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Introduction

Four-Node, Two-Dimensional Isoparametric Plate Element
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Note that this element is derived mainly for academic purposes. A higher-order interpolation
is need for accuracy. Also, this element may be too stiff for thin plates.



Displacement variables:

u The in-plane displacement along the x-axis
% The in-plane displacement along the y-axis
w The out-of-plane displacement along the z-axis

Bx The rotation about the y-axis

By | The rotation about the x-axis

Stress and Strain

The following equations are taken from Bathe, pages 251-253.

The element strains are

ST = [Sxx Syy 'ny] (1)
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The in-plane translational displacement are related to the rotational displacements by
u=zBx(xy) (%)

v=—2By(X,Y) (6)

This is small-displacement theory. The bending strains vary linearly throughout the thickness
of the plate.
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The transverse shear strains are assumed to be constant throughout the plate thickness.
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Assume plane stress. The resulting stress-strain relationship is
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where

h is the plate thickness
A is the surface area
Kk is the shear factor
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The elemental displacement vector is
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Let

n(r,s) =Ba (23)
w(r,s) = Vi (24)
The B and V matrices are defined via interpolation functions in the appendices.

By substitution,

U= % jA{{Ba}T Cp Bo}dA +%IA{{VO}TCSVG }dA (25)

The stiffness matrix can thus be represented as

K:ﬁlﬁl{BT Ch B}det[a]drds+ﬁ1jf1{vT Cs V |det]s]ards 26)

The Jacobian is given in Appendix A.

The first and second stiffness matrices are given in Appendices B and C, respectively.
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APPENDIX A

Jacobian Matrix

The coordinate interpolation is

X = %(1+ r)1+s)xq +%(1— rYL+s)x2 +%(1— r\l-s)x3 +%(1+ rl-s)xq (A-1)
1 1 1 1

y= Z(1+ rY1+s)yg + Z(l_ rYl+s)yo + Z(l_ r1-s)ys+ Z(1+ r1-s)ya (A-2)
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The Jacobian matrix J is
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APPENDIX B

Displacement Interpolation for First Stiffness Matrix

The displacement vector is

Wy
o
B1
W2
o
B2

W3

o=
Il

a3
B3
Wy
04

| Ba |

(B-1)

The rotation about the x-axis
The rotation about the y-axis is

B=PBx (B-3)

The displacement interpolation is

W= 2oy 4 (L Tfa s+ T Shwg + 20 rA- g (B-4)
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Evaluate the derivatives of displacement
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ap =-Jy1(1+s)-J1o(2-1)
ag =-J11(1-8)-J1o(1-1)

ag =J11(1-8)-J1p(L+1)

bl = 321(l+5)+322(1+ I‘)
by =-Jp1(1+8)-Jdpo(1-1)
by =-J1(1-5)-Jop(1-1)

bg =Jp1(1-5)-Jpa(1+7)

Some useful wxMaxima commands for forming the matrix {BT Cp B} are

c:matrix([1,mu,0],[mu,1,0],[0,0,e3]);

b:matrix([0,0,a1,0,0,a2,0,0,a3,0,0,a4],[0,-b1,0,0,-02,0,0,-b3,0,0,-b4,0],[0,-a1,b1,0,-a2,b2,0,-a3,b3,0,-a4,b4]);

d:c.b;

v:transpose(b).d;
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The resulting matrix is shown over this page and the next.

{BT Cp B}:

o 0 0 0 0 0

0 212 23+b1% —alblp-albie3 0 alaZe3+blbZ -aZblp-z21h2se3
0 —alkip-albl=3 b1® ez+a1% 0 —alk2p-aZkbl=3 blb2ei+al az
0 0 0 0 0 0

0 alaZei+blbZ -albZp-aZbled O 22% 23+b2% —aZbZpu-aZbze3
0 -sZblp-zlbZed blbZei+zla? 0 -aZbZu-aZbze3 bz? e3+az?

