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A FOUR NODE, ISOPARAMETRIC PLATE BENDING ELEMENT STIFFNESS MATRIX 
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Introduction 
 

Four-Node, Two-Dimensional Isoparametric Plate Element 
 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Note that 

 

-1 < r < +1 

 

-1 < s < +1 

 

 

Note that this element is derived mainly for academic purposes.  A higher-order interpolation 

is need for accuracy.  Also, this element may be too stiff for thin plates. 
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Displacement variables: 

 

u The in-plane displacement along the x-axis 

v The in-plane displacement along the y-axis 

w The out-of-plane displacement along the z-axis 

x  The rotation about the y-axis 

y  The rotation about the x-axis 

 

 

 

Stress and Strain 

 

The following equations are taken from Bathe, pages 251-253. 

 

The element strains are  
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The in-plane translational displacement are related to the rotational displacements by 

 

)y,x(zu x                                                                                                         (5) 
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This is small-displacement theory.  The bending strains vary linearly throughout the thickness 

of the plate. 

 



 3 















































x/y/

y/

x/

z

yx

y

x

xy

yy

xx

                                                                             (7) 

 

The transverse shear strains are assumed to be constant throughout the plate thickness. 
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Assume plane stress.  The resulting stress-strain relationship is 
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where 

 

h is the plate thickness 

A is the surface area 

k̂  is the shear factor 
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Let 

 

























x/y/

y/

x/

yx

y

x

                                                                                (17)                                                                                                                   

 

 



 6 

















































2

1
00

01

01

21

3Eh

12

1
bC                                                             (18)                                                                                           

 

 















x

y

x/w

y/w
                                                                                  (19)                                                                                                                          

 

 

 

























10

01

)1(2

k̂Eh
sC                                                                              (20)                                                                                                                  

 

 

 

 

   dA
A sCT

2

1
dA

A bCT

2

1
U                                                           (21) 

 

 

 

 

The elemental displacement vector is  
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Let 

 

ûB)s,r(                                                                                                                       (23)                                                

 

 

ûV)s,r(                                                                                                                      (24)                                                

 

 

The B and V matrices are defined via interpolation functions in the appendices. 

 

 

By substitution, 
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The stiffness matrix can thus be represented as 
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The Jacobian is given in Appendix A. 

 

The first and second stiffness matrices are given in Appendices B and C, respectively. 

 

 

 

 

References 

 

1. K. Bathe, Finite Element Procedures in Engineering Analysis, Prentice-Hall, 

Englewood Cliffs, New Jersey, 1982. 

 

2. R. Cook, Concepts and Applications of Finite Element Analysis, Second Edition, 

Wiley, New York, 1981. 



 8 

                                                         APPENDIX A 

 

 

Jacobian Matrix 
 

The coordinate interpolation is 

 

            4xs1r1
4

1
3xs1r1

4

1
2xs1r1

4

1
1xs1r1

4

1
x                       (A-1) 

 

            4ys1r1
4

1
3ys1r1

4

1
2ys1r1

4

1
1ys1r1

4

1
y                       (A-2) 

 

 

        4xs1
4

1
3xs1

4

1
2xs1

4

1
1xs1

4

1

r

x





                                                   (A-3) 

 

        4xs1
4

1
3xs1

4

1
2xs1

4

1
1xs1

4

1

s

x





                                                   (A-4) 

 

 

 

        4yr1
4

1
3yr1

4

1
2yr1

4

1
1yr1

4

1

r

y





                                                   (A-5) 

 

        4yr1
4

1
3yr1

4

1
2yr1

4

1
1yr1

4

1

s

y





                                                   (A-6) 

 

 

                                                          

 

The Jacobian matrix J is 
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                                                               APPENDIX B 

 

 

Displacement Interpolation for First Stiffness Matrix 

 

The displacement vector is 
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The rotation about the x-axis 
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The rotation about the y-axis is 
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The displacement interpolation is 
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Evaluate the derivatives of displacement  
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ĴĴ

 

y

x

2221

1211

 

(B-21) 

 

 

              




































































s
Ĵ
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ĴĴ
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4

1

x/y/

3

2

1

2221222122212221

3

2

1

1211121112111211

 

(B-31) 
 

 

 

 



 17 









































































































4

4

4

3

3

3

2

2

2

1

1

1

44332211

4321

4321

w

w

w

w

ba0ba0ba0ba0

0b00b00b00b0

a00a00a00a00

4

1

x/y/

y/

x/

  

 (B-32) 

 

 

 

                               





















44332211

4321

4321

ba0ba0ba0ba0

0b00b00b00b0

a00a00a00a00

4

1
B   

 (B-33) 

 

 

where 
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Some useful wxMaxima commands for forming the matrix  BCB b
T

  are 

 

 

c:matrix([1,mu,0],[mu,1,0],[0,0,e3]); 

 

b:matrix([0,0,a1,0,0,a2,0,0,a3,0,0,a4],[0,-b1,0,0,-b2,0,0,-b3,0,0,-b4,0],[0,-a1,b1,0,-a2,b2,0,-a3,b3,0,-a4,b4]); 

 

d:c.b; 

 

v:transpose(b).d;  
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The resulting matrix is shown over this page and the next.   
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(B-42) 

 

 

Note that integration is still required.  The polynomials in the matrix are too intricate for symbolic integration.  Thus numerical 

integration is needed.  This can be performed in Matlab using Gauss quadrature.  
 

Refer to Matlab scripts:     
 

isoparametric_thick_plate_fea.m  &  isoparametric_plate_mass_stiff.m 
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APPENDIX C 

 

 

Displacement Interpolation for Second Stiffness Matrix 
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s/wĴr/wĴ
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The useful wxMaxima commands are 

 
 

z:matrix([v11,v12,0,v14,v15,0,v17,v18,0,v110,v111,0],[v21,0,v23,v24,0,v26,v27,0,v29,v210,

0,v212]); 

                                  

transpose(z).z; 

                 
 

 

The resulting matrix is shown over this page and the next.   

 

 VCV s
T  
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(C-40) 

 

 

 

Note that integration is still required.  The polynomials in the matrix are too intricate for 

symbolic integration.  Thus numerical integration is needed.  This can be performed in Matlab 

using Gauss quadrature.  

 

Refer to Matlab scripts:     

 

isoparametric_thick_plate_fea.m  &  isoparametric_plate_mass_stiff.m 

 

 


