THE GENERALIZED COORDINATE METHOD FOR DISCRETE SYSTEMS
SUBJECT TO BASE EXCITATION Revision B

By Tom Irvine
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Two-degree-of-freedom System

Consider atwo-degree-of-freedom system subjected to base excitation, as shown in
Figure 1. Free-body diagrams are shown in Figure 2.

Figure 1.
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Figure 2.

Determine the equation of motion for mass 2.

ZF:mz Xo

mp Xp = C2(>'<1->'<2)+ ko (X1 -X2)

(1)

)



Define relative displacement terms.

Zp=X2Y 3
X2 =122%y (4)
Z1=X%17Y (5)
X1=21+y (6)
Note that
X1-Xp = 21-2 (7)

Substitute the relative displacement terms into equation (2).

mo 22+m2y:c2(21—22)+k2 (z1-22) (8)
mo 22+Cz(-'21+22)+k2(—21+22)=—mz')'/ 9)
My Zp + Cpzp —Cpz1 +Kpzp —kpz1 =-myy (10)

Determine the equation of motion for mass 1.

ZF: my X1 (11)

My Xq = =Co(%q = X2) + 1y = X1) =k (x 1= X2) + k1 (y = x1) 12)

My Xq = —Co(%q = X2) + 1y —X1) —ka (x 1= X2) + k1 (y = x1) (13)
my 2+ My = —co(z1-2p)+ ey ~z1-y) -k (21~ 22) +ka (Y ~21-Y) (14)
my 2 +my§ = —cp(2y - 22) + cr(- 21) ko (21 - 22) + Ky (-21) (15)



Mz +my = —coz1 - 22) - (1) ko2 (z21-22) - kg

(71)

my 2+ (7 - 2) + c1(zg) + ko (21 - 22) + k1 (z7) = My §

my 2+ (e + )z —cpzp + (ky + o)z —kp 2o = -my ¥

Assemble the equations in matrix form.

m 0 | N Ci+tCr —Co || 1 N k1 +ko —-koll 7
0 myl|l 2y -Co Co || 22 -ko Ko || 22
Represent as

Mz+Cz+KZ=F
m 0
0 my

ctcC —-C
C{1 2 2}
—C

K__k1+k2 —k2
| -k2 ko
__m s

F= 1y}
|—may
[z

z= 1}
| 22

Consider the undamped, homogeneous form of equation (19).
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—myy
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(16)

(17)

(18)

(19)

(20)

(21)

(22)

(23)

(24)

(25)



Mz+Kz=0 (26)

Seek a solution of the form

z=qgexp(jot) (27)

The q vector is the generalized coordinate vector.

Note that
7= jwgexp(juwt) (28)

7 = —w? gexp(jot) (29)

Substitute these equations into equation (26).

- M Gexp(jt) + K gexp(jwt) = 0 (30)
{—wzlvl +K}aexp(jwt)=6 (31)
{—w2M+K}a=6 (32)
{K-w?M}g=0 (33)

Equation (28) is an example of a generalized eigenvalue problem. The eigenvalues can
be found by setting the determinant equal to zero.

det] K - M } =0 (34)

ki +ko -k 0
-ko Ko 0 my



2
get) (K1+ka)-omp  —kp |
-ko Ko —oo2m2

l(kl + k2)—oo2m1]lk2 - oozmzl— ko =0

— wmymy + W[~ ma(ky + ko)~ mko] —ko? +ka(kg +k2) = 0

— a*mymy + [~ mo(kq + k) - mika] — ko? +kikp + ko2 =0

— & mymy + @[~ mo(kq + ko) - mpka] + kgko = 0

The eigenvalues are the roots of the polynomial.

> —b-+b%-4ac

“= 2a

> —b+qb%-4dac

Q) =
2 2a

where

a=mmo

b = [~ mj(ky + ko)~ myky]

¢ =kiko

The eigenvectors are found via the following equations.

(36)

(37)

(38)

(39)

(40)

(41)

(42)

(43)
(44)

(45)



1K -w2M}g,=0 (46)

{K -2 M} g,=0 (47)
where
a=| T 48
Q= Vo (48)
% :m (49)

An eigenvector matrix Q can be formed. The eigenvectors are inserted in column format.

Q=[ @l a] (50)
Q{Vl Wl} (51)
Vo Wp

The eigenvectors represent orthogonal mode shapes.

Each eigenvector can be multiplied by an arbitrary scale factor. A mass-normalized
eigenvector matrix Q can be obtained such that the following orthogonality relations are
obtai ned.

(52)
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where
subscript T represents transpose

| isthe identity matrix

Q isadiagonal matrix of eigenvalues



Note that

@T{\?l \72}

W1 W2

Rigorous proof of the orthogonality relationshipsis beyond the scope of this tutorial.

Further discussion is given in References 1 and 2.

Now define amodal coordinate n(t) such that

A

z=Qn

Substitute equation (56) into equation (20).

