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Consider a single-degree-of-freedom system.
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where

is the mass
is the viscous damping coefficient
k is the stiffness
y is the absolute displacement of the mass
f(t) isthe applied force
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Note that the double-dot denotes acceleration.

The free-body diagram is
f(t)
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Summation of forces in the vertical direction

> F=my
my =—cy —ky +f(t)

my +cy + ky = f(t)
Divide through by m,
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By convention,

(c/m)=2tmy,

(k/m) = w2

where

on IS the natural frequency in (radians/sec)

§ isthe damping ratio

By substitution,
. . 2 1
y+28opny+ony = Ef(t)

Now assume a sinusoidal force function.
f(t) =fgy sin(wt + )

The governing equation becomes.

y+2E80nY + cor%x = %fo sin(ot + )
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The right-hand-side can be rewritten as

2
§+ 2EonY+ o2y = "’T”f0 sin(ot + ) (10)

Take the Laplace transform of each side.
2
.. . 2 ®n .
L{y+ 2Emp Y +op y}: L{Tfo sin(ot + w)} (11)

s2Y(s) - sy(0) - y'(0)
+2EmnSY(S) — 26mn Y(0)

4 02Y(s) = o fo{sin(w)s+cos(\|;)oa}

k s + 0?

(12)

2 .
{52 +2Lons +on }Y(s) ~f5+ 220 YO -y @ = = f"{sm(\v)zs > (W)m}

k ST+

(13)

2 .
{32 +2g@ns+m,$}v(s)= ®n fO{SIn(W)S+COS(W)(D}+{s+2&_,oan}y(0)+y'(0)

k 52 +(,02
(14)
52 +2§cons+(or% = (S+ Eop )2 —(icon )2 +(x)n2 (15)
s2 + 2§a)ns+con2 = (S+i(on )2 +(o,$(;l—§2) (16)

Let

g = ony1-&° (17)



Substitute equation (17) into (16).

s+ 2tops+op = (5+Eop 2 +0f

Kk

2 .
{(3 +&on )2 * (Ddz }Y(S) - o fo{sm(\i’); . CO;(W)CO} +{s+280n Jy(0) +Y'(0)

ST+

Y(s) =

con2 fO{Sin(W)S + Cos(w)w} 1
k s? +0? (5+§03n)2+0°d2

S+2&,0\)n 1 '
+ y(0) + y'(0)
{(S+§con)2+md2} {(S+§con)2+md2}

Divide the right-hand-side of equation (20) into two parts.

Y() = Yi(s)+Y2(s)

where

2 .
VIR fo{s'”(\")zmof(\")w}{ 7 - 2}

T +o +Emn ) + 0y

S+ 2&0)[‘]

1
Y2(s) = y(0) + y'(0)
1(5+‘260n)2+03d2} {(S+§03n)2+@d2}
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Consider Y4(s) from equation (22).

2
Yy (s) = 20 fo{ 5 . 2} ( L (24)
S

K " +o +&mn)2+md2

Expand into partial fractions.

{sin(w)s+cos(\|;)oa} : 1 i {x3+p}+ (S o5+

s? + w2 +&mp )2 +cod2 52 + 0’ +&on )2 +C°d2

(25)

Take the inverse Laplace transform of the first term on the right-hand-side of equation
(25).
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The inverse transform is obtained from standard tables.

L_l{ﬂ} = Acos(ot) + {B}sin(wt) (28)
52 + c)z ®




Now take the inverse Laplace transform of the second term on the right-hand-side of
equation (25).

