(
oar? 0 2
1 —Za())n 1 2
det| 2&mn wz—cor% 0 :(mz—mr%) +(2§co(nn)2
(Dr% 0 ®2
0 -2wp 1
p= L det| 0 w2 —cor% 0

2
(mz—mﬁj teoon)? |1 0 o
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(o7 ed) ”

1 0 1
c= 21 det| 260y 0 O (49)
(032 —(or?j +(280wn )2 oar% 1 o2

o= 250n (50)

Recall equation (41b).

A=-C (51)
2\ = —ZaO)n (52)
2 2)? 2
(w —(onj +(2t0op )
1 —Za(,t)n 0
O = ! det| 2o ®2 —oar% 0 (53)
2_ 2)? 2 2
(co —mn) +(2t0on) on 0 1

c02 —mr% + (2§con )2

*= 2 (54)
(032 —mr?j + (ZEwmn )2
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The coefficients are summarized in equation (55).

— 28w

) (o2 -0f)

2 2
(mz—mrﬂ +(2§(003n)2 2 wzaf?Zim )2
L %N n’ |

Recall equation (23).

S+ 2?,(1)n 1 '
Y2(s) = y(0) + y'(0)
{(S+§con)2+0)d2} {(S+§mn)2+cod2}

[‘t’%yw)ﬁy'm}wd
“d “d

2
(s+&wmn )2 + oy

Yz(s>:{ S+eon 2}y(0)+
®d

(S + E_)(Dn )2 +

The inverse Laplace transform from standard tables is

Eony(0) +Y'(0)

ol

y2 () = [y(0)]exp (- awnt)cos(mdt){ }exp (- Eont)sin(ogt)

y2(t) = y(O)ep(- acont%cos(wdm ﬁ‘)—ﬂsin(wdt)}

+ y'@)[é} exp (- Eont)sin(ogt)
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The final displacement solution is obtained by adding equations (36) and (59).

y(®) =y1(t) +y2(t) (60)
y(t)=y(0) g S nt{cos(codt)+ {&O—J‘}in(mdt)}
Q)]
+ y’(O){i}e_&mnt sin(ogt)
®d
® oonzfo p .
+ Acos(t)+ {—}sm(wt)
k ®
2
+ %}{e‘i@nt}{cms(wd t) + P) — E“‘wnG]sin(mdt)}
®d
(61)
Simplify the expression.
y(t) = y(0) g S0 nt{cos(mdt)+ F‘m—n}sin(mdt)}
od
+ y’(O){i}e_&Dnt sin(ogt)
od
® 2f
+ nTo {oA cos(wt) + psin(ot )}
2
+jeenfo {e—iﬂ)n t deccos(md t) +[¢ - Eon c]sin(codt)}
@ k
(62)
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Now consider the term.

02 —of +(20n)? - 2(z0n 2

[0—Eono]= >
(coz —wr?j + (2§wwn )2

0)2 —0)% + 2(§wn )2

[6-Eona]= >
(032 —cor%j +(2t0op )2
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Substitute the coefficients from equations (55) and (65) into equation (62). The
displacement is

y(t):y<o>e—%wnt{cos<mdt>+ﬁ)—ﬂsm@dt)}

g
+ y’(O){é}e_Ef”“t sin(wgt)

2

+% ©n fo {2§mnmcos(mt)—(m2 —co,?)sin((nt)}
(032 —mr%)z + (2§m(on )2
1 ©® con2f0

+ {e_‘i"’“t}{zaoanmd cos(oodt)}

ogK (coz —oor?)z +(2t 0o )?

: 2f ~50n .
+®dk (mz—mr;))zm:(;ﬁwmn)z {e ‘5 t}{ [602+03r$[—1+2§2“sm(@dt)}

(66)

As an aside, consider the steady-state component, ygs(t).

on'fo cos(ot)-| ©° —op |sin(e
yss(t)= k[((DZ_w%)ZJr(ggwmn)Z] {ZEA‘OH@ (wt) ( 2 rﬂ (t)}

(67)
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The magnitude is

2 2
f
|yss(t)] = =n o \/((02—03%) +(2§60(0n)2

The steady-state magnitude is

|YSs(t)|={ 0
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where

Equation (72) is also the transfer function magnitude.

Furthermore, equation (67) implies a phase angle relationship.

2E0n®

0 = arctan

280 o

EE

0 = arctan

0 = arctan

0 = arctan 2§p2
1-p

(73)
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(76)

(77)

The magnitude and phase angle relationships are derived by an alternative approach in

Reference 1.

17



Reference

1. T.Irvine, The Steady-state Response of a Single-degree-of-Freedom System to a
Harmonic Force, Vibrationdata, 1999.

18