0 0 0 0 0 0

0 al a3 ef+bl b2 -alb3ip-a3kbiez O a4z a3 ef+bZ bl -—g22b3pn-a3bideld
0 -a3plp-a3lb3e=3d bl b3 e=3+al ai 0 -a3bpa2p-a2bp3e=3 ba2b3e=3i+azZ ald
0 0 0 0 0 0

0 2l 54 e3+bl b4 -—albédp-a4dbies? 0 22 34 e3+hb2 b4 —22bdpn-34 b2 =3
0 -adbip-alkbd=3d bl bdde3+al a4 0 -—a4dbip-aibd=3 b2 b e3+32 a4
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=]
=]
[
=]
=]
[

0 a2l a3 e3+bl b3 -afbip-a1b3es3 0 2l a4 e3+bl b4 -84 blp-a21b4ea?
0 -aibkbip-adbl=3 bibh3eld+al a3 0 -aibiép-ad4bl =3 bibhéd=3i+al a4
o] 8] 0 o] 8] 0

0 22 afe3d+b2 b3 -aibZp-a2kb3e3 0 22 24 2e3+b2 b4 —a4dbipn-azbde3d

0 -az2b3p-a3bp2e=3d b2 bhie3i+az ald 0 -az2bfp-a4bp2=3 b2 hé=3+a2 a4

0 0 0 0 0 0
0 23% 23+b3° -~23b3u-a3b3e3 0 a3ade3+b3bé -a4bip-aibde3d
0 -a3b3p-a3ibield b3% e3+a3° 0 -a23bdfp-a4b3e3d b3b4e3+a3 ad
0 0 0 0 0 0

0 a23a4e=3+b3bé -a3béu-af<bied O a4% =3+b4* —34dbéu-aébse3
0 -a¢ébip-aibéed bibéei+aiad 0 -adbéu-adbsed bé? e3+ag’

(B-42)

Note that integration is still required. The polynomials in the matrix are too intricate for symbolic integration. Thus numerical
integration is needed. This can be performed in Matlab using Gauss quadrature.

Refer to Matlab scripts:

isoparametric_thick_plate_fea.m & isoparametric_plate_mass_stiff.m
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APPENDIX C

Displacement Interpolation for Second Stiffness Matrix
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@ =y L)Lk 45 0t sk + 5 0= Tfi-s)ag + 5 0+ TS (o)
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Jp 0w/ ar +Jpp oW/ ds —a =

321{%(1+3)W1 —%(1+S)W2 _%(1—S)W3 +%(1—s)w4}
+J2o {Z(1+ r)w1 +Z(1_r)W2 _Z(l_r)w3 _Z(1+ r)w4}

—{%(u L+ S)oug +%(1_ FYL+S)ots +%(1_ L=s)og +%(1+ r)(l—s)oc4}

(C-11)
3118W/8r+ jlzaw/as+5=
311{%(1+S)W1—%(1+s)w2 —%(1—s)w3 +%(1—s)w4}
+J12 {Z(l+ r)Wl +Z(1_ r)w2 _Z(l_r)w?’ _Z(1+ r)w4}
1 1 1 1
+{Z(1+ rY1+s)By +Z(1_ r1+s)Bo +Z(l_ r1-s)B3 +Z(1+ r)(l—s)B4}
(C-12)
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Jo1W/ar + Jopow/ds—o =
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11s . . . . . . .
+Z[J21(1+S)+322(1+f) Jo1(1+8)+322(1-1) —Jp1(L-3)-Jool—r1) Jo1(l-5)-Jpa(l+1) VV\\Z
Wy
o
—%[(1+r)(1+s) (L=r)i+s) (L-rfi-s) (L+rYi—s)]*2
a3
o4
(C-13)
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W1
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Vi1 = 321[l(1+ S)} + 322 |:£(l+ I‘)}
4 4
1
Vi = —Z(l+ I’)(1+S)

v13=0

V14 = 321{—%(14— S)}@W/@F + 322 [%(1— I’)}

Vi5 = —%(1— rYl+s)