L1 oS+ ¢ ! GS N ¢
(S+§0)n)2+cod2 (S+§mn)2+ood2 (S+§0)n)2+cod2

(29)

L_l oS+ ¢ _
(s+&op )2 +O)d2

L_l [G > + LA “d
{ ’{ (S+E‘,con)2+o)d2} L)d]{ (S+§o)n)2+03d2”

= S+ 0 _
(s+&op )2 +0)d2

L1 [G] s+&on _[G Son " KB “d
[ { (S+§con)2+(od2] ’{ (s+§(on)2+oad2] L)d (S+§con)2+cod2




L1 oS+ ¢ }:

(+&on) +oy

LYo s+&wp | Eopo “d R “4
(S+<§mn)2+(od2 o (S+§con)2+oad2 o (S+§con)2+(od2

(32)
L1 S+ ¢ =
(s+&op )2 oy
o] S*8en | é=Eeno g
(s+§wn)2+md2 O (S+§con)2+oad2
(33)
The inverse transform is obtained from standard tables.
L1 os+é 5 (= e~ &0nt ccos(wyt) + ¢ =Sono sin(oyt)
(5+Eﬂ)n)2+®d o
(34)



In summary,

s? +@° (s+&op )2 +wd2

¢—E&opo

Qg

= L.cos(ot)+ {B}sin(mt% g~ Ont s cos(wyt) + sin(wgyt)

w

(35)

Assemble equations (28) and (35).

2
y1(t) _{%} kcos(mt)+[B}sin(mt%e_&w“t ccos(wyt) + $=5ono sin(oyt)

(O]
Qg

(36)

Solve for the coefficients. Recall the partial fraction expansion.

{Sin(\v)HCOS(w)w} . 1 _{ AS+p }+ (S o5+

s? + 02 +§oan)2+o)d2 s2 + 0 +§00n)2+03d2
@37)

Change the denominator to an equivalent form via equation (18).

sin(y)s + cos(y)o 1 AS+p oS+ ¢
2, 2 2 2( T2, 2" 2 2
ST+ S” +28mpSs+op S $° +28mps+op

(38)




sin(y)s+cos(y)o ={s+ p}{s2 + 250nS+ o }+ {os+ ¢}%2 + o2 }

sin(y)s+cos(y)o = s + (p+ ZE_,oon?»)sz +(2iwnp+ M)nz)s +(pwnzj

+ o83 +¢52 +c50)28+¢u)2

sin(y)s+cos(y)o =
A+ 6]53
+[p+ 2802 + ¢]s?

+[2§conp+7w)r$ +00)2}S

+[p®§+¢w2}

Equation (41a) implies four separate equations.
A+o=0

p+2&onr+¢=0

2

2§conp+7w)r$ +on” = sin(\p)

pon + 4o’ = cos(y o

Equations (41b) through (41e) can be assembled into matrix form.

1 0 1 0 a
280 1 0 1 |p

coﬁ 2Emp > 0 |c sin(y)
0 of 0 o?|o

(39)

(40)

(41a)

(41b)

(41c)

(41d)
(41e)
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Gaussian elimination is used to simplify the coefficient matrix.

1 0 1 0 [ 0

0 1 -2ton 1 |p 0

0 280w o —O)r? 0 lo|” sin(y)
0 o 0 w2 [ ¢] [ocos(y)

Equation (43) can be reduced to a 3 x 3 matrix.

1 -2ton 1 ([p 0
2Emn 0)2—(1)5 0 ||o|=| sin(y)
of 0 o?][¢] [wcos(y)

Complete the solution using Cramer’s rule.

1 -2, 1
det| 2&wn Q)Z—cor% 0 :wz(mz—m§j+m2(2§wn)2—w§(
cor? 0 0
1 -2twpn 1 )
det| 2&wn coz—(x)r% 0 :((oz—oonzj +(2§(o(on)2
(DE 0 2
0 —2&mp
1 2

p= det| sin(y) o —mﬁ
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2
[co2 - (or%) +(28 0oy )2 wcos(y) 0 ]

(43)

(44)

(45)

(46)
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2&0),1032 Sin(\p)—(wz - wﬁ)wcos(\u)

. 2 2)? 2
(oo —op ) +(2§c00)n)
1 0 1
c= 21 det| 260, sin(y) 0
(mz - cor%j + (2§mcon )2 0),3 ® Cos(\p) ®2
(coz - (nr%jsin(\u)+ 2¢mpocos(y)
G =
2
(mz —(or?) +(28 0oy )2
Recall equation (41b).
A=-C
_ sz - (or%jsin(\u)+ 2§oanoacos(\|/)}
A=
2
(0)2 - wrﬂ +(28 0o )2
1 — 2w 0
b= 21 det| 2Emp, w2 —wﬁ Sin(\v)
(0?0 szoon? [0k 0 wesly
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(wz — o2 + (20, )2 )0) cos(y)— 2Ewp, > sin(y)