MOR +CQnR +KQMf =F

Premultiply by the transpose of the normalized eigenvector matrix.

A — N A

Q'™MQA+QTcQn +QTkQN =Q'F
The orthogonality relationships yield.
I i+Q'cQn+an=Q'F
Furthermore, the following assumption is made.

QTCQH - {221(-01 0 }

0 28w

where &; isthemodal damping ratio for modei.

(54)

(55)

(56)

(57)

(58)

(59)

(60)



R Rl 5 A [t ]

0 1][fi2 0 25w |n2] | 0 w?
(61)
The two equations are now decoupled in terms of the modal coordinate.
Ay + 2810 Ay + @ g = [-my 0y —mp 0] y (62)
(63)

o + 2820 Mo + 62 Np = [~ Mg —ma o] §

The equations can be solved in terms of Laplace transforms, or some other differential
equation solution method.

Now consider theinitial conditions. Recall

z=Qn (64)
Thus
2(0) = Qn(0) (65)
Premultiply by QT M.
Q"M 2(0)=Q"MQ R(0) (66)
Recall
OTMO =1 (67)
Q"M z(0)=1 n(0) (68)
(69)



Finally, the transformed initial displacement matrix is
1(0)=Q" M (o)
Similarly, the transformed initial velocity is
= _ AT =
n(0)=Q" M z(0)
A basisfor asolution is thus derived.

Harmonic Excitation

Assume that that the net displacement and net velocity values are zero.

Now consider the special case of harmonic base excitation function.

y(t) = Asin(at)
= "A
y(t) = " cos((xt)

y(t =2 sin(at)
o2
Solve for the steady-state response.

A1 +28& 00 Ny + 0312 1 = —A [m 91 + my 5] sin(art)

iz + 2820 N2 + 0p2 Np = —A[mp g + maWo]sin(at)

The solutions are taken from Reference (3).
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(70)

(71)

(72a)

(72b)

(72¢)

(73)

(74)



_ [my U3 +ma Vo] A 2 _ 2\
(t) = (281 awy)cos(at)+| a —w, < |sin(at)
" {(0‘2"@12)242510(&)1)2}[ o ( : ) }

(759)
A No| A .
o= MR oty augle{o) (a2 - i)
[(“ “*’2) +(282 O(wz)Z]
(75b)
The relative displacements can then be found from
z=Qn (76)
Q{Al Vﬂ (77)
V2 W2

R Ec s el

Wa[my g +mo o] A

{(az - wzz)z +(282 aop

)2] [(2{2 awp)cos(at) + (0(2 - wzzjsin(at)}

(78)
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2(t) = 2nq) lmiiarmaTa] @) |, Wglm g + maiirg] (£2 )

+A

25(t) = 2Aa Up[m Uy +mp o] (G an) | Wz[m1W1+m2W2] (€2 00)

+A

[(“2 B ‘*’12)2 +(2&1a (01)2} [(“2 B ‘*’22)2 +(2&2 a wz)z}

\71[m1\71 +mo \72] (0(2 - wlz) , \fvl[ml\fvl +mo vsz](az - oozzj

l(aZ B ‘”12)2 +(2&1a wl)z} [(“2 _‘*’22)2 +(282 a w2)2]

[(az - wlzjz +(281 a 0)1)2] {(az _‘*’2 +(285 a wz)z}

Uo[my Uy +mp U] (az_wlzj Wz[m1W1+m2W2](G “*’2)
+

cos(at)

sin(at)

(79)

cos(at)

{(“2 B ‘“12)2 +(2&1a 031)2} {(“2 B ‘*’22)2 +(2&2a wz)z}

The absolute displacements can then be found from

X1=21ty

Xo=1Zpty
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sin(at)

(80)

(81)

(82)



xq(t) = 2q) LML m2 02] €g ) | Walmg Wy +ma Wl (£ wp) | iy

{(az —wlzjz +(2&1 a ool)2] {(az _w22j2 +(285 a wz)z}

~ - ~ 2 - A A 2
lmy 01+ mp 2] (% -y %) almy g+ mp o) o2 -,
+A + sin(at)

l(az—mlzj2+(221aw1)2} {(az—w22j2+(222 awz)z}

-A .
+ ——sin(at)
(12

(83)

U2 [mq ¥ +mp U] (81 wy) +"A"Z[r‘r‘l‘;"l”'”z"A"Z](22 @) cos(at)

{(0(2 -y ij +(2&1 a w1)2] l(az —wzz)z +(285 a coz)z]

X2(t) = 2Aa

a? —wlzj \7v2[m1\7v1+m2 \ivz] (0(2 _(*)22)
+ sin(at)

[(az—wlzj2+(221aw1)2} {(az—w22j2+(222 au)z)z}

2 [mq U1 +mg \72](
A

-A .
+ ——sin(at)
(12

(84)

The velocity and acceleration terms can be found by taking derivatives.
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