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Consider a single-degree-of-freedom system. 

 

 

 

 

 

 

 

 

 

 

 

where 
 

 

m is the mass 

c is the viscous damping coefficient 

k k is the stiffness 

y is the absolute displacement of the mass 

f(t) is the applied force 

 

 

Note that the double-dot denotes acceleration. 

 

The free-body diagram is 
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Summation of forces in the vertical direction 
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Divide through by m, 
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By convention, 
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where  

 

n is the natural frequency in (radians/sec) 

 is the damping ratio 

 

 

By substitution, 
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Now assume a sinusoidal force function. 
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The governing equation becomes. 
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The right-hand-side can be rewritten as 
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Take the Laplace transform of each side.  
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Substitute equation (17) into (16). 
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Divide the right-hand-side of equation (20) into two parts. 
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where 
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Consider Y1(s) from equation (22). 
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Expand into partial fractions. 
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Take the inverse Laplace transform of the first term on the right-hand-side of equation 

(25). 
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The inverse transform is obtained from standard tables. 
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Now take the inverse Laplace transform of the second term on the right-hand-side of 

equation (25). 
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The inverse transform is obtained from standard tables. 
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In summary, 
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Assemble equations (28) and (35). 
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Solve for the coefficients.  Recall the partial fraction expansion. 
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Change the denominator to an equivalent form via equation (18). 
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Equation (41a) implies four separate equations. 
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Equations (41b) through (41e) can be assembled into matrix form. 
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Gaussian elimination is used to simplify the coefficient matrix. 
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Equation (43) can be reduced to a 3 x 3 matrix. 
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Complete the solution using Cramer’s rule. 
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Recall equation (41b). 
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The coefficients are summarized in equation (55). 

 

 

 

   

   

   

     































 














 







 














 







 





























sin2cos2

cos2sin

cossin2

cos2sin

2

1

3
n

2
n

2
n

2

n
2
n

2

2
n

22
n

n
2
n

2

2
n

2
2
n

2

                                                            

 

(55)                                                          

 

 

 

Recall equation (23). 
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The inverse Laplace transform from standard tables is 
 

 

         tsintexp
)0(y)0(y

tcostexp)0(y)t(y dn
d

n
dn2 












            (58) 

 

 

     

   tdsintnexp
d

1
)0(y

tdsin
d

ntdcostnexp)0(y)t(2y







































                                        (59) 

 

The final displacement solution is obtained by adding equations (36) and (59). 
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The steady-state response  tyss  is 
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The magnitude is 
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The magnitude is 
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