¢= 2
(032 — (Dr%j + (223030)” )2
(54)
The coefficients are summarized in equation (55).
- Kcoz - cor% )Sin(\y)+ 28w ncocos(\u)}
A 2 i 2 2
pl 1 280 Sln(w)—(m —op )wcos(\u)
:; (coz - (0,%)2 +(2t 0oy )2 [(0)2 - wﬁ)sin(\y% 2§wnwcos(w)}
(032 - oor% + (2w )2 )(o cos(y ) - 2&w n3 sin(y)
(55)
Recall equation (23).
_ S$+2Cmn 1 : (56)
Y2(s) = y(0) + y'(0)
{(s+§mn)2+md2} {(SJF&@n)ZJF(DdZ}
{&”” y(0) + 1y'(0)]wd
“d “d (57)

S+ &,(Dn
Y2(s) = y(0) +
{(s+§mn)2 +0)d2} (s+Eop 2 +cod2
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The inverse Laplace transform from standard tables is

yza)=[y<o>]exp<—amnocos(wdt){@“’“y‘o’*y"o’}exm—amnt)sm(mdt) (58)

g

y2(t) =y exp(- @wnt){cos(wdt) F : }'”(ﬂ)dt)}
e (59)

, 1 .
+y0) L lem(-contsin(ogt)
od
The final displacement solution is obtained by adding equations (36) and (59).

y() =y1(t) +y2(t) (60)

y<t>=y<o>e—i°°nt{cos<mdt)+E‘j—;}in@dt)}

+y(0){ }e “ntsin(wgt)
0d

{ on'fo }{KCOS ot)+ sm wt)}
{ 0}{9 ‘im”t){ccos(mdt){d) aco”G]sin(oadt)}
“4d

(61)
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The steady-state response ye(t) is

Yss(t)= { m’ffo Hx cos(ot) + {B}sin(wt)} (62)

(@)

oty /K

(ooz —wr%)z +(2t 0oy )2

conc02 sin(y)—[ 2 —cog ®COS
l Hmz - mﬁ)sin(w)jt 2§c0n03COS(W)} Cos(wt)+ {Za (W) ( ) (W)]Sin(wt)]

Yss (t) =

(@

(63)

2
fo /K
Yss(t)= @nz : |
(mz—ng +(2<“;030)n)2

_ K@Z - mnzjsin(w) + 2Em nmcos(\u)} cos(ot) + [Zémnmsin(\y)— (mz - mnz) cos(w)Jsin(mt)}

(64)
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The magnitude is

2
fo/k
lyss (@)= ng O {
(0)2—0)5) +(2E_,c003n)2

\/{_ K(Dz B ngjsin(W)Jr 2§@nmcos(\v)}}2 + {+ [2§mnmsin(w)— (mz - mr?) cos(\v)}}z

(65)
The magnitude is
Iy ool 5 (€6)
((DZ - conzj + (2§mcon )2
P ={(m2 —(nnz)sin(\u)+ 2§wnoocos(\u)}2 +{2§mnmsin(w)—(m2 —oanz) COS(\V)}2 (67)

P=
2 2\ . 2 2 2 : 2 22 2
(co —con) sin (w)+4§conco(oa —conjcos(\u)sm(w)+4§ on o cos<(y)

2
+(0)2 —(or%) Cosz(w)—4§0)nm(m2 —conz)COS(\V)Sin(\V)—F 48_,2(0”2(02 Sinz(\y)

(68)
2
P= (0)2 —oanzj + 4&203,12(92 (69)
2 2)? 2
P= (co —op ) + (2&03,103) (70)
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2 2
fo/k
Iyl -——2 K 0202 ) + o
(ooz—mnzj +(2§030)n)2

2
fol/k
|| YSs(t)||= on 20
2 2 2
\/(m —mn) + (2t p o)
fo/m
||YSs(t)||= s

\/((02 —(Dnz)z +(2§oona))2
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