V16 =0
. 1 . 1
V17 =J21[—Z(1—S)} +J22 {—Z(l—f

1
Vig = _Z(l_ ri-s)

V19 =0
.1 . 1
V110 = 321[1(1—3)} +J22 {—Z(H r)}

1
V111 :_Z(1+ rii-s)

v112=0
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Vo1 = jlll:l(l+s):| + 312 [1(1+ I’):|
4 4
V22 =0

Vo3 = %(1+ rYil+s)

LTl -1
Vo4 = 311[—2(“ S)} +J12 [+ i f)}
Vo5 =0

Vog = %(1— rYl+s)

. 1 . 1
Vo7 = 311{—2(1—3)} +J12 {—Z(l—f)}
Vog =0

1
V29 ZZ(l—r)(i—S)

. 1 . 1
V210 = J11{+Z(1—5)} +J12 {—Z(H f)}
v211=0

1
Vo1o = Z(1+ rYl-s)
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The useful wxMaxima commands are

z:matrix([v11,v12,0,v14,v15,0,v17,v18,0,v110,v111,0],[v21,0,v23,v24,0,v26,v27,0,v29,v210,
0,v212]);

transpose(z).z;

The resulting matrix is shown over this page and the next.

{VT Cq v}:
| V.Ei2 +vii2 vilwlz vil v23 val vEd+vil vid vil vlh vil vEE
vilviz w122 0 viZvid viZvih 0
vZ1l vi3 0 w232 vI3 vI4 0 vE3 vIE
vZl vad+wvll wid viZ2 vid vE3 w24 v242 -n'-VI‘fZ vid vlh vEd vEE
vilvif wviZ vis 0 vid viF w152 0
vZ1l vEE a V23 vIE vI4 VEE a vzt
viEl va7+v11 vi7 viZwl7 VvEI VET viE vaAT+v14 w17 viswl?7 VEE vET
vil vig viZ v1E 0 vid viB vi5 viE 0
vZ1l vZg 0 w23 vZg vZ4 vio 0 vIE vI8
V2l v210+v1l vi1l0 wllO0wvl2 vZ210vZ3 viZ1l0vid4+vill0wild wll0wlh w210 vZE
wvilwiil vill wis 0 vill vid viil wih 0
wvEl vE1Z 0 vE1lZ2 vE3 vELIE vi4 0 vEZ1Z vEE
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va2l va27+v11lwil? vil wl8g vZl w28 w2l wv2l0+wllwli0 wllwill w2l V.E'J.E_
viZ w17 viZ viR 0 viigwiz vill wis 0
w23 vET 0 vEI wEE vE1Q vE3 0 vE1lZ2 vE3
V24 vET +vidwl7 vid wiF vad v28 wRIO0vIE24+vii0wild wiilwid vZ12 wa4
viE vi7 vig vig 0 vilovis vill vig a
vZE v27 0 vZE v28 v210 v2& 0 vZ1lZ vZE
VE?Z-FVI?Z vi7 vif w27 vZ? wElOwET7+vll0owl7 willl wi7? vZ12 w27
v1i7 vig vig? 0 vi1i0 vig viil vig 0
w27 vI9 0 v29°? V210 w20 0 vI1Z wED
v210v27+vii0owl7? wiil0wld w210 w29 v210% +vi102 viiowiill wv2i0 w212
viill w17 viil vig 0 viiowiil vi11? 0
w212 w27 0 v21i2 w29 v2l0 w212 Q w2122
(C-40)

Note that integration is still required. The polynomials in the matrix are too intricate for
symbolic integration. Thus numerical integration is needed. This can be performed in Matlab
using Gauss quadrature.
Refer to Matlab scripts:

isoparametric_thick plate_fea.m & isoparametric_plate_mass_stiff.m
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