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Introduction

Consider a mass-damper system.
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Figure 1.

The variables are

m = mass
¢ = viscous damping coefficient
x = absolute displacement of the mass

Four cases are analyzed. The results are given in the appendices.
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APPENDIX A

Homogeneous, Initial Value Problem

il

v

cX

Figure A-1. Free-body Diagram

Consider the initial value problem. The equation of motion is
X + (c/ m)x =0

The Laplace transform method can be used as follows
L{x +(c/m)x}=L{0}

L{x }+(c/m) L{x }=L{0}

52X(S)— sx(0)—x(0) + (c/m)X(s) = (c/m)x(0) =0
[s2 +(c/m)s]X(s) +[-s — (¢/m)]x(0) — x(0) = 0

[s2 +(c/m)[X(s) = [s + (c/m)]x(0) +x(0)

X(s)= s He/m)ix(©) +x(0)}
{52 + (c/m)s}

(A-1)

(A-2)

(A-3)

(A-4)

(A-5)

(A-6)

(A-T7)



X(s)= {é} {[s +(c/m)Ix(0) + >'<(0>}

s+(c/m)

0=l L)

Take the inverse Laplace transform. The absolute displacement is

x(t) = x(0)exp[- (c/m)t] +{x(0) +(m/c)x(0}{1 -exp[- (c/m)t]}
x(t) =x(0) +{(m/c)x(OH{ 1~ exp[~(c/m)t}

The absolute velocity is
x(t) = x(0) exp[~ (¢ /m)t]
The absolute acceleration is

%(t) = —(c/m)x(0) exp[~ (c/ m)t]

(A-8)

(A-9)

(A-10)

(A-11)

(A-12)

(A-13)



APPENDIX B

Sinusoidal Base Excitation

A mass-damper system subjected to base excitation is shown in Figure 1. The free-body
diagram is shown in Figure B-1.
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Figure B-1. Single-degree-of-freedom System

The variables are

m = mass
¢ = viscous damping coefficient

x = absolute displacement of the mass
y = base input displacement

The double-dot notation indicates acceleration
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Figure B-2. Free-body Diagram

A summation of forces yields the following governing differential equation of motion:

mX + cx =cy (B-1)



A relative displacement can be defined as z = x-y. The following equation is obtained by
substituting this expression into equation (B-2):

mz+cz =-my (B-2)

Substitution of these terms into equation (B-2) yields an equation of motion for the
relative response

7+ (c/m)z=-¥(t) (B-3)
7+ (c/m)z=-¥(t) (B-4)
zZ+ (c / m)z =- Asin Wt (B-5)

The Laplace transform method can be used as follows

L{Z+(c/m)z}=L{- Asin ot} (B-6)

L{7} +(c/m) L{z}=-AL{sin wt} (B-7)

s27(s)-52(0)- 2(0) + (¢ /m)Z(s) - (c/ m)z(0) = _A“2 (B-8)
ST +Ww
[s2 +(c/m)s1Z(s) +[~s — (¢/ m)]z(0) - 2(0) = 2_ Au 5 (B-9)
ST +Ww
2 ~ -Ax .
[s< +(c/m)s)Z(s) = +[s(c/m)]z(0) + 2(0) (B-10)
ST+W
- -Aw 1 [s + (c/ m)]z(0) + 2(0)
Z(s) = + (B-11)
{sz + 02 Hsz +(c/m)s} 52 +(c/m)s



. _[1]] -Aw 1 1[5 + (c/m)Iz(0) + (0)
Z“)‘{sHszmsz(c/m)}*{sH s+ (c/m) } (12

Use the partial fraction expansion from Appendix E.

e e

B % |[ﬂ H + hwz +(:~/>m)2j]{ ( : ;n T;z“’z ] + ﬂ: (wz_fl(?j m)zj]L + (i/m)}]

e e

(B-15)



Take the inverse Laplace transform. The relative displacement is

2(t) = (wz f(ij)m)zj Kij cos(ot) + wsin(wt)} + : (w2A+ n(lcc;)m)zj epr—%H

_ATm +2(0) +{(m/c)2(0)}{1 - exp[— (c/m)t]} for t> 0
wcC

(B-16)

The relative velocity is

7(t) = (wz - é/m)z) Kfj sin(wt) + cocos(cot)} + (wz ; E:jom)z) epr—iH

+7(0) exp[— (c/ m)t] for t> 0

(B-17)

2(t) =

& +€/m)2j (5 infen) wxosf) ¢ ;E:;Om)zj 20 exn [~}

(B-18)



The relative acceleration is

5(t) =

bt ] 2ol of -

The absolute acceleration is

() =

i) st ] eyl (-2

+ A sin Wt
(B-20)



APPENDIX C

Applied Sinusoidal Force
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Figure C-2. Free-body Diagram
The equation of motion is
mX + cx =F(t) (C-1)
mX +cx = Fsinuwt (C-2)
X+ (c/m)x = (F/m)sin wt (C-3)

The Laplace transform method can be used as follows

L{x +(c/m)x } = L{(F/m)sin wt} (C-4)
L{x}+(c/m) L{x } = (F/m)L{sin wt} (C-5)
2 . _ (Fm)«
s X(s)—sx(0)= x(0) + (c/m)X(s) = (c/m)x(0) = (C-6)
2 402



F/m)(,c

[s2 +(c/m)sIX(s) +[~s — (c/m)x(0) — (0) = ( (C-7)
52 + (,02
[s2 +(c/m)s X(s) = (F/m)u +[s(c/m)]x(0) +%(0) (C-8)
S +(,02
) :{ (F/m)co} 1 L5+ (c/m)Ix(0) + %(0) (©9)
s2 +0? ) |52 +(c/m)s 52 +(c/m)s

_ 1] (F/m)w 1 11 [Is + (c/m)]x(0) + X(0)
x<s>-{s}{sz +w2HS+ (C/m)}+{s}{ ) (10
Use the partial fraction expansion from Appendix E.

ettt el

oa=w
B=c/m

(C-11)

{%} L)I;JE}L wz(wz:hl(c/m)zj {(C:;{S;zwzk c(coz +_(i/m)2j L“L(i/m)

AERE e

(C-12)
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X(s) =

e QR el e S

el e

(C-13)

Take the inverse Laplace transform. The absolute displacement is

x(t) = ( —F/(mw) KiJ cos(wt) + (,osin((,ot)} 4| —Fo/m epr—th}

w2+(c/m)2j m c((,o2+(c/rn)2j

+% +x(0) +{(rn/c)5<(0)}{l—exp[— (c/rn)t]} for t> 0
w-c

(C-14)

The absolute velocity is

x(t) = (wz +F(/:7m)2j Ki} sin(ct) + (,ocos((,ot)} + (wz i‘?:jnm)zj epr—iH

+x(0) exp[— (c/rn)t] for t> 0

(C-15)
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x(t) =

F/m

hw“(c/mﬁﬂﬁc in(e) + cos

The absolute acceleration is

Fw/m
(w2 + (c/ m)2)
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APPENDIX D

Applied Constant Force

The equation of motion is

mx +cx =F

X+ (c/m)x = (F/rn)
The Laplace transform method can be used as follows

L{x +(c/m)x}=L{(F/m)}

L{x}+(c/m) L{x } = (F/m)L{u(t)}

where u(t) is the unit step function.

(F/rn)

s2X(s)-sx(0)- x(0) + (c/m)X(s) - (c/m)x(0) =

[s2 +(c/m)IX(s) = [s +(c/m)]x(0) +x(0) + (F/m)
S

{[s + (c/m)]x(0) +x(0)} .\ (F/m)

2

X(s) =
{s° + (c / m)s} s {52 + (c/m)s}
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(D-1)

(D-2)

(D-3)

(D-4)

(D-5)

(D-6)

(D-7)



X(5)= { é } {[s +(c/m)Jx(0) + X(O)} . (F/m) D-8)

s+(c/m) s2{s+(c/m)}
X =1 X0 1, {1} (c/m)x(0)+>'<(0)}+ (F/m) (D9
s+(c/m)| s s+ (c/m) 52{s+(c/m)}

Take the inverse Laplace transform. The absolute displacement is

x(t) = x(0)exp[~ (¢ /m)t] +{x(0) +(m/c)x(O}{1 - exp[- (c/m)t]}

[zt

(D-10)
x(t) =x(0) +{(m/c)x (O} 1-exp[- (c/m)t]}
F m
+{—}{t —[—}[1 —exp[— (c/m)t]]}
C C
(D-11)
The absolute velocity is
x(t) = x(0) exp[~ (c/m)t] + {E}{l ~[exp[~(c/m)t]} (D-12)
C
The absolute acceleration is
X(t) = —(ij %(0)exp[-(c/m)t] + [Ej exp|-(c/m)t] (D-13)
m m
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APPENDIX E

Partial Fraction Expansion

e o (&)
=202 o | St e [ e
s“+0 .
1=a{52+0(2}{s+[§+{bs+]{}[s s 4B{+}ds {52+0(2} (E-3)
1=a{sz+0(2}{s+[§+{bs+}:{s2+Bs}+{ds3+dsa2} (E-4)

IZ[as3 +a[332 +a0(23+a0(2[3}+[bs3 +(c+b[3)s2 +ch}+[ds3 +dsa2}

(E-5)
1=s3[a+b+d]+s2[a[3+(c+b[3)+s[a0(2+c[3+d0(2}+[a0(2[3} (E-6)
a=—_ (E-7)
B
1 00 074l [1/a2p]
aZ 0 B a2 b 0
= (E-8)
B B 1 0fc 0
1o 1]df | o |
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(E-9)

(E-10)

(E-11)

(E-13)
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52+O(2